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PREFACE

From July 11th to July 22nd, 2005, a NATO advanced study institute, as part
of the series “Séminaire de mathématiques supérieures”, was held at the Uni-
versité de Montréal, on the subject Equidistribution in the theory of numbers.
There were about one hundred participants from sixteen countries around the
world. This volume presents details of the lecture series that were given at the
school.

Across the broad panorama of topics that constitute modern number the-
ory one finds shifts of attention and focus as more is understood and better
questions are formulated. Over the last decade or so we have noticed increas-
ing interest being paid to distribution problems, whether of rational points,
of zeros of zeta functions, of eigenvalues, etc. Although these problems have
been motivated from very different perspectives, one finds that there is much
in common, and presumably it is healthy to try to view such questions as
part of a bigger subject. It is for this reason we decided to hold a school
on “Equidistribution in number theory” to introduce junior researchers to
these beautiful questions, and to determine whether different approaches can
influence one another.

There are far more good problems than we had time for in our schedule.
We thus decided to focus on topics that are clearly inter-related or do not
require a lot of background to understand. Since there were two major number
theory research programs taking place during the academic year 2005–2006,
on Analysis in number theory at the Centre de recherches mathématiques
in Montréal, and during the spring semester 2006 on Rational and Integral
Points on Higher-Dimensional Varieties at the Mathematical Sciences Re-
search Institute in Berkeley, California, we decided to help prepare junior par-
ticipants by inviting some lecturers who would go on to be senior participants
at those programs.

The lectures split into roughly ten topics (with lecturers):

1. The basics of uniform distribution (Granville, Rudnick).

2. Exponential Sums and cryptography (Friedlander, Granville).

3. Spectral Theory (Venkatesh).

ix
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4. Hyperbolic geometry, Ergodic theory and Ratner’s theorem (Marklof,
Lindenstrauss, Venkatesh).

5. Quantum equidistribution (De Bièvre, Lindenstrauss, Rudnick,
Venkatesh).

6. Distribution of integers and uncertainty principles (Soundararajan,
Granville).

7. Distribution of rational points on varieties (Heath-Brown, Tschinkel).

8. Distribution of special points (Rudnick, Granville, Duke, Ullmo).

9. Spacing statistics (Marklof).

10. Invited lectures on relevant subjects (Harcos, Yafaev).

The lecturers were requested to try to keep their lectures mostly self-
contained (though they were allowed to require some light background read-
ing before the meeting); in particular they were asked to avoid the use of very
technical terms without giving independent motivation during their talks. In
general the lecturers did so, and this was reflected by the high attendance
throughout the meeting, despite the temptations of Montréal in mid-summer.
We have asked the lecturers to bring over that attitude to the preparation of
their contributions herein.

We would like to thank the lecturers for their superb talks, and the gen-
erosity with which they worked with the participants, as well as typed up their
talks for these proceedings.

We would also like to thank the Security through Science programme
of NATO, the Centre de recherches mathématiques, the Institut des sciences
mathématiques and the Université de Montréal, for their generous and willing
support of this school.

The meeting would not have been possible without the organizational
skills of Diane Bélanger, for which we are very grateful. This book has bene-
fitted from the typesetting skills of Louise Letendre and André Montpetit for
which we thank them.

Andrew Granville
Zeév Rudnick
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at the Université de Montréal. His main research interests lie in analytic and
combinatorial number theory, and in solutions to Diophantine equations. He
first became interested in distribution questions when studying primes and
smooth numbers. His interest was piqued by Maier’s result that primes are
not distributed in short intervals as well as the Gauss–Cramér model had
suggested.

Roger Heath-Brown was an undergraduate in Cambridge University, where
he later did his doctorate under Alan Baker. He moved to Oxford in 1979,

xiii



xiv BIOGRAPHICAL SKETCHES OF THE LECTURERS

and became Professor of Pure Mathematics in 1999. His research has cov-
ered a wide range of topics in analytic number theory, including the zeta-
function, the distribution of primes, applications of sieves, the circle method,
and exponential sums. Most recently he has been particularly interested in the
application of analytic methods to the study of Diophantine Geometry.

Elon Lindenstrauss studied mathematics both as an undergraduate and a grad-
uate student at the Hebrew University in Jerusalem, obtaining his Ph.D. under
the guidance of Benjamin Weiss. His first postgraduate position was at the
Institute for Advanced Study in Princeton where he learnt about arithmetic
quantum unique ergodicity and other arithmetic questions from Peter Sar-
nak. He is currently Professor of Mathematics at Princeton University, and
was a Clay Research Fellow for two years. His research interests include
ergodic theory, dynamical systems, automorphic forms and number theory
and particularly the interplay between these fields.

Jens Marklof is Professor of Mathematical Physics at the University of Bris-
tol. He was educated at the Universities of Hamburg, Princeton and Ulm,
where he received his Ph.D. in 1997. Before taking up a lectureship at Bristol
in 1999, Marklof held post-doctoral positions at Hewlett-Packard, Cambridge
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UNIFORM DISTRIBUTION

Andrew Granville
Université de Montréal

Zeév Rudnick
Tel-Aviv University

1. Uniform Distribution mod One

At primary school the first author was taught to estimate the area of a (convex)
body by drawing it on a piece of graph paper, and then counting the number
of (unit) squares inside. There is obviously a little ambiguity in deciding how
to count the squares which straddle the boundary. Whatever the protocol, if
the boundary is more-or-less smooth then the number of squares in question
is proportional to the perimeter of the body, which will be small compared to
the area (if the body is big enough). At secondary school the first author learnt
that there are other methods to determine areas, sometimes more precise. As
an undergraduate he learned that counting lattice points is often a difficult
question (and that counting unit squares is “equivalent” to counting the lattice
points in their bottom left-hand corner). Then, as a graduate student, he learnt
that the primary school method could be turned around to provide a good
tool for estimating the number of lattice points inside a convex body! In the
specific case of a right-angled triangle we fix the slope −α of the hypotenuse
and ask for the number of lattice points

Aα(N) := #{(x, y) ∈ Z
2 : x, y ≥ 0 and y + αx ≤ N}.

For fixed α the primary school method yields

Aα(N) =
N2

2α
+ Oα(N). (1)

Can we improve on the error term Oα(N)? For integer m we have(
A−1(m) − m2

2

)
−
A−1(m − 1

m
) −

(m − 1
m )2

2


= A−1(m) − A−1(m − 1) + 1 − 1

2m2
=

(
m + 1

2

)
−
(
m
2

)
+ O(1) = m + O(1);

1

A. Granville and Z. Rudnick (eds.), Equidistribution in Number Theory, an Introduction,
c© 2007 Springer.
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2 ANDREW GRANVILLE AND ZEÉV RUDNICK

thus we cannot replace the “O−1(N)” term in (1) by “o−1(N).” Moreover a
similar argument works whenever α ∈ Q. It is unclear whether (1) can be
improved when α � Q so we now examine this case in more detail:

For each integer x ≥ 0 the number of integers y ≥ 0 for which y +αx ≤ N
is simply max{0, 1 + [N − αx]}, where [t] denotes the largest integer ≤ t.
Whenever x ≤ N/α we can write 1 + [N −αx] = 1 + N −αx−{N −αx}, where
{t} = t − [t]. Therefore

Aα(N) =

[N/α]∑
x=0

(1 + N − αx − {N − αx})

=
N2

2α
+

1
2

(
N +

N
α

)
+ O(1) −

[N/α]∑
x=0

({N − αx} − 1
2

). (2)

The first term is indeed the area of our triangle. The second two terms account
for half the length of the perimeter of our triangle. So, to able to prove that

Aα(N) = Area +
Perimeter

2
+ oα(N),

we need to establish that the mean value of {N −αx} is 1
2 when α is irrational,

as one might guess. Actually we will prove something much stronger. We
will prove that these values, in fact any set of values {αn + β : 1 ≤ n ≤ N}
with α irrational, are “uniformly distributed mod one,” so that their average
is 1

2 :

DEFINITION. A sequence of real numbers a1, a2, . . . is uniformly distributed
mod one if, for all 0 ≤ b < c ≤ 1 we have

#{n ≤ N : b < {an} ≤ c} ∼ (c − b)N as N → ∞.

Note that the values an = np/q + β, 1 ≤ n ≤ N (here α = p/q ∈ Q) are
evidently not uniformly distributed mod one.

Dirichlet proved that for any integer M ≥ 1 there exists integer m, 1 ≤
m ≤ M such that ‖mα‖ < 1/M (where ‖t‖ denotes the distance from t to the
nearest integer). To prove this note that there are M + 1 numbers {0 · α}, {1 ·
α}, . . . , {M · α} so, by the pigeonhole principle two, say {i · α} and { j · α} with
0 ≤ i < j ≤ M, must belong to the same interval [k/M, (k + 1)/M) and so the
result follows with m = j − i.

For α � Q we have δ := ‖mα‖ > 0. We will show that for each i, 1 ≤
i ≤ m the set of values {αn + β : 1 ≤ n ≤ N, n ≡ i (mod m)} is well-
distributed mod one, and so the union of these sets is. This set of values is
{ j(mα) + (iα + β)} : 1 ≤ j ≤ Ji} where Ji = N/m + O(1). We can rewrite this



UNIFORM DISTRIBUTION 3

as {δ j+γ (mod 1) : 1 ≤ j ≤ J} where γ ≡ iα+β (mod 1) if δ = {mα}, and
γ ≡ iα+ β− δ(J + 1) (mod 1) if 1− δ = {mα}, by replacing j with J + 1− j.
Now, for 0 ≤ γ < 1 and K = [δJ + γ]

#{ j ≤ J : {δ j + γ} ∈ [b, c)} =

K∑
k=0

#{ j ≤ J : δ j + γ ∈ [k + b, k + c)}

=
(
K + O(1)

) (c − b
δ

+ O(1)

)

= (c − b)J + O

(
c − b
δ

+ δJ + 1

)
.

So fix ε > 0 and let M > 1/ε so that δ < 1/M < ε. We have just shown that

#{n ≤ N : {αn + β ∈ [b, c)}} = (c − b)N + O
(m
δ

+ δN
)
.

Selecting N > m/δ2 this is
(
c− b + O(ε)

)
N. Letting ε → 0 we deduce that the

sequence {αn + β : n ≥ 1} is uniformly distributed mod one.
The above argument works for linear polynomials in α but it is hard to see

how it can be modified for more general sequences. However to determine
whether a sequence of real numbers is uniformly distributed we have the
following extraordinary, and widely applicable, criterion:

WEYL’S CRITERION ((Weyl, 1914)). A sequence of real numbers a1, a2, . . .
is uniformly distributed mod one if and only if for every integer b � 0 we have∣∣∣∣∣∣∣

∑
n≤N

e(ban)

∣∣∣∣∣∣∣ = ob(N) as N → ∞. (3)

In other words lim supN→∞
1
N |
∑

n≤N e(ban)| = 0.

(Here, and throughout, e(t) := e2iπt.) In particular if an = αn + β then
∑
n≤N

e(ban) = e(bβ)
∑
n≤N

e(bαn) = e
(
b(α + β)

) · e(bαN) − 1
e(bα) − 1

,

the sum of a geometric progression, provided bα is not an integer, so that∣∣∣∣∣∣∣
∑
n≤N

e(ban)

∣∣∣∣∣∣∣ ≤
2

|e(bα) − 1| �
1

‖bα‖ �b 1 = ob(N), (4)

as |e(t) − 1| � ‖t‖. Since bα is never an integer when α � Q we deduce, from
Weyl’s criterion, that the sequence {αn + β : n ≥ 1} with α irrational, is
uniformly distributed mod one.



4 ANDREW GRANVILLE AND ZEÉV RUDNICK

REMARK. We immediately deduce from Weyl’s criterion that if a1, a2, . . .
is uniformly distributed mod one then so is ka1, ka2, . . . for any non-zero inte-
ger k. Actually this can be deduced from the definition of uniform distribution
mod one.

Proof. We recall that | sin t| ≤ ‖t‖ so that |e(t) − 1| ≤ π‖t‖.
We begin by assuming that a1, a2, . . . is uniformly distributed mod one.

Fix integer b and then fix integer M > b. Since the sequence is uniformly
distributed mod one we know that for each m, 0 ≤ m ≤ M − 1, there are
N/M + o(N) values of n ≤ N with m/M ≤ an < (m + 1)/M; moreover, for
such n, we have |e(ban) − e(bm/M)| ≤ π‖b/M‖. Therefore

∑
n≤N

e(ban) =

M−1∑
m=0

( N
M

+ o(N)
) (

e

(
bm
M

)
+ Ob

(
1
M

))
= Ob

( N
M

)
+ o(MN).

Now letting M get increasingly large we deduce that our sum is indeed ob(N).
On the other hand, assume that (1) holds and define the characteristic

function χ(b,c] by χ(b,c](t) = 1 if {t} ∈ (b, c], and = 0 otherwise. A well-
known result from Fourier analysis tells us that one can approximate any
“reasonable” function arbitrarily well using polynomials. That is, for any ε >
0 there exists integer d and coefficients c j, −d ≤∣∣χ(t) f

(
e(t)

)∣∣∣ ≤ ε for all t ∈ [0, 1) where f (x) =
∑

j:| j|≤d c jx j. Therefore

#{n ≤ N : b < {an} ≤ c} =
∑
n≤N

χ(b,c](an) =
∑
n≤N

(
f
(
e(an)

)
+ O(ε)

)

=
∑

j:| j|≤d

c j

∑
n≤N

e( jan)+O(Nε) = c0N + o(N) + O(Nε)

by (4). Now

c − b =

∫ 1

0
χ(b,c](t)dt =

∑
j:| j|≤d

c j

∫ 1

0
e( jt) dt + O(ε) = c0 + O(ε)

and so, by combining the last two equations and letting ε → 0, we have
shown that the sequence is uniformly distributed mod one.

One can deduce that a1, a2, . . . is uniformly distributed mod one if and
only if, for every continuous function f : [0, 1) → R, we have

lim
N→∞

1
N

∑
n≤N

f ({an}) =

∫ 1

0
f (x) dx.

To prove this note that the functions e(bx), b ∈ Z form an appropriate
(Fourier) basis for the continuous functions on [0, 1).

∣ j ≤ d, such that we have

−

�
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An explicit version of Weyl’s result, which is useful for many appli-
cations, was given by Erdős and Turán (Erdős and Turán, 1948): For any
sequence of real numbers, and any 0 ≤ b < c ≤ 1 we have
∣∣∣∣∣ 1
N

#{n ≤ N : b < {an} ≤ c} − (c − b)
∣∣∣∣∣ ≤ 6

m + 1
+

4
π

m∑
b=1

1
b

∣∣∣∣∣∣∣
1
N

∑
n≤N

e(ban)

∣∣∣∣∣∣∣ .
There is a nice application of Weyl’s theorem in the theory of elliptic

curves: Let E be an elliptic curve defined over Q and suppose that E has
infinitely many rational points. Poincaré showed that the rational points form
an additive group, and Mordell proved Poincaré’s conjecture that this group
has finite rank; in other words E(Q) is an additive group of the form Z

r
⊕

T
where the torsion subgroup T (that is, the subgroup of points of finite order)
and r are finite. Let us suppose that P1, . . . , Pr form a basis for the Z

r part
of E(Q): For any given arc A on E(R) we can ask what proportion of the
points {n1P1 + n2P2 + . . . + nrPr + t : 0 ≤ n1, . . . , nr ≤ N − 1, t ∈ T } lie on
A, as N → ∞? The connection with our work above lies in the Weierstrass
parameterization of E: There exists an isomorphism ℘: C/(Z + Zi) → E; that
is ℘(v + w) = ℘(v) + ℘(w) for all v,w ∈ C. So select z1, . . . , zr ∈ C such that
℘(z j) = P j and τ such that ℘(τ) = t. The above question then becomes to
determine the proportion of the points

{n1z1+n2z2+· · ·+nrzr+τ (mod Z+Zi) : 0 ≤ n1, . . . , nr ≤ N−1, τ ∈ ℘−1(T )}

that lie on ℘−1(A), a two-dimensional uniform distribution question. Like this
the proportion can be shown to be∫

(x,y)∈A

dx
y

/ ∫
(x,y)∈E(R)

dx
y
.

(For more background on elliptic curves see (Silverman and Tate, 1992)).
For given v = (a1, . . . , ak) ∈ R

k define v (mod 1) to be the vector
(a1 (mod 1), . . . , ak (mod 1)). We say that the sequence of vectors v1, v2,
. . . ∈ R

k is uniformly distributed mod one if for any 0 ≤ b j < c j < 1 for
j = 1, 2, . . . , k, we have

#

{
n ≤ N : an (mod 1) ∈

k⊕
j=1

[b j, c j)

}
∼

k∏
j=1

(c j − b j) · N as N → ∞.

WEYL’S CRITERION IN K DIMENSIONS. A sequence of vectors v1, v2,
. . . ∈ R

k is uniformly distributed mod one if and only if for every b ∈ Z
k,

b � 0 we have ∣∣∣∣∣∣∣
∑
n≤N

e(b.vn)

∣∣∣∣∣∣∣ = ob(N) as N → ∞. (5)
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We can deduce Kronecker’s famous result that if 1, α1, α2, . . . , αk are
linearly independent over Q then the vectors {(nα1, nα2, . . . , nαk) : n ≥ 1} are
uniformly distributed mod one.

A final remark on {αn + β}n≥1: Let an = αn + β (mod 1) for all n ≥ 1.
The transformation Tα : x → x + α gives T : an → an+1. We want to define
a measure µ on R/Z such that, for any “sensible” set A we have µ(A) =

µ(T−1
α A). In fact, when α � Q, the only invariant such measure, µ, is the

Lebesgue measure, and thus the values an are distributed according to this
measure, that is they are uniformly distributed mod one. See Section 2.4 of
Lindenstrauss’s paper in this volume (Lindenstrauss, 2006) for more details
of this kind of ergodic theoretic proof.

2. Fractional Parts of αn2

We have seen, in the last section, that any sequence {αn + β : n ≥ 1}, with
α irrational, is uniformly distributed mod one. One might ask about higher
degree polynomials in n. Our goal in this section is to prove the following
celebrated theorem of H. Weyl:

THEOREM 2.1. For any irrational real number α, the sequence {αn2 : n ≥
1} is uniformly distributed mod one.

For a streamlined proof, see the book (Kuipers and Niederreiter, 1974).
Here we will give an argument close to the original:

By Weyl’s criterion, we need to show that for fixed integer b � 0, the
“Weyl sum”

S β(N) =

N∑
n=1

e(βn2)

is oβ(N), where β = bα. Note that β is also irrational.
Weyl’s idea was to square the sum and notice that the resulting sum is

essentially that of a polynomial one degree lower, that is a linear polynomial.
Indeed,

|S β(N)|2 =
∑

x,y≤N

e
(
β(x2 − y2)

)
= N + 2


∑
y>x

e
(
β(y2 − x2)

)

Writing y = x + h, with h = 1, . . . ,N − 1, x = 1, . . . ,N − h we have y2 − x2 =

2hx + h2 which is linear in x. Thus we find

|S β(N)|2 = N + 2

N−1∑
h=1

e(βh2)
N−h∑
x=1

e(2βh · x)
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≤ N + 2
N−1∑
h=1

∣∣∣∣∣∣∣
N−h∑
x=1

e(2βh · x)

∣∣∣∣∣∣∣
� N +

N−1∑
h=1

min

{
N,

1
‖2βh‖

}
, (6)

proceeding as in (4).
We again use Dirichlet’s observation that there exists q ≤ N with ‖q(2β)‖ <

1/N. Let a be the integer nearest q(2β); we may assume that (a, q) = 1. If
h = H + j, 1 ≤ j ≤ q then ‖2βh‖ = ‖2βH + a j/q‖+ O(1/N); so as j runs from
1 to q the values ‖2βh‖ (where h = H + j) run through the values ‖γ+ i/q‖ for
0 ≤ i ≤ q − 1, with error no more than O(1/N), where |γ| ≤ 1/2q. Thus,

H+q∑
h=H+1

min

{
N,

1
‖2βh‖

}
� N +

q/2∑
i=1

q
i
� N + q log q.

Partitioning the integers up to N − 1 into at most N/q + 1 ≤ 2N/q intervals of
length q or less, we thus deduce, from (6), that

∣∣∣∣∣ 1
N

S β(N)
∣∣∣∣∣
2

� 1
q

+
log q

N
. (7)

Now q = qN → ∞ as N → ∞ so (7) is o(1) and we are done. To see that
qN → ∞ as N → ∞, suppose not so that ‖q(2β)‖ < 1

N for infinitely many
integers N and thus ‖q(2β)‖ = 0. But then β can be written as a rational
number with denominator 2q, contradicting hypothesis.

This result is widely applicable and this proof is easily modified to fit a
given situation. For example see the proof of Lemma 3.2 in Heath-Brown’s
paper (Heath-Brown, 2006) in this volume.

A rather elegant ergodic theoretic proof of Theorem 2.1 is given in Sec-
tion 3 of Lindenstrauss’s paper in this volume (Lindenstrauss, 2006).

Theorem 2.1 is a special case of

THEOREM 2.2. Let P(x) = ad xd +ad−1xd−1 + · · ·+a1x+a0 be a polynomial
with at least one of the coefficients a1, . . . ad irrational. Then the sequence
{P(n) : n ≥ 1} is uniformly distributed modulo 1.

This can be proved along the same lines as Theorem 2.1 (the special case
of the polynomial P(x) = αx2) except that a single squaring operation will
now produce a polynomial of one degree less, not a linear one. One then
iterates this procedure to get back to the case of linear polynomials, see, e.g.,
(Davenport, 2005) for details.
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One can deduce from Weyl’s criterion in n-dimension and Theorem 2.2
that the vectors {(nα, n2α, . . . , nkα): n ≥ 1} are uniformly distributed mod one
if α is not rational (see also Lindenstrauss’s article (Lindenstrauss, 2006) in
this volume).

3. Uniform Distribution mod N

For a given set A define A(x) = 1 if x ∈ A, and A(x) = 0 otherwise. Also
define the Fourier transform of A to be

Â(b) :=
∑

n

A(n)e(bn) =
∑
n∈A

e(bn).

Writing AN = {a j : 1 ≤ j ≤ N} the Weyl criterion becomes that a1, a2, . . .
is uniformly distributed mod one if and only if ÂN(b) = ob(N) for every
non-zero integer b.

When A is a subset of the residues mod N we define

Â(b) :=
∑

n

A(n)e

(
bn
N

)
=
∑
n∈A

e

(
bn
N

)
.

Let A be a set of integers, and let (t)N denote the least non-negative residue
of t (mod N) (so that (t)N = N{t/N}). The idea of uniform distribution mod
N is surely something like: For all 0 ≤ b < c ≤ 1 and all m � 0 (mod N)
we have

#{a ∈ A : bN < (ma)N ≤ cN} ∼ (c − b)|A|. (8)

One can only make such a definition if |A| → ∞ (since this is an asymptotic
formula) but we are often interested in smaller sets A, indeed that are a subset
of {1, 2, . . . ,N}; so we will work with something motivated by, but different
from, (8). Let us see how far we can go to proving the analogy to Weyl’s
criterion. Fix ε > 0:

Define

Error(A; k) := max
0≤x≤N

m�0 (mod N)

∣∣∣∣∣#
{
a ∈ A : x < (ma)N ≤ x +

N
k

}
− |A|

k

∣∣∣∣∣ .

Suppose that Error(A; k) ≤ ε |A|/k for some k > 1/ε We proceed much as
in the proof of Weyl’s criterion above: Subdivide our interval (0,N] into
subintervals I j := ( jN/k, ( j + 1)N/k], so that if (ma)N ∈ I j then e(ma/N) =

e( j/k) + O(1/k). Therefore

Â(m) =

k−1∑
j=0

∑
a∈A

(ma)N∈I j

e(ma/N) =

k−1∑
j=0

e( j/k)
∑
a∈A

(ma)N∈I j

1 + O(|A|/k)
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� k Error(A; k) +
|A|
k

� ε |A|.

In the other direction our proof is somewhat different from that for Weyl’s
criterion: We begin by supposing that |Â(b)| ≤ ε2|A| for all b � 0 (mod N).
For J = [δN]

∑
a∈A

1≤(ma) N≤J

1 =

J∑
j=1

∑
a∈A

1
N

∑
r

e
(
r
(ma − j

N

))
=

J
N
|A|+ 1

N

∑
r�0

Â(rm)
J∑

j=1

e
(−r j

N

)
.

If r runs through the non-zero integers in (−N/2,N/2] then |∑J
j=1 e(−r j/N)| �

N/|r|. Thus the second term here is, for R ≈ N/(ε2|A|)

�
∑
r�0

|Â(rm)|
r

≤
∑

0≤|r|≤R

|Â(rm)|
r

+
∑

R<|r|≤N/2

|Â(rm)|
r

≤ (log R) max
s�0

|Â(s)| +

∑

r

|Â(rm)|2


1/2 
∑
R<|r|

1/r2


1/2

≤ (log R)ε2|A| + (|A|N/R)1/2 � ε |A|

provided ε � 1/ log(N/|A|).
One can thus formulate an appropriate analogy to Weyl’s criterion along

the lines: The Fourier transforms of A are all small if and only if A and all
its dilates are “uniformly distributed.” (A dilate of A is the set {ma : a ∈ A}
for some m � 0 (mod N).) This result is central to the spectacular recent
progress in harmonic analysis by Gowers et al., (see (Granville et al., 2006)).

To give one example of how such a notion can be used, we ask whether
a given set A of residues mod N contains a non-trivial 3-term arithmetic
progression? In other words we wish to find solutions to a + b = 2c with
a, b, c ∈ A where a � b.

PROPOSITION 3.1. If A is a subset of the residues (mod N) where N
is odd, for which |Â(m)| < |A|2/N − 1 whenever m � 0 (mod N) then A
contains non-trivial 3-term arithmetic progressions.

Proof. Since (1/N)
∑

r e(rt/N) = 0 unless t is divisible by N, whence it
equals 1, we have that the number of 3-term arithmetic progressions in A is

∑
a,b,c∈A

1
N

∑
r

e

(
r(a + b − 2c)

N

)
=

1
N

∑
r

Â(r)2Â(−2r).

The r = 0 term gives |A|3/N. We regard the remaining terms as error terms,
and bound them by their absolute values, giving a contribution (by taking
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−2r (mod N))

≤ 1
N

∑
r

|Â(r)|2 · max
m�0

|Â(m)| = |A|max
m�0

|Â(m)|.

There are |A| trivial 3-term arithmetic progressions (of the form a, a, a) so we
have established that A has non-trivial 3-term arithmetic progressions when

|A|3/N − |A|max
m�0

|Â(m)| > |A|,

yielding the result.

Let us apply Proposition 3.1 to the sets

Aδ :=

{
n (mod N) :

∥∥∥∥∥∥
n2

N

∥∥∥∥∥∥ <
δ

2

}

for N prime with 0 < δ < 1. For J = [δN/2] we have

Âδ(m) =
∑

n

e
(mn

N

) ∑
−J≤ j≤J

1
N

∑
r

e

(
r

( j − n2)
N

)

so that

|Âδ(m)| ≤ 1
N

∑
r

∣∣∣∣∣∣∣∣
∑

−J≤ j≤J

e
(r j

N

)∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
∑

n

e

(
mn − rn2

N

)∣∣∣∣∣∣∣ .
Now

∑
n e(mn/N) = 0 if m � 0, and = N if m = 0. If r � 0 then∑

n e
(
(mn− rn2)/N

)
is a Gauss sum and so has absolute value

√
N. Moreover

|∑−J≤ j≤J e(r j/N)| � N/r for 1 ≤ r ≤ N/2. Inputting all this above we
obtain |Âδ(m)| �

√
N log N for each m � 0 (mod N) and #Aδ = |Âδ(0)| =

δN + O(
√

N log N). Now, for fixed δ > 0 we have proved that each |Âδ(m)| =

o(δ2N), and so Proposition 3.1 implies that Aδ contains non-trivial 3-term
arithmetic progressions. In fact the proof of Proposition 3.1 yields that Aδ has
∼ δ3N2 3-term arithmetic progressions a, a + d, a + 2d.

The previous result is in fact a special case of Roth’s (Roth, 1953) the-
orem, which states that for any δ > 0 if N is sufficiently large then any
subset A of {1, . . . ,N} with more than δN elements contains a non-trivial 3-
term arithmetic progression. His proof is a little too complicated to discuss in
detail here but we will outline the main ideas. If δ > 2

3 then A must contain
three consecutive integers, so the result follows. Otherwise we proceed by a
form of induction, showing that if there exists A ⊂ {1, . . . ,N}, with #A ∼ δN,
which contains no non-trivial 3-term arithmetic progression then there exists
A′ ⊂ {1, . . . ,N′}, with #A′ ∼ δ′N′, which contains no non-trivial 3-term

m ≡
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arithmetic progression, where δ′ = (1 + cδ)δ and N′ = [N1/3]. The induction
then yields Roth’s theorem for any δ � 1/ log log N. To prove the induction
step we begin by increasing N by a negligible amount so that it is prime, and
then considering A as a set of residues mod N. By a slight modification of
the proof of Proposition 3.1 one can show that if A does not contain a non-
trivial 3-term arithmetic progression then A is not uniformly distributed mod
N. By the definition of uniformly distributed mod N, this implies that there
is some dilate of A, say mA (mod N) and some segment [bN, cN] which
contains rather more or rather less elements than expected; one can show that,
in fact, there must be some segments with rather more, and some segments
with rather less. Taking one of these segments with rather more elements
than expected, in fact containing 1 + cδ times as many elements as expected,
we can identify a segment of an arithmetic progression (of length N′) within
{1, . . . ,N} which contains ∼ δ′N′ elements of A, and from this we construct
A′ (integer j ∈ A′ if and only if the jth term of the arithmetic progression is
in A).

4. Normal Numbers

Are there any patterns in the digits of π? Science fiction writers (Sagan, 1985)
would have us believe that secret messages are encoded far off in the tail of
π but computational evidence so far suggests the contrary, that there are no
patterns, indeed that every sequence of digits appears about as often as in
a random sequence. If the digits are written in base 10 then this question
is equivalent to asking whether the sequence {10nπ : n ≥ 1} is uniformly
distributed mod one? If so we say that π is normal in base 10. In general we
say that real number α is normal in base b if the sequence {bnα : n ≥ 1} is
uniformly distributed mod one; and that α is normal, if it is normal in base b
for every integer b ≥ 2.

In general very little is known about normality. A few specific numbers of
very special form can be shown to be normal to certain bases. The one thing
that we can show is that almost all numbers are normal, with a proof that fails
to identify any such number!

THEOREM 4.1. Almost all x ∈ [0, 1) are normal.

(By “almost all” we mean that the set of such x has measure 1.) Theorem 4.1
follows from:

THEOREM 4.2. For any increasing sequence of integers a1, a2, . . ., the se-
quence {anx : n ≥ 1} is uniformly distributed mod one for almost all x ∈
[0, 1).
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Deduction of Theorem 4.1. Taking a j = b j for each j we see that almost
all x ∈ [0, 1) are normal in base b. Theorem 4.1 follows since the exceptional
set has measure 0 as it is a countable union of measure 0 sets.

Proof of Theorem 4.2. We begin by noting that

∫ 1

0

∣∣∣∣∣∣∣
1
N

∑
n≤N

e(banx)

∣∣∣∣∣∣∣
2

dx =
1

N2

∑
m,n≤N

∫ 1

0
e
(
bx(am − an)

)
dx =

1
N

;

so that ∫ 1

0

∑
m≥1

∣∣∣∣∣∣∣∣
1

m2

∑
n≤m2

e(banx)

∣∣∣∣∣∣∣∣
2

dx =
∑
m≥1

1
m2

=
π2

6
.

Therefore (in a step that takes some thinking about)

∑
m≥1

∣∣∣∣∣∣∣∣
1

m2

∑
n≤m2

e(banx)

∣∣∣∣∣∣∣∣
2

< ∞

for almost all x, and so

lim
m→∞

∣∣∣∣∣∣∣∣
1

m2

∑
n≤m2

e(banx)

∣∣∣∣∣∣∣∣ = 0.

Now if m2 ≤ N < (m + 1)2 then
∑

n≤N e(banx) =
∑

n≤m2 e(banx) + O(m) and
the result follows.
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SIEVING AND THE ERDŐS–KAC THEOREM

Andrew Granville
Université de Montréal

K. Soundararajan
University of Michigan

Abstract. We give a relatively easy proof of the Erdős-Kac theorem via computing moments.
We show how this proof extends naturally in a sieve theory context, and how it leads to several
related results in the literature.

Let ω(n) denote the number of distinct prime factors of the natural number n.
The average value of ω(n) as n ranges over the integers below x is

1
x

∑
n≤x

ω(n) =
1
x

∑
p≤x

∑
n≤x
p|n

1 =
1
x

∑
p≤x

[
x
p

]
=

1
x

∑
p≤x

(
x
p

+ O(1)

)
= log log x+O(1).

It is natural to ask how ω(n) is distributed as one varies over the integers
n ≤ x. A famous result of Hardy and Ramanujan (Hardy and Ramanujan,
1917) tells us that ω(n) ∼ log log x for almost all n ≤ x; we say that ω(n)
has normal order log log n. To avoid confusion let us state this precisely:
given ε > 0 there exists xε such that if x ≥ xε is sufficiently large, then
(1 + ε) log log x ≥ ω(n) ≥ (1 − ε) log log x for all but at most εx integers
n ≤ x. The functions log log n and log log x are interchangeable here since
they are very close in value for all but the tiny integers n ≤ x.

Their proof revolves around the following wonderful inequality which
they established by induction. Define πk(x) to be the number of integers n ≤ x
with ω(n) = k. There exist constants c0, c1 > 0 such that for any k ≥ 0 we
have

πk(x) < c0
x

log x
(log log x + c1)k−1

(k − 1)!
, (1)

for all x ≥ 2. Hardy and Ramanujan exploited this by deducing that

∑
|k−log log x|≥ε log log x

πk(x) ≤ c0
x

log x

∑
|k−log log x|≥ε log log x

(log log x + c1)k−1

(k − 1)!
,
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which is easily shown to be about x/(log x)α where α = αε = ε2/2 + O(ε3),
far less than εx. In fact Hardy and Ramanujan squeezed a little more out of
this idea, showing that if κ(n) → ∞ as n → ∞, no matter how slowly, then

|ω(n) − log log n| ≤ κ(n)
√

log log n (2)

for almost all integers n ≤ x.
Once we know that ω(n) has normal order log log n, we can ask finer

questions about the distribution of ω(n). For instance how is ω(n) − log log n
distributed? More specifically, how big is this typically in absolute value?
Turán (Turán, 1934) found a very simple proof of the Hardy–Ramanujan
result by showing that

1
x

∑
n≤x

(ω(n) − log log n)2 = {1 + o(1)} log log x. (3)

One deduces easily that ω(n) has normal order log log n: For, if there are
mε(x) integers ≤ x for which |ω(n) − log log n| ≥ ε log log x then by (3),
mε(x) ≤ (

1/ε2 + o(1)
)
x/ log log x, which is ≤ εx for sufficiently large x.

Indeed the same argument also gives (2) for almost all n ≤ x.
We have now obtained some information about the distribution of ω(n),

its average value, and the average difference between the value and the mean.
Next we ask whether there is a distribution function for ω(n)? In other words
if, typically, the distance between ω(n) and log log n is roughly of size√

log log n can we say anything about the distribution of

ω(n) − log log n√
log log n

? (4)

In the late 1930s Mark Kac noticed that these developments bore more than
a passing resemblance to developments in probability theory. He suggested
that perhaps this distribution is normal and even conjectured certain number
theory estimates which would imply that. Soon after describing this in a lec-
ture, at which Paul Erdős was in the audience, Erdős and Kac were able to
announce the result (Erdős and Kac, 1940): For any τ ∈ R, the proportion of
the integers n ≤ x for which ω(n) ≤ log log n + τ

√
log log n tends to the limit

1
√

2π

∫ τ

−∞
e−t2/2dt (5)

as x → ∞. In other words the quantity in (4) is distributed like a normal
distribution with mean 0 and variance 1.

Erdős and Kac’s original proof was based on the central limit theorem,
and Brun’s sieve. A different proof follows from the work of Selberg (Selberg,
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1954) (extending and simplifying the work of (Sathe, 1953)) who obtained an
asymptotic formula for πk(x) uniformly in a wide range of k. Yet a third proof
is provided by Halberstam (Halberstam, 1955) who showed how to compute
the moments ∑

n≤x

(ω(n) − log log x)k, (6)

for natural numbers k, and showed that these agreed with the moments of
a normal distribution. Since the normal distribution is well-known to be de-

˝
In this article, we give a simple method to compute the moments (6), and

in fact we can obtain an asymptotic formula uniformly in a wide range of
k. Then we discuss how such moments can be formulated for more general
sequences assuming sieve type hypotheses.

THEOREM . For any natural number k we let Ck = Γ(k + 1)/
(
2k/2Γ(k/2 +

1)
)
. Uniformly for even natural numbers k ≤ (log log x)1/3 we have

∑
n≤x

(ω(n) − log log x)k = Ck x(log log x)k/2
( ( k3/2√

log log x

))
,

and uniformly for odd natural numbers k ≤ (log log x)1/3 we have

∑
n≤x

(ω(n) − log log x)k � Ck x(log log x)k/2 k3/2√
log log x

.

We will deduce this theorem from the following technical proposition.

Define

fp(n) =


1 − 1

p if p | n

− 1
p if p � n.

Let z ≥ 106 be a real number. Uniformly for even natural numbers k ≤
(log log z)

1
3 we have

∑
n≤x

(∑
p≤z

fp(n)
)k

= Ck x(log log z)k/2
(
1 + O

( k3

log log z

))
+ O(2kπ(z)k), (7)

while, uniformly for odd natural numbers k ≤ (log log z)1/3, we have

∑
n≤x

(∑
p≤z

fp(n)
)k

� Ck x(log log z)k/2 k3/2√
log log z

+ 2kπ(z)k. (8)

1 + O

termined by its moments, he deduced the Erdos-Kac theorem.

PROPOSITION 2.

1
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∑
n≤x(ω(n) − log log x)k for

natural numbers k ≤ (log log x)1/3. Set z = x1/k and note that, for n ≤ x,

ω(n)− log log x =
∑
p≤z

fp(n)+
∑
p|n
p>z

1+

(∑
p≤z

1/p− log log x
)

=
∑
p≤z

fp(n)+O(k).

Thus for some positive constant c we obtain that

(ω(n) − log log x)k =

(∑
p≤z

fp(n)
)k

+ O
( k−1∑
�=0

(ck)k−�
(
k
�

)∣∣∣∣∣
∑
p≤z

fp(n)
∣∣∣∣∣
�)
.

When we sum this up over all integers n ≤ x the first term above is handled

through (7, 8). To handle the remainder terms we estimate
∑

n≤x

∣∣∣∑p≤z fp(n)
∣∣∣�

for � ≤ k−1. When � is even this is once again available through (7). Suppose
� is odd. By Cauchy–Schwarz we get that

∑
n≤x

∣∣∣∣∣
∑
p≤z

fp(n)
∣∣∣∣∣
�

≤
(∑

n≤x

(∑
p≤z

fp(n)
)�−1)1/2(∑

n≤x

(∑
p≤z

fp(n)
)�+1)1/2

,

and using (7) we deduce that this is

�
√

C�−1C�+1x(log log z)�/2.

Proof of Proposition If r =
∏

i pαi
i is the prime factorization of r we put

fr(n) =
∏

i fpi(n)αi . Then we may write

∑
n≤x

(∑
p≤z

fp(n)
)k

=
∑

p1,...,pk≤z

∑
n≤x

fp1···pk (n).

To proceed further, let us consider more generally
∑

n≤x fr(n).
Suppose r =

∏s
i=1 qαi

i where the qi are distinct primes and αi ≥ 1. Set
R =

∏s
i=1 qi and observe that if d = (n,R) then fr(n) = fr(d). Therefore, with

τ denoting the divisor function,
∑
n≤x

fr(n) =
∑
d|R

fr(d)
∑
n≤x

(n,R)=d

1 =
∑
d|R

fr(d)
( x
d
ϕ(R/d)

R/d
+ O(τ(R/d))

)

=
x
R

∑
d|R

fr(d)ϕ(R/d) + O(τ(R)).

G(r) :=
1
R

∑
d|R

fr(d)ϕ(R/d) =
∏
qα‖r

(
1
q

(
1 − 1

q

)α
+

(−1
q

)α(
1 − 1

q

))
,

Thus setting

Deduction of Theorem 1. We seek to evaluate

2.
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we conclude that ∑
n≤x

fr(n) = G(r)x + O(τ(R)).

Observe that G(r) = 0 unless r is square-full and so

∑
n≤x

(∑
p≤z

fp(n)
)k

= x
∑

p1,...,pk≤z
p1···pk square-full

G(p1 · · · pk) + O(2kπ(z)k). (9)

Suppose q1 < q2 < . . . < qs are the distinct primes in p1 · · · pk. Note that
since p1 · · · pk is square-full we have s ≤ k/2. Thus our main term above is

∑
s≤k/2

∑
q1<q2<...<qs≤z

∑
α1,...,αs≥2∑

i αi=k

k!
α1! · · ·αs!

G(qα1
1 · · · qαs

s ).

When k is even there is a term s = k/2 (and all αi = 2) which gives rise to the
Gaussian moments. This term contributes

k!

2k/2(k/2)!

∑
q1,...,qk/2≤z
qi distinct

k/2∏
i=1

1
qi

(
1 − 1

qi

)
.

By ignoring the distinctness condition, we see that the sum over q’s is bounded
above by (

∑
p≤z(1−1/p)/p)k/2. On the other hand, if we consider q1, . . . , qk/2−1

as given then the sum over qk/2 is plainly at least
∑
πk/2≤p≤z(1− 1/p)/p where

we let πn denote the nth smallest prime. Repeating this argument, the sum
over the q’s is bounded below by (

∑
πk/2≤p≤z(1 − 1/p)/p)k/2. Therefore the

term with s = k/2 contributes

k!

(k/2)!2k/2

(
log log z + O(1 + log log k)

)k/2
. (10)

To estimate the terms s < k/2 we use that 0 ≤ G(qα1
1 · · · qαs

s ) ≤ 1/(q1 · · · qs)
and so these terms contribute

≤
∑

s<k/2

k!
s!

(∑
q≤z

1
q

)s ∑
α1,...,αs≥2∑

i αi=k

1
α1! · · ·αs!

.

The number of ways of writing k = α1 + . . . + αs with each αi ≥ 2 equals the
number of ways of writing k − s = α′1 + . . . + α′s where each α′i ≥ 1 and is

therefore
(
k−s

s

)
. Thus these remainder terms contribute
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≤
∑

s<k/2

k!
s!2s

(
k − s

s

)(
log log z + O(1)

)s
. (11)

Proposition follows upon combining (9), (10), and (11).

The main novelty in our proof above is the introduction of the function
fr(n) whose expectation over integers n below x is small unless r is square-
full. This leads easily to a recognition of the main term in the asymptotics
of the moments. Previous approaches expanded out (ω(n) − log log x)k using
the binomial theorem, and then there are several main terms which must be
carefully cancelled out before the desired asymptotic emerges. Our use of this
simpler technique was inspired by (Montgomery and Soundararajan, 2004).
Recently Rizwanur Khan (Khan, 2006) builds on this idea to prove that the
spacings between normal numbers obey a Poisson distribution law.

This technique extends readily to the study of ω(n) in many other se-
quences. We formulate this in a sieve like setting:

Let A = {a1, . . . , ax} be a (multi)-set of x (not necessarily distinct) natural
numbers. Let Ad = #{n ≤ x : d | an}. We suppose that there is a real valued,
non-negative multiplicative function h(d) such that for square-free d we may
write

Ad =
h(d)

d
x + rd.

It is natural to suppose that 0 ≤ h(d) ≤ d for all square-free d, and we do so
below. Here rd denotes a remainder term which we expect to be small: either
small for all d, or maybe just small on average over d.

Let P be any set of primes. In sieve theory one attempts to estimate #{n ≤
x : (an,m) = 1} for m =

∏
p∈P p, in terms of the function h and the error

terms rd. Here we want to understand the distribution of values of ωP(a), as
we vary through elements a of A, where ωP(a) is defined to be the number
of primes p ∈ P which divide a. We expect that the distribution of ωP(a) is
normal with “mean” and “variance” given by

µP :=
∑
p∈P

h(p)
p

and σ2
P :=

∑
p∈P

h(p)
p

(
1 − h(p)

p

)
,

and wish to find conditions under which this is true. There is a simple heuris-
tic which explains why this should usually be true: Suppose that for each
prime p we have a sequence of independent random variables b1,p, . . . , bx,p

each of which is 1 with probability h(p)/p and 0 otherwise; and we let b j be
the product of the primes p for which b j,p = 1. The b j form a probabilistic
model for the a j satisfying our sieve hypotheses, the key point being that, in
the model, whether or not b j is divisible by different primes is independent.

2



SIEVING AND THE ERDŐS–KAC THEOREM 21

One can use the central limit theorem to show that, as x → ∞, the distribution
of ωP(b) becomes normal with mean µP and variance σ2

P.

PROPOSITION . Uniformly for all natural numbers k ≤ σ2/3
P we have

∑
a∈A

(
ωP(a) − µP

)k
= Ck xσk

P

(
1 + O

( k3

σ2
P

))
+ O

(
µk
P

∑
d∈Dk(P)

|rd |
)
,

if k is even, and

∑
a∈A

(
ωP(a) − µP

)k � Ck xσk
P

k
3
2

σP
+ µk

P

∑
d∈Dk(P)

|rd |,

if k is odd. Here Dk(P) denotes the set of squarefree integers which are the
product of at most k primes all from the set P.

Proof. The proof is similar to that of Proposition , and so we record only
the main points. We define fp(a) = 1 − h(p)/p if p | a and −h(p)/p if p � a.
If r =

∏
i pαi

i is the prime factorization of r we put fr(a) =
∏

i fpi(a)αi . Note
that ωP(a) − µP =

∑
p∈P fp(a), and so

∑
a∈A

(
ωP(a) − µP

)k
=

∑
p1,...,pk∈P

∑
a∈A

fp1···pk (a). (12)

As in Proposition , consider more generally
∑

a∈A fr(a). Suppose r =∏s
i=1 qαi

i where the qi are distinct primes and each αi ≥ 1. Set R =
∏s

i=1 qi

and observe that if d = (a,R) then fr(a) = fr(d). Note that∑
a∈A

(a,R)=d

1 =
∑
a∈A

∑
e|(R/d)

de|n

µ(e) =
∑
e|R/d

µ(e)Ade

= x
h(d)

d

∏
p|(R/d)

(
1 − h(p)

p

)
+

∑
e|(R/d)

µ(e)rde.

Therefore∑
a∈A

fr(a) =
∑
d|R

fr(d)
∑
a∈A

(a,R)=d

1

= x
∑
d|R

fr(d)
h(d)

d

∏
p|(R/d)

(
1 − h(p)

p

)
+
∑
d|R

fr(d)
∑

e|(R/d)

µ(e)rde

= G(r)x +
∑
m|R

rmE(r,m), (13)

2

2

3
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where

G(r) =
∏
qα‖r

(
h(q)

q

(
1 − h(q)

q

)α
+

(−h(q)
q

)α(
1 − h(q)

q

))
, (14)

and

E(r,m) =
∏
qα‖r
q|m

((
1 − h(q)

q

)α
−
(−h(q)

q

)α) ∏
qα‖r

q|(R/m)

(−h(q)
q

)α
. (15)

We input the above analysis in (12). Consider first the main terms that
arise. Notice that G(r) = 0 unless r is square-full, and so the main terms
look exactly like the corresponding main terms in Proposition . We record
the only small difference from the analysis there. When k is even there is a
leading contribution from the terms with s = k/2 and all αi = 2 (in notation

k!

2k/2(k/2)!

∑
q1,...,qk/2∈P

qi distinct

k/2∏
i=1

h(qi)
qi

(
1 − h(qi)

qi

)
.

The sum over q’s is bounded above by σk
P, and is bounded below by

( ∑
p∈P

p≥πk/2(P)

h(p)
p

(
1 − h(p)

p

))k/2

≥ (σ2
P − k/8)k/2,

where we let πn(P) denote the n-th smallest prime in P and made use of the
fact that 0 ≤ (h(p)/p)(1 − h(p)/p) ≤ 1/4. The remainder of the argument is
exactly the same as in Proposition

Finally we need to deal with the “error” term contribution to (12). To
estimate the error terms that arise in (12), we use that |E(p1 · · · pk,m)| ≤∏

pi�m h(pi)/pi. Thus the error term is

≤
k∑
�=1

∑
m=q1...q�≥1

q1<q2<···<q�∈P

|rm|
∑

p1,...,pk∈P
m|p1···pk

∏
pi�m

h(pi)
pi

.

Fix m and let e j = #{i : pi = q j} for each j, 1 ≤ j ≤ �. Then there are
e0 := k − (e1 + · · · + e�) ≤ k − � primes pi which are not equal to any q j, and
so their contribution to the final sum is ≤ µe0

P . Therefore the final sum is

analogous to Proposition ); this term contributes

2

2

2.
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≤
∑

0≤e0≤k−�

(
k
e0

)
µe0
P

∑
e1+···+e�=k−e0

each ei≥1

(k − e0)!
e1! · · · e�!

≤
∑

0≤e0≤k−1

(
k
e0

)
µe0
P �

k−e0 ≤ (µP + �)k � 2µk
P,

since k3 ≤ σ2
P ≤ µP. This completes the proof of the proposition.

One way of using Proposition is to take P to be the set of primes below
z where z is suitably small so that the error term arising from the |rd |’s is
negligible. If the numbers a in A are not too large, then there cannot be
too many primes larger than z that divide a, and so Proposition furnishes
information about ω(a). Note that we used precisely such an argument in
deducing Theorem 1 from Proposition .

In this manner, Proposition may be used to prove the Erdős-Kac the-
orem for many interesting sequences of integers. For example, Halberstam
(Halberstam, 1956) showed such a result for the shifted primes p − 1, which
the reader can now deduce from Proposition 3 and the Bombieri–Vinogradov
theorem.

Similarly, one can take A = { f (n) : n ≤ x} for f (t) ∈ Z[t]. In this case
h(p) is bounded by the degree of f except at finitely many primes, and the
prime ideal theorem implies that µP, σP = m log log x + O(1) where m is
the number of distinct irreducible factors of f . Again this example was first
considered by Halberstam (Halberstam, 1956).

Alladi (Alladi, 1987) proved an Erdős–Kac theorem for integers without
large prime factors. Proposition reduces this problem to obtaining informa-
tion about multiples of d in this set of “smooth numbers.” We invite the reader
to fill in this information.

In place of ω(a) we may study more generally the distribution of values
of g(a) where g is an “additive function.” Recall that an additive function
satisfies g(1) = 0, and g(mn) = g(m) + g(n) whenever m and n are coprime.
Its values are determined by the prime-power values g(pk). If in addition
g(pk) = g(p) for all k ≥ 1 we say that the function g is “strongly additive.”
The strongly additive functions form a particularly nice subclass of additive
functions and for convenience we restrict ourselves to this subclass.

PROPOSITION . Let A be a (multi)-set of x integers, and let h(d) and rd

be as above. Let P be a set of primes, and let g be a real-valued, strongly

2

4

3

3

3

3
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additive function with |g(p)| ≤ M for all p ∈ P. Let

µP(g) =
∑
p∈P

g(p)
h(p)

p
, and σP(g)2 =

∑
p∈P

g(p)2 h(p)
p

(
1 − h(p)

p

)
.

Then, uniformly for all even natural numbers k ≤ (σP(g)/M)2/3,

∑
a∈A

( ∑
p|a

p∈P

g(p) − µP(g)

)k

= Ck xσP(g)k
(
1 + O

( k3M2

σP(g)2

))

+O
(
Mk

(∑
p∈P

h(p)
p

)k ∑
d∈Dk(P)

|rd |
)
,

while for all odd natural numbers k ≤ (σP(g)/M)2/3,

∑
a∈A

( ∑
p|a

p∈P

g(p) − µP(g)

)k

� Ck xσP(g)k k3/2M
σP(g)

+ Mk
(∑

p∈P

h(p)
p

)k ∑
d∈Dk(P)

|rd |.

Proof. We follow closely the proofs of Propositions and , making ap-
propriate modifications. Let fr(n) be as in the proof of Proposition . Then
we wish to evaluate∑

a∈A

(∑
p∈P

g(p) fp(a)
)k

=
∑

p1,...,pk∈P
g(p1) · · · g(pk)

∑
a∈A

fp1···pk (a).

We may now input the results (13, 14, 15) here. Consider first the error terms
that arise. Since |g(p)| ≤ M for all p ∈ P this contribution is at most Mk times
the corresponding error in Proposition 5. To wit, the error terms are

� Mk
(∑

p∈P

h(p)
p

)k ∑
d∈Dk(P)

|rd |.

As for the main term, note that G(r) = 0 unless r is square-full and so if
q1 < q2 < . . . < qs are the distinct primes among the p1, . . . , pk our main
term is

x
∑

s≤k/2

∑
q1<...<qs

qi∈P

∑
α1,...,αs≥2∑

i αi=k

k!
α1! · · ·αs!

s∏
i=1

g(qi)
αiG(qα1

1 · · · qαs
s ). (16)

When k is even there is a term with s = k/2 and all αi = 2 which is the
leading contribution to (16). This term contributes

x
k!

2k/2(k/2)!

∑
q1,...,qk/2∈P

qi distinct

k/2∏
i=1

g(qi)
2 h(qi)

qi

(
1 − h(qi)

qi

)
.

3
3

2
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If we fix q1, . . . , qk/2−1, then the sum over qk/2 is σP(g)2 + O(M2k), since
|g(p)| ≤ M for all p ∈ P, and 0 ≤ h(p) ≤ p. Therefore the contribution of the
term s = k/2 to (16) is

Ck x
(
σP(g)2 + O(M2k)

)k/2
= Ck xσP(g)k

(
1 + O

( M2k2

σP(g)2

))
,

since kM ≤ σP(g).
Now consider theterms s<k/2 in (16). Since |G(qα1

1 · · ·qαs
s )| ≤∏s

i =1(h(qi)/qi)
(1 − h(qi)/qi), and

∏ s
i=1 |g(qi)|αi ≤ Mk−2s∏ s

i=1 |g(qi)|2, we see that these terms
contribute an amount whose magnitude is

≤ x
∑

s<k/2

k!
s!

Mk−2s
(∑

q∈P
|g(q)|2 h(q)

q

(
1 − h(q)

q

))s ∑
α1,...,αs≥2∑

αi=k

1
α1! · · ·αs!

≤ x
∑

s<k/2

k!
s!2s

(
k − s

s

)
Mk−2sσP(g)2s,

using that
(
k−s

s

)
equals the number of ways of writing k =

∑
αi with each

αi ≥ 2. The proposition follows.

One way to apply Proposition is to take P to be the set of all primes
below z with |g(p)| small. If there are not too many values of p with |g(p)|
large, then we would expect that g(a) is roughly the same as gP(a) for most
a. In such situations, Proposition which furnishes the distribution of gP(a)
would also furnish the distribution of g(a). In this manner one can deduce the
result of Kubilius and Shapiro (Shapiro, 1956) which is a powerful general-
ization of the Erdős–Kac theorem for additive functions. Indeed we can derive
such a Kubilius–Shapiro result in the more general sieve theoretic framework
given above, and for all additive functions rather than only for the subclass of
strongly additive functions.

There are many other interesting number theory questions in which an
Erdős–Kac type theorem has been proved. We have collected some of these
references below1 and invite the reader to determine which of these Erdős–
Kac type theorems can be deduced from the results given herein. The reader
may also be interested in the textbooks (Elliott, 1979; Kubilius, 1964; Tenen-
baum, 1995) for a more classical discussion of some of these issues, and to
the elegant essays (Billingsley, 1973; Kac, 1959).

1 Thanks are due to Yu-Ru Liu for her help with this.

4
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Erdős, P. (1935) On the normal order of prime factors of p − 1 and some related problems
concerning Euler’s ϕ-functions, Quart. J. Math.(Oxford) 6, 205–213.
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Math. Bull. 47, 589–606.
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UNIFORM DISTRIBUTION, EXPONENTIAL SUMS, AND

CRYPTOGRAPHY

John B. Friedlander
University of Toronto

In these notes we discuss various sequences of numbers which are moti-
vated by cryptographic considerations. This suggests the study of their uni-
form distribution and, in turn, the bounding of relevant exponential sums.
Several of the bounds we give have since been quantitatively sharpened,
by Garaev (Garaev, 2005) and, spectacularly so, in recent work of Bour-
gain (Bourgain, 2004; Bourgain, 2005).

1. Randomness and Pseudorandomness

A random sequence, for example of numbers, is one which carries with it
the notion of unpredictability; the basic idea is that it should not be possible
to guess, at any given stage, from the history of the sequence, what will be
the future of the sequence. Random sequences occur, for example, from the
repeated tosses of a fair coin or a fair die.

For various reasons, such as a subroutine in some cryptographic protocol,
one would like to have a supply of random sequences at one’s fingertips.
Thanks to the speed of modern computers, large numbers need to be involved
in such applications and, since it is not practical to sit around repeatedly
flipping a coin, one uses instead machine-generated sequences, hence deter-
ministic, yet having the “appearance of randomness.” We call such a sequence
“pseudorandom.” We expect such a sequence to be finite, in other words peri-
odic, in which case we want it to have a large period to preserve the illusion of
randomness. We would also like some other measures of randomness. For the
most part, we expect necessary criteria. The problem of finding quantifiable
measures guaranteeing a particular sequence with a finite period behaves in a
truly random fashion seems much more difficult.
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2. Uniform Distribution and Exponential Sums

The simplest criterion one might think of is uniform distribution. Let, for
instance, un be a sequence of points in [0, 1).

DEFINITION 2.1. We say that un is uniformly distributed if for every 0 ≤ a
< b < 1 we have ∑

n≤x
a<un≤b

1 ∼ (b − a)x.

Certainly the fact that a sequence of numbers is uniformly distributed in
this fashion does not at all imply randomness. There are many very simple
deterministic sequences which are uniformly distributed. Still, one would
think that this is the least we could ask of a random sequence; the fact that
it bunched up in certain locations would make it to at least some extent
predictable.

Following the pioneering work of Hermann Weyl, the notion of uniform
distribution leads us inexorably to the topic of exponential sums. This is
because of the following theorem and its many generalizations:

2.1. THE WEYL CRITERION

The sequence un is uniformly distributed if and only if, for every integer
h � 0, we have ∑

n≤x

e(hun) = o(x).

Here we have used the standard notation

e(u) = e2πiu,

which will occur again and again.
We next want to both generalize and quantify the notion of uniform distri-

bution. Consider a finite sequence of N points in the n-dimensional unit cube
[0, 1)n:

Γ = (γ0 j, γ1 j, . . . , γ(n−1) j), j = 1, 2, . . . ,N,

still not the most general situation, but sufficient for our current purposes.
We define the “discrepancy” of the sequence Γ as:

∆Γ = sup
B⊆[0,1)n

∣∣∣∣∣NΓ(B)
N

− |B|
∣∣∣∣∣
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where NΓ(B) denotes the number of points in Γ ∩ B, where |B| is the volume
of B, and where the supremum runs over all boxes of type

B = [α0, β0] × · · · × [αn−1, βn−1) ⊂ [0, 1)n.

The obvious trivial bound for this discrepancy is ∆Γ ≤ 1. A small discrep-
ancy, that is

∆Γ = o(1),

is equivalent to uniform distribution. We study this, again following H. Weyl,
via exponential sums.

Let a = (a0, . . . , an−1) ∈ Z
n. Here, the relevant exponential sum is

S a(Γ) =

N∑
j=1

e


n−1∑
i=0

a jγi j

 .

In this situation the Weyl criterion becomes:

THEOREM 2.2. The sequence Γ is uniformly distributed if and only if, for
every vector a � 0, we have

lim
N→∞

N−1S a(Γ) = 0.

Still smaller discrepancies, say ∆Γ � |B|−α for some fixed α > 0, provide
a quantitative measure of just how uniform the distribution is. This more
general notion of discrepancy is also approached through exponential sums.
A basic bound for the discrepancy, in terms of the exponential sums S a(Γ), is
given by the following result.

LEMMA 2.3. There exists an absolute constant C > 0 such that, for all
L ∈ N we have

∆Γ < Cn


1
L

+
1
N

∑
a�0

maxi |ai |≤L

n−1∏
i=0

(1 + |ai|)−1|S a(Γ)
∣∣∣

.

In the one-dimensional case this is the well-known Erdös–Turan inequality.

3. Exponential Sums and Cryptography

In this section we give examples of some exponential sums which arise in
connection with two of the most basic cryptographic considerations.
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(A) The discrete logarithm problem.

Suppose we are given a prime p and a primitive root g, that is a generator
of the (cyclic) unit group Up = Z

×
p . The exponential map x → gx (mod p) is

computationally easy, by the process of repeated squaring. The inverse map,
given gx recover x, is the ‘discrete logarithm’ map and the discrete logarithm
problem is the still unsolved question of deciding whether this can be com-
puted quickly, say in polynomial time, that is bounded by (log p)N for some
fixed N. This problem suggests that we study the ordered pairs of fractional
parts ({x/p}, {gx/p}), x = 1, . . . , p − 1, where this normalization of the data
places our points in the unit square [0, 1)2.

It has long been known that this sequence of pairs is uniformly distributed.
In fact, we don’t need to use a primitive root g; it is sufficient to take an
element θ having a large multiplicative order, say t. As a result we can ask
the same question, not just for prime numbers p, but also for arbitrary integer.
Although these typically won’t have any primitive roots they will usually have
an element of large order.

In studying these pairs the relevant exponential sum is

t∑
x=1

ep(bθx)et(ax),

where, having earlier defined e(u) = exp(2πiu), we now require the additional
notation em(u) = e(u/m).

These exponential sums have been studied by many people, for example
Korobov, Konyagin, Heath–Brown, Bourgain. The first published application
of this sum to the discrete logarithm seems to be due to Shparlinski (Shpar-
linski, 2002) who showed that ∆ = o(1) under the condition t > p1/3+ε, since
relaxed, most recently by the work of Bourgain, to t > pε.

(B) The Diffie–Hellman key exchange.

Considered by many the foundation stone of public-key cryptography,
this is a procedure by which two parties, Alice (A) and Bob (B), share a
secret key which they can set up while communicating over an insecure line.
They begin by agreeing (in public) on a large prime p and a primitive root g
modulo p.

Then, to set up the key:

− A chooses x at random, and sends (the least positive residue of) gx to B,

− B chooses y at random and sends gy to A,
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− A, knowing x and gy computes gyx modulo p,

− B, knowing y and gx computes gxy = gyx modulo p.

Here the point is that any third party, even knowing p, g, gx, gy, hopefully
cannot compute gxy in a reasonable time. One doesn’t know whether this is
the case in general. It is easy to see that, if the discrete logarithm problem can
be quickly solved, then so can this one. It might possibly be the case that the
reverse is true as well or, alternatively it might be that this one can be broken
without breaking the discrete logarithm, but this too is unknown.

Actually what is at issue in such a situation is not so much the number
itself but rather its (binary) representation and one would like to know that
the interloper can’t compute many of these bits, not just that he can’t compute
all of them. Alternatively, one would like to know that he can’t compute these
bits with high probability.

A desirable feature for this is that one cannot distinguish the triple (gx, gy,
gxy) from a random triple in (Z×

p)3, at least in the sense that these triples
are uniformly distributed. One may remark that actually these triples are not
completely random, for example, if gx is a quadratic residue modulo p then
certainly so is gxy. Hence, for technical reasons it is useful to replace g by a
residue class θ of high multiplicative order which is an rth power for all small
r | p − 1. Hence, we certainly want p − 1 to have some large prime factor.
Once we have done this, as with the discrete logarithm, the set-up now makes
sense even for general modulus m. We shall return to this later but for the
time being we consider prime modulus.

Denote t = ord θ and consider the normalized Diffie–Hellman triples
(
θx

p
,
θy

p
,
θxy

p

)

x = 1, 2, . . . , t, y = 1, 2, . . . , t.
The Weyl criterion now reads as follows: The triples above are uniformly

distributed in the unit cube if and only if, for all non-zero triples (a, b, c) �
(0, 0, 0), we have

S abc(p, t) = o(t2)

where S is the exponential sum

S abc(m, t) �
t∑

x=1

t∑
y=1

em(aθx + bθy + cθxy).
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4. Some Exponential Sum Bounds

Actually, we shall bound the sum

Vac(p, t) �
t∑

y=1

∣∣∣∣∣∣∣
t∑

x=1

ep(aθx + cθxy)

∣∣∣∣∣∣∣
4

.

A bound for this is given by the following result; see (Canetti et al., 1999;
Canetti et al., 2000) for the results of this section.

THEOREM 4.1. For (a, c) � (0, 0) we have

Vac(p, t) � t11/3 p.

Note that the trivial bound is t5 so the above result provides some saving in
case that t > p3/4+ε.

The proof of Theorem 4.1 is more lengthy than the other results presented
here and we postpone our sketch of the ideas involved to the final section of
the paper.

From this result we obtain a uniformity of distribution statement for the
Diffie–Hellman triples. Specifically,

THEOREM 4.2. If t > p3/4+ε the triples
(
θx

p
,
θy

p
,
θxy

p

)

x = 1, . . . , t, y = 1, . . . , t are uniformly distributed in the unit cube.

It is easy to see that Theorem 4.1 implies Theorem 4.2 by means of
Hölder’s inequality. Indeed,

|S abc(p, t)| =

∣∣∣∣∣∣∣∣
t∑

x=1

t∑
y=1

ep(aθx + bθy + cθxy)

∣∣∣∣∣∣∣∣
≤

t∑
y=1

∣∣∣∣∣∣∣
t∑

x=1

ep(aθx + cθxy)

∣∣∣∣∣∣∣
≤ t3/4(Vac(p, t)

)1/4 � t5/3 p1/4,

so that the Weyl criterion implies the result.
We remark that, more recently, Theorem 4.2 has been improved by Garaev

who replaced 3
4 + ε by 1

2 + ε and by Bourgain who reduced it to ε.



EXPONENTIAL SUMS, AND CRYPTOGRAPHY 35

One learns a little more by showing uniformity of distribution results for
various subsets of the triples. For example, let σ = (σ1, σ2, σ3) be three
binary strings of length k1, k2, k3 and let

Lt(σ) = #{(x, y), x = 1, . . . , t, y = 1, . . . , t}

count the number of pairs for which σ1, σ2, σ3 is the string of k1, k2, k3 least
significant bits of θx, θy, θxy respectively.

THEOREM 4.3. We have

|Lt(σ) − t22−k1−k2−k3 | � t5/3 p1/4(log p)3.

Hence, provided that t > p3/4+δ, for a positive proportion (depending
on δ), the least significant bits of the Diffie–Hellman triples are uniformly
distributed. A similar result holds if we consider instead the ‘most’ significant
bits, and a somewhat weaker result for subsets of bits in general position.

5. General Modulus and Discrepancy of Diffie–Hellman Triples

In work with Konyagin and Shparlinski (Friedlander et al., 2002) we consid-
ered the problem of extending the above results on Diffie–Hellman triples to
composite moduli (which might be useful for example in the case of the prod-
uct of two large primes) and also asking for bounds on the discrepancy rather
than simply requesting uniform distribution. Let m ∈ N, θ ∈ Um (= Z

×
m) and,

as before, let t be the multiplicative order of θ modulo m. Denote by Dt the
discrepancy of the set of triples

({
θx

m

}
,
{
θy

m

}
,
{
θxy

m

})

of fractional parts as x, y = 1, 2, . . . , t. We have the following result.

THEOREM 5.1. Let ε > 0. Then

Dt �
ε

t−11/16m5/8+ε,

where, as indicated, the implied constant may depend on ε.

Since the bound Dt ≤ 1 is trivial, the above theorem is non-trivial if t >
m10/11+ε. In case m = p is prime, recall we had a non-trivial bound in a much
wider range.
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By Lemma 2.3 we reduce this problem to an exponential sum, specifically

Dt � m−1 + t−2
∑

−m<a,b,c<m
(a,b,c)�(0,0,0)

|S abc|
(1 + |a|)(1 + |b|)(1 + |c|) ,

where S abc = S abc(m, t) is as before.
For this latter sum we can prove:

THEOREM 5.2. If the greatest common divisor (ac,m) = 1, then

S abc(m, t) �
ε

t21/16m5/8+ε.

Actually, proceeding along the lines of the prime modulus case, we deduce
this from a bound for the sum

Wac(m, t) =

t∑
y=1

∣∣∣∣∣∣∣
t∑

x=1

em(aθx + cθxy)

∣∣∣∣∣∣∣
and then use the triangle inequality in the form

|S abc| ≤ min{Wac,Wbc}.

Our bound for the sum W is again deduced via Hölder’s inequality from
a bound for the fourth moment, in this case the following result.

THEOREM 5.3.

Vac(m, t) =

t∑
y=1

∣∣∣∣∣∣∣
t∑

x=1

em(aθx + cθxy)

∣∣∣∣∣∣∣
4

�
ε

(a,m)t9/4m5/2+ε.

Modifications of the method of proof of the above results lead to estimates
for incomplete sums. (See (Banks et al., 2006b) for details in the case of prime
modulus.) One obtains bounds for the sum

∑
y∈Y

∣∣∣∣∣∣∣
∑
x∈χ

em(aθx + cθxy)

∣∣∣∣∣∣∣
4

over the intervals χ = [L0, L0 + L], Y = [K0,K0 + K] and these in turn give
bounds for the incomplete sums∑

x∈χ

∑
y∈Y

em(aθx + bθy + cθxy).
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These are in most cases (that is, unless the intervals are very close to the full
period), better than those which would be obtained simply by the standard
method of “completing the sum” and then applying our earlier bounds for the
complete sums S abc.

6. Pseudorandom Number Generation

One source of sequences of numbers important for applications to cryptogra-
phy is given by those which are spun off by various pseudorandom number
generators. A well-known example of this is the RSA generator.

We begin with integers α the root, m the modulus, and e the exponent,
each at least 2 to avoid trivialities, and satisfying the coprimality conditions
(α,m) = 1 and

(
e, ϕ(m)

)
= 1. (The notation e for the exponent is very

standard. Hopefully it will not cause confusion with the exponential function
which, throughout, will always be occurring with a subscript. As usual ϕ is
Euler’s function.)

We define the sequence un, n = 0, 1, 2, . . ., by beginning with the root
u0 = α and then successively exponentiating:

un ≡ ue
n−1 (mod m), 0 ≤ un < m,

so that
un ≡ αen

(mod m).

It is not hard to see that this sequence is purely periodic, say with period t.
We would like to know that the sequence un is uniformly distributed modulo
m. Again we come back to the Weyl criterion. Now, the relevant exponential
sum is

S a =

t∑
n=1

em(aun).

In practice we usually take m to be the product of two large primes. We
have the following result from (Friedlander et al., 1999).

THEOREM 6.1. Let m be a prime or the product of two primes. Let (a,m) =

1. Then
S a � m23/24.

REMARK. If m is the product of k primes with (k ≥ 3) the method gives a
weaker but still non-trivial bound (with an exponent f (k) < 1).

COROLLARY 6.2. If m is prime or the product of two primes and t >
m23/24+δ then {un} is uniformly distributed modulo m and a positive propor-
tion of its least (most) significant bits is uniformly distributed.
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Because the proof is not very long, yet illustrates some of the basic ideas
used in this area, we show how the above Theorem 6.1 follows from the
exponential sum bound given earlier in Theorem 4.1.

We begin by noting that, since un has period t, it follows that for every
k ∈ N,

S a �
t∑

n=1

em(aun) =

t∑
n=1

em(aun+k) =

t∑
n=1

em(aαen+k
) =

t∑
n=1

em(axen
),

where x = αek
. Since the αek

are distinct modulo m for k = 1, . . . , t we deduce
that

t|S a|2 =

t∑
k=1

∣∣∣∣∣∣∣
t∑

n=1

em(aun+k)

∣∣∣∣∣∣∣
2

≤
m−1∑

x=0,(x,m)=1

∣∣∣∣∣∣∣
t∑

n=1

em(axen
)

∣∣∣∣∣∣∣
2

=

m−1∑
x=0,(x,m)=1

t∑
n,k=1

em
(
a(xen − xek

)
) ≤

t∑
n,k=1

∣∣∣∣∣∣∣∣
m−1∑

x=0,(x,m)=1

em
(
a(xen − xek

)
)
∣∣∣∣∣∣∣∣

≤
t∑

k=1

ϕ(m)∑
y=1,(y,ϕ(m))=1

∣∣∣∣∣∣∣∣
m−1∑

x=0,(x,m)=1

em
(
a(xyek − xek

)
)
∣∣∣∣∣∣∣∣ ,

writing y = en−k. Because we have the condition
(
e, ϕ(m)

)
= 1, it follows that

the inner sum is independent of k. Hence, replacing xek
by z,

|S a|2 ≤
ϕ(m)∑
y=1

∣∣∣∣∣∣
m−1∑

z=0,(z,m)=1

em
(
a(zy − z)

)∣∣∣∣∣∣.

At this point we are going to simplify slightly and treat the case where m is
prime (the other is only slightly more complicated, requiring little more other
than the Chinese Remainder Theorem). By applying Hölder’s inequality to
the sum on the right hand side of the previous inequality, we obtain

|S a|2 ≤ ϕ(m)3/4


ϕ(m)∑
y=1

∣∣∣∣∣∣∣∣
m−1∑

z=0,(z,m)=1

em
(
a(zy − z)

)
∣∣∣∣∣∣∣∣
4


1/4

.

If we then make a change of variable replacing z by gζ we arrive for m =

p, t = p − 1, at the special case a = −c of the sum Vac(t) considered in
Theorem 4.1.

The RSA generator is a special case of the “power generator” of pseudo-
random numbers. Amongst the latter, the RSA generator is characterized by
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having the additional coprimality condition
(
e, ϕ(m)

)
= 1. As we just saw,

this condition is crucial to the previous proof. Yet, there are many interesting
cases of the power generator for which this condition does not hold. Indeed
the first such generator considered, and certainly the most obvious choice, is
the Blum–Blum–Shub generator, wherein one takes the exponent to be e = 2
so that this condition never holds in practice.

In later work with Shparlinski (Friedlander and Shparlinski, 2001) we
were able to treat the general case. We obtained the following result.

THEOREM 6.3. Let δ > 0, let
(
e, ϕ(m)

)
be arbitrary and let (m be prime or)

m = p� be the product of two primes. Define ∆ = (p−1, �−1). If t/∆ > m3/4+δ,
then the sequence un is uniformly distributed modulo m.

Here the main tool in the proof is a very well-known exponential sum
bound due to A. Weil. We recall that, if p is prime, f ∈ Z[x] with degree
deg f = d, and such that f is non-constant modulo p, then∣∣∣∣∣∣∣

p∑
x=1

ep
(
f (x)

)∣∣∣∣∣∣∣ < dp1/2.

This bound is very good if the degree d is not large. In our case we have
un is given by uen

0 and this leads to polynomials having monomials xek
of very

high degree. For these the Weil bound is worse than the trivial bound p. To get
around this we use the following lemma, the proof of which follows quickly
from the box principle and elementary sieving.

LEMMA 6.4. Let δ > 0, (e,T ) = 1 and let τ denote the multiplicative order
of e (mod T ). Then, for h ≥ T δ, there exists r with (r,T ) = 1 such that the
congruence re j ≡ y (mod T ), 1 ≤ j ≤ τ, 0 ≤ y < h has � τh/T solutions.

The usefulness of the lemma is as follows. We want, as in the previous
proof, to make translations of the variable so as to produce many copies of
our exponential sum. However, if we then want to apply Weil’s bound the
result might usually be bad due to the size of the degree. Note however that,
in the previous proof, there was no necessity to translate by every value of the
variable k; we could have done this for a subset of these, obtaining however
a weaker result. The existence of the integer r in the lemma tells us that
there exists an initial change of variables, after which a large number of the
translations will result in polynomials of degree not too large. We can no
longer make as many copies of the sum as before, but we get to apply the
stronger Weil bound to the copies we have made.

As in the case of the Diffie–Hellman triples we are interested in tests for
randomness other than simply considering uniform distribution.
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(I) We may, for example, fix the k least (or most) significant bits and ask for
uniform distribution of those. If k < c log m for a certain fixed constant
c(δ) we are still able obtain this in the range t > m3/4+δ provided that we
assume ∆ < mδ, a condition which holds for most pairs (p, �).

(II) Another natural problem to consider is multi-dimensional uniform distri-
bution. Let

Σ = (σ0, . . . , σs−1)

denote s binary strings, each of length k, and let L(Σ) be the number of
n ≤ t such that, for each i, i = 0, . . . , s − 1, σi is the string of the k
least significant bits of un+i. We can study this via the multidimensional
exponential sum

S a �
t∑

n=1

em


s−1∑
i=0

aiun+i


obtaining the following result.

THEOREM 6.5. Assume ∆ < mδ and t > m3/4+δ. Then, provided that

s < c(δ)
log m

log log m
,

we have equi-distribution of L(Σ) amongst these s-tuples.

6.1. PERIOD OF THE BIT GENERATOR

Even the case k = 1 in the previous theorem has an interesting application,
namely to the period of the “bit generator.” This is the random number gen-
erator we obtain by taking the sequence of numbers produced, say by the
power generator, and then throwing away all information other than the least
significant bit. To fix our ideas, let us take the exponent e = 2, that is the
Blum–Blum–Shub generator.

It is obvious that the bit generator so formed is also periodic and more-
over that its period, say τ, is a divisor of the period t of the original Blum–
Blum–Shub generator. In order for the bit generator to behave in a random
unpredictable way we should like to know that the period τ is large. However,
it could conceivably be the case that, even when t is large, its divisor τ is not.
The previous theorem, however, rules out that possibility, at least to some
extent.

Indeed, since there take place all possible patterns of s-tuples for consec-
utive occurrences of the last bit, with s as large as s ≈ c log m/ log log m, it
follows immediately that τ ≥ 2s > mc/ log log m. Actually one can do a little
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bit better than that. Instead of counting the occurrence of these s-tuples with
weight one we may use a standard trick and count them instead weighted by
a smooth function (in fact the sharp-cornered Fejer kernel is smooth enough
for this purpose). For the bit generator this gives, under the same assumptions
∆ < mδ and t > m3/4+δ as before, the bound τ > mδ′ , for some δ′(δ) > 0.

7. Large Periods and the Carmichael Function

Our work in this section is joint with Pomerance and Shparlinski (Friedlander
et al., 2001a; Friedlander et al., 2001b). Some of the results have since been
sharpened by Kurlberg and Pomerance (Kurlberg and Pomerance, 2005).

In the theorems from the previous sections we always required an as-
sumption that, to some extent, the period t of our sequence was large. In any
case it is intuitively clear, as was pointed out early in these notes, that we
should want a large period.

For the discussion of large periods it is useful to recall the Carmichael
function λ(m), defined to be the least e ∈ N such that ae ≡ 1 (mod m) for all a
with (a,m) = 1. This function is quite reminiscent of the more familiar Euler
function ϕ(m), specifically

λ(p f ) =

{
1
2ϕ(p f ) p = 2, f ≥ 3,
ϕ(p f ) else,

but, rather than being multiplicative, it has the somewhat more awkward
decomposition

λ(m) = lcm{λ(p f1
1 ), . . . , λ(p fν

ν )}

for m = p f1
1 · · · p fν

ν .
The Carmichael function has the following relation to the power genera-

tor, which, as we recall, was defined as

un ≡ ue
n−1 (mod m), u0 = α.

If
(
e, λ(m)

)
= 1 then this is purely periodic and t = ords e where s = ordm α.

Thus, the largest possible value for t as α, e vary is λ
(
λ(m)

)
. We would like to

know that this is large.
An early result in this direction is due to Erdös, Pomerance and Schmutz

(Erdös et al., 1991). They showed that λ(n) is usually large, in particular that

λ(n) = n exp
(− log2 n log3 n − c log2 n + O(log2 n)

)
for all but o(N) integers n ≤ N. Here, and subsequently, logk denotes the k-th
iterate of the logarithm.
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To get a handle on λ
(
λ(p�)

)
or even on λ

(
λ(n)

)
we need a result which

holds apart from a smaller exceptional set and, as a result, have to settle for a
somewhat weaker bound. We have

THEOREM 7.1. Let N be large. Provided that ∆ ≥ (log2 N)3, the number of
n ≤ N with

λ(n) ≤ n exp(−∆)

is � N exp(−0.69(∆ log ∆)1/3).

The proof of this is elementary but not particularly simple. The main in-
gredients are sieve bounds such as the Brun–Titchmarsh theorem and results
on the distribution of smooth numbers.

This theorem is used to show that the iterated Carmichael function is also
usually large. We obtain:

THEOREM 7.2. Let Q be large and ∆ ≥ 2(log2 Q)3. The number N(Q) of
pairs p, � of primes, 1 < p < � ≤ Q, having

λ
(
λ(p�)

)
< Q2 exp(−∆)

satisfies the bound

N(Q) � Q2 exp(−0.16(∆ log ∆)1/3).

We give a very brief idea of the proof. First consider those pairs with great-
est common divisor (p − 1, � − 1) ≥ D. The number of these is bounded
by

∑
d≥D π(Q; d, 1)2 which is small in terms of D by virtue of the Brun–

Titchmarsh theorem.
On the other hand, for small (p−1, �−1) we can give a bound on the mul-

tiplicity of λ, specifically, for given n, the multiplicity of λ(p�) = n with (p −
1, � −1) ≤ D is ≤ Dτ(n), where τ(n) as usual denotes the number of positive
divisors of n. To see this recall that

λ(p�) = lcm{p − 1, � − 1} =
(p − 1)(� − 1)

gcd(p − 1, � − 1)

and there are at most D choices for the gcd and at most τ(n) choices for p−1.
Actually, we have just given a bound for the multiplicity of λ and we

really need a bound for the multiplicity of its iterate, but an elaboration of the
above ideas carry over to λ ◦ λ.

It is worth noting that, if we are willing to settle for fewer pairs p, �, then
we can get λ

(
λ(p�)

)
to be very large indeed, namely:
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THEOREM 7.3. We have λ
(
λ(p�)

)
> c1Q2 for more than c2Q2/(log Q)4

pairs of primes 1 < p < � < Q.

Actually, we can do still a little better by assuming a famous conjecture.
We expect but do not know that there are infinitely many primes p such that
(p − 1)/2 = q is prime and (q − 1)/2 = r is also prime. Taking two distinct
such primes, say p and �, we find that λ

(
λ(p�)

)
is essentially p�/8.

The proof of Theorem 7.3 is motivated by the above construction. We
use a lower bound sieve and the Bombieri–Vinogradov theorem to construct
many primes p such that (p − 1)/2 has no small prime factors and then
consider pairs p, � of such primes. Using elementary arguments and some
applications of the upper bound sieve we show that most of the products p�
we have constructed have sufficiently large Carmichael function. Although
we do not match the constant 1

8 that follows from the conjecture, we actually
obtain a large number of integers of the required type using this unconditional
argument.

So far, we know that the largest possible period is usually large. This is
not quite what we want. We want the period itself to usually be large, so we
next show that, for most choices, the period is not too far from the largest
possible. For this we use:

LEMMA 7.4. Let M ∈ N, and K > 1 be real. Then,

#
{
g, 1 ≤ g ≤ M, (g, M) = 1, ordM g ≤ λ(M)

K

}
≤ ϕ(M)τ

(
λ(M)

)
/K.

Combining this with a number of other lemmas of similar type, we obtain
the following result.

THEOREM 7.5. Let Q be large and ∆ ≥ 6(log2 Q)3. For all pairs of primes
p, � with 1 < p < � ≤ Q except at most Q2 exp(−0.1(∆ log ∆)1/3) of them, the
following statement holds:

For all pairs (α, e) with 1 ≤ α < m, 1 ≤ e ≤ λ(m), (α,m) =
(
e, λ(m)

)
= 1

(where m = p�) except at most mλ(m) exp(−0.2∆) of them, the period t of the
sequence (un) satisfies t ≥ Q2 exp(−∆) (and hence by our earlier results (un)
is uniformly distributed).

There are a lot of parameters floating around in the previous theorem.
It would be nice to fix some of them; especially we would like to fix the
exponent e. We can do this using sieve methods, but getting a weaker result.

THEOREM 7.6. There are more than cQ2/(log Q)4 pairs p, � of primes 1< p
< � ≤ Q such that, for all 1 ≤ α < m, (α,m) = 1, m = p�, apart from
m1−δ(ε) of them, the period t of (un) with e = 2 satisfies t > Q1−ε.
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Here, the big advantage is that we have been able to fix the exponent e
(the specific choice e = 2 was just for convenience). There are however, as
compared to the earlier Theorem 7.5, a number of disadvantages. For one
thing, we obtain ‘lots’ of integers p� rather than ‘most’, and a larger excep-
tional set of m. These are not so bad but, more seriously. we get Q rather than
Q2 in the lower bound for t. This is too small for our application to the power
generator (for which we would need an exponent bigger than 3

2 ).
There are however other applications of the knowledge that we have a

large period. We conclude this section by giving two of these.

(I) Cycling attack on the RSA cryptosystem.

Let’s recall the description of the very famous RSA method. Bob wishes
to be able to receive secret messages from anybody, just as if say he is Air
Canada and would like anybody to be able to send their credit card number in
complete safety. Bob publishes, for everyone to see, his modulus, an integer
m. He has obtained his modulus by multiplying together two large primes m =

p�, but these he keeps a secret. He also publishes his exponent e, an integer
larger than 1, having first checked that e satisfies the coprimality condition(
e, ϕ(m)

)
= 1. It is easy for him to check this condition using the Euclidean

algorithm and the exclusive knowledge that ϕ(m) = (p − 1)(� − 1). He also,
quickly computes, using this knowledge and keeping the result secret, the
multiplicative inverse ē of e modulo ϕ(m).

Now, along comes Alice, who has decided she wants to go to Hawaii and
therefore needs to send Bob a message, an integer α (her credit card number).
She enters it on the website which, before transmission, encrypts by raising
α to the exponent e modulo m. To decode, Bob simply computes the least
residue of (αe)ē modulo m, in other words, α.

The point of all this is that all of the above computations can be done
quickly once the factorization of m is known, but that factorization is difficult
for everybody but Bob who constructed m from it in the first place.

7.1. CYCLING ATTACK

Next, along comes Conrad who would like to get his hands on that credit card
number. He notices that the power generator can be viewed as a sequence of
RSA encryptions:

α→ (αe → αe2 → · · · → αet−1 → αet
),

say u0, . . . ut. Conrad, being in possession of the data m, e and able to view
the encrypted message αe, is able to generate all of the above quantities in the
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parentheses, that is, everything following u0. But, once he sees the repetition
ut = u1 he can backtrack and deduce that u0 = α is given by ut−1 .

Now, if t is small, this very primitive attack succeeds, but not otherwise.
Thus, it follows from Theorem 7.5 that, for almost all moduli m and almost
all inputs (α, e) this attack fails, and, from Theorem 7.6 that, even for a given
exponent e, it fails for most messages α.

(II) Timed-release crypto.

Suppose Bob wants to broadcast a message, but only wants it to be read
at time T . One thing he can do is is to encrypt the message µ with a key κ,
wait, and then send κ at time T . Actually, he doesn’t even need to encrypt, he
can just wait and send µ at time T .

But what if T is years, or even centuries? Suppose for example he wants
to leave behind the claim that he has proved the Riemann Hypothesis but
doesn’t want to be queried too closely about the details of the proof. Rivest,
Shamir and Wagner have suggested the following solution to this problem
(that of leaving the message, not of proving RH).

7.2. PROPOSED SOLUTION

Encrypt µ with a key κ. Take an RSA modulus m = p�, and integers θ, e, s,
as usual, and then evaluate U ≡ θes

(mod m), which, due to our knowledge of
ϕ(m), can be done quickly in two steps as follows:

(I) Find
f ≡ es (modϕ(m)

)
, 0 ≤ f ≤ ϕ(m),

which can be done in O(log s) steps by repeated squaring.

(II) Next evaluate θes ≡ θ f (mod m), which can also be done quickly, in
O(log m) steps.

Now, compute

L ≡ κ + θes
(mod m), 0 ≤ L < m.

We can now make public all of m, θ, e, s, L. To recover κ one needs
θes

and, as in the previous example, the question becomes: How large is the
period? The theorems in this section imply that usually it is large enough to
cause this to take a long time.

8. Exponential Sums to General Modulus

In this section we shall consider two different types of sum estimated in (Fried-
lander et al., 2002).
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(A) Sums over K-invariant sets.

In dealing with the exponential sums to general modulus which are rele-
vant for many of our applications we can take advantage of a special structure
occurring therein. Let K ⊂ Ut (the units modulo t), and Z = {z1, . . . , zt} ⊆ Zt.
We shall say that Z is K-invariant if for every k in K , the sequence kz1, . . . , kzt

is a permutation of z1, . . . , zt.
As before, let θ ∈ Um have order t. With the above setup we can obtain

an upper bound for the sum

S a(m,Z, t) =

T−1∑
j=0

em(aθz j).

For illustration we state two special but basic cases.

(I) We take, for a fixed positive integer n,

K = Z = {xn | x ∈ Ut}.

In this case we obtain

THEOREM 8.1.
∑

x∈Ut
em(aθxn

) �ε (a,m)1/8t21/32m5/16+ε.

(II) Let g ∈ Ut have multiplicative order T . Take

K = Z = {g j | j = 0, 1, . . . ,T − 1}.

For this sum one has

THEOREM 8.2.
∑T−1

j=0 em(aθg j
) �ε (a,m)1/8T 3/8t9/32m5/16+ε.

Thus, in particular, if (a,m) ≤ mε and T ≥ t1−ε, the above result is non-trivial
for t ≥ m10/11+ε. We next consider an application of this bound.

8.1. DISCREPANCY OF THE POWER GENERATOR

Here, we have an integer modulus m ≥ 2, a seed θ with (θ,m) = 1, and an
exponent g ≥ 2. We recall that the power generator is the sequence given by:

u0 = θ, u j ≡ ug
j−1 (mod m)

0 ≤ u j ≤ m − 1, j = 1, 2, . . . .

If, in particular, θ ∈ Um has multiplicative order t and g ∈ Ut has multiplica-
tive order T then u j ≡ θg j

(mod m), j = 0, 1, . . . is purely periodic with period
T . From Theorem 8.2 and Lemma 2.3 we can bound the discrepancy of the
power generator to an arbitrary modulus.
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THEOREM 8.3. Let Dm(t,T ) denote the discrepancy of the sequence of
fractional parts {u j

m

}
, j = 0, 1, . . . ,T − 1.

Then we have
Dm(t,T ) �

ε
T−5/8t9/32m5/16+ε.

If, in particular t > m1−ε then this is non-trivial for T > m19/20+ε. If in
addition, T > m1−ε then Dm � T−1/32+ε. In the special case of an ‘RSA’
modulus m = p� one can get the stronger bound T−1/8+ε.

(B) Double sums over general sets

We now consider, again for general modulus m, the sum

S a(m, t,X,Y) =
∑
x∈X

∑
y∈Y

em(aθxy)

for arbitrary a ∈ Zm, X,Y ⊆ Zt.
Here, no special structure is required. Because we have a double sum we

can still get results if the sets are not too thin by means of a judicious use of
Cauchy’s inequality. Specifically, we may, for example, write

|S a(m, t,X,Y)|2 ≤ |X|
∑
x∈X

∣∣∣∣∣∣∣∣
∑
y∈Y

em(aθxy)

∣∣∣∣∣∣∣∣
2

.

In the latter sum we may by positivity increase the summation over x to all of
Zt, then expand the square and interchange the order of summation bringing
the sum over x inside. This inner sum is now quite simple and we can proceed.
One such result obtained is the following.

THEOREM 8.4. We have

S a(m, t,X,Y) �
ε
|X|1/2|Y|21/32(a,m)1/8t1/2m5/16+ε.

We note that 1/2 + 21/32 + 0 + 1/2 + 5/16 = 2 − 1/32 and since this is
less than two we obtain a nontrivial bound exhibiting cancellation in the sum
provided the sets are sufficiently dense and the period is sufficiently large. We
next consider an application of this result, given in (Friedlander et al., 2002).
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8.2. COMMUNICATION COMPLEXITY OF THE DIFFIE–HELLMAN BIT

We consider the set of n-bit integers

B = {x ∈ Z | 0 ≤ x ≤ 2n − 1}.

There is an obvious bijection between n-bit integers and their binary expan-
sion, given by

x ∈ B ↔ x = (x1, . . . , xn) ∈ Z
n
2.

Let y = (y1, . . . , yn) co-ordinatize a second such integer.
Now, let f (x, y) = f (x1, . . . , xn, y1, . . . , yn) be a given function of 2n vari-

ables. Assume that we have two collaborating parties, one knowing x and the
other knowing y. Our goal is to create a “communication protocol” P such
that for any inputs x, y ∈ B, at the end one party is able to compute f (x, y).

For a given protocol P (that is an algorithm for exchanging the infor-
mation), we define ψP: to be the largest number of bit exchanges required
to compute f (x, y), taken over all inputs x, y ∈ B. Then we define ψ( f ), the
communication complexity of the function f , to be the minimum of ψP, taken
over all possible protocols P.

A trivial upper bound for this complexity is given by ψ( f ) ≤ n since one
party can simply tell everything to the other. It is quite a common phenom-
enon in complexity theory that lower bounds are much harder to obtain than
upper bounds. Thus, in this case, to obtain an upper bound one only needs to
examine the results from a single protocol. On the other hand, to give a lower
bound one needs to say something about every conceivable protocol.

Given x, y ∈ B we study the communication complexity of the Diffie–
Hellman key, in particular, of the Diffie–Hellman bit operation. By this is
meant we take the sequence given by the common key and throw away all
information except the last bit.

Specifically, for an odd integer m, and θ of multiplicative order t, choose
n to be the largest integer with 2n ≤ t and, for x, y ∈ B, define

f (x1, . . . , xn, y1, . . . , yn) =

{
1 if θxy ∈ {1, 3, 5, . . . ,m − 2},
0 if θxy ∈ {2, 4, 6, . . . ,m − 1}.

As a consequence of the previous Theorem 8.4 one may deduce a reason-
able lower bound for the complexity of this function.

THEOREM 8.5. Let m be an odd integer, δ > 0 be real, and assume the
period t of θ modulo m satisfies t ≥ m10/11+δ. Then, the communication
complexity of the Diffie–Hellman bit operation satisfies the bound

ψ( f ) ≥
(11
32
δ − o(1)

)
n.
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This lower bound provides, a fortiori, a lower bound for the communication
complexity of the Diffie–Hellman secret key θxy itself. Moreover, in view of
the trivial bound ψ( f ) ≤ n, this bound is rather good; only the constant is
in doubt. The above theorem depends heavily on an interesting relationship
between the communication complexity and the “combinatorial” discrepancy
established in (Babai et al., 1992).

We define the combinatorial discrepancy ∆( f ) of f by

∆( f ) = 2−2n max
X,Y⊆B

|N0(X,Y) − N1(X,Y)|,

where Nr(X,Y) denotes, for r = 0, 1, the number of pairs x ∈ X, y ∈ Y with
f (x, y) = r.

Theorem 8.4 can be applied in a way now familiar to give a bound for
the combinatorial discrepancy. On the other hand, as a part of Lemma 2.2 of
(Babai et al., 1992) we have the elegant inequality

∆( f )2ψ( f ) ≥ 1,

from which Theorem 8.5 follows.

9. Sums over Elliptic Curves

Many of the most useful and important cryptographic constructs take place
within the group F

×
p but make some sense within virtually any finite Abelian

group. On the other hand, for some groups, say for example the additive group
Fp, the description of the group is too simple and useful applications are
lacking.

For the past twenty years, since the work of N. Koblitz and of V. Miller,
there has been an increasing interest in the cryptographic uses of the finite
group of points of an elliptic curve over a finite field. In this section we give
results from (Banks et al., 2006a) which deal with analogues to some of the
topics discussed earlier, but now within this elliptic setting.

Let E be an (ordinary) elliptic curve with Weierstrass equation Y 2 = X 3+

+ B over the finite field Fp. Denote a typical point on the curve, and its
coordinates by Q =

(
x(Q), y(Q)

)
. Let G be a fixed point of order t on the curve

E. Analogous to the sum S a(m, t,X,Y) considered in the previous section, we
study the sums

Wa(U,V) =
∑
u∈U

∑
v∈V

αu βvep
(
ax(uvG)

)

where a ∈ F
×
p is fixed, U,V ⊆ Zt are given subsets, and αu, βv are complex

coefficients. For this sum we obtain the following result.

AX
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THEOREM 9.1. Assume |αu| ≤ 1, |βv| ≤ 1 and ε > 0. Then

Wa(U,V) �
ε

t5/6(#U#V)1/2 p1/12+ε.

We note in particular that, if U,V are almost dense in Zt in the sense
that #U, #V > t1−o(1) then the theorem provides a non-trivial bound in the
range t > p1/2+ε. This range, which is wider than those given earlier, can be
attributed to the incorporation of ideas of Garaev from (Garaev, 2005). In this
elliptic case the proof eventually reduces to estimates for exponential sums
over finite fields in which an earlier reliance on Weil’s bound is replaced by
bounds due to Bombieri (Bombieri, 1966). We remark that one obtains the
same result if, in the sum Wa(U,V), we replace the x-coordinate in the ex-
ponential by the y-coordinate or indeed by any nonconstant rational function
in x and y.

In the same fashion as earlier, the above theorem implies bounds for the
exponential sum

t∑
u=1

t∑
v=1

ep
(
ax(uG) + bx(vG) + cx(uvG)

)
,

and hence uniformity of distribution results for Diffie–Hellman triples on an
elliptic curve, that is the triples

(
x(uG), x(vG), x(uvG)

)
.

As a less immediate application, one can consider the analogue of the
power generator on E. Again, let G be a fixed point on E having order t, fix
an integer e ≥ 2 such that (e, t) = 1. Define the elliptic power generator to be
the sequence:

Un = eUn−1, n = 1, 2, . . . ,

beginning with the initial condition U0 = G. The previous theorem implies,
by extending the method of (Friedlander et al., 1999) which gave Theo-
rem 6.1, the following bound for the pertinent exponential sum.

THEOREM 9.2. We have, for a ∈ F
×
p,

∑
n≤N

ep
(
ax(Un)

) �
ε

t5/9N1/3 p1/18+ε.

This in turn gives the following uniformity of distribution result.
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COROLLARY 9.3. Let T be order of e modulo t. If

T ≥ N ≥ p11/12+ε,

then the sequence of fractional parts
{ x(Un)

p

}
, n = 0, 1, . . . ,N,

is uniformly distributed.

10. Proof Sketch of Theorem 4.1

The ideas in this section originate in (Canetti et al., 1999) and (Canetti et al.,
2000). Recall that our goal is an upper bound for the sum

Va,c(t) =

t∑
y=1

∣∣∣∣∣∣∣
t∑

x=1

ep(aθx + cθxy)

∣∣∣∣∣∣∣
4

,

where t is the multiplicative order of θ (mod p). Using an idea exploited in
some of our earlier arguments, we note that the sum is invariant under the
translation of variables x → x + z. This leads us to the following estimation:

Va,c(t) = t−1
t∑

y=1

t∑
z=1

∣∣∣∣∣∣∣
t∑

x=1

ep(aθx+z + cθ(x+z)y)

∣∣∣∣∣∣∣
4

= t−1
t∑

y=1

t∑
z=1

∣∣∣∣∣∣∣
t∑

x=1

ep(aθzθx + cθzyθxy)

∣∣∣∣∣∣∣
4

≤ t−1
t∑

y=1

p−1∑
λ,µ=0

∣∣∣∣∣∣∣
t∑

x=1

ep(λθx + µθxy)

∣∣∣∣∣∣∣
4

,

where, in the last step we have used the fact that, for each y, the pairs (aθz, cθzy)
are distinct modulo p as z runs through the values z = 1, 2, . . . , t. Thus,

Va,c(t) ≤ t−1 p2T,

where T is the number of solutions of the system of congruences{
θx1 + θx2 ≡ θx3 + θx4 (mod p),
θx1y + θx2y ≡ θx3y + θx4y (mod p),

(1)

as the variables range over x1, x2, x3, x4, y = 1, 2, . . . , t.
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Write θ = gm where g is a primitive root modulo p so that m is given by p−
1 = mt. For a given quadruple (x1, x2, x3, x4) satisfying the first congruence,
the number of y satisfying the second is just N/m where N is the number of
solutions z of

zk1 + zk2 − zk3 − zk4 ≡ 0 (mod p)

as z = 1, 2, . . . , p − 1, and where ki = mxi. We need a bound for the number
of such z and this leads us to the following problem.

10.1. NUMBER OF ROOTS OF A SPARSE POLYNOMIAL OVER A FINITE
FIELD

Although we are only going to use the result for fields of prime order, it is no
extra work to be somewhat more general. Let, as usual, Fq denote the finite
field of q elements.

LEMMA 10.1. Let a1, a2, . . . , an be elements of F
×
q and k1, . . . , kn ∈ Z. Then,

the number N of solutions of the equation

n∑
i=1

aiz
ki = 0,

as z ranges through F
×
q , satisfies the bound

N ≤ 21−1/(n−1)D1/(n−1) + O(q1−2/(n−1)D2/(n−1)),

where
D = min

1≤i≤n
max

j�i
(k j − ki, q − 1).

REMARK. This bound is suited toward the situation where we are dealing
with a sparse polynomial; that is it is good in case the number n of monomials
is small. The degree of the polynomial is not that important except in the case
where D is large. Some restriction of this type is certainly necessary since,
for example, for odd q the polynomial z(q−1)/2 −1 is very sparse but has many
roots, (q − 1)/2 of them.

The general idea behind the proof of the lemma is as follows. We use the
box principle to choose a small positive integer �, which is less than some
quantity L, the best choice of which will turn out to depend on D, but is such
that, when we make a change of variable replacing z by z�, the degrees ki of
the monomials are replaced by ki� ≡ mi (mod q − 1) where the new degrees
mi are not too large, say ≤ M. Let us assume that (�, q − 1) = 1 so that no
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solutions are lost in the change of variables; if there is a common divisor the
situation is a little more complicated.

By Fermat’s little theorem, replacing the exponents ki� by mi, we still
obtain the same solutions. Since our polynomial is sparse, there are only a
few congruence conditions we need to satisfy, that is only a few mi that need
to be small. Finally, since the resulting polynomial has small degree, no more
than M, there is an acceptable bound for the number of roots.

10.2. ANCHORS AND PAIRINGS

We are now ready to return to the proof of Theorem 4.1. Recall that we were
considering the system

θx1 + θx2 ≡ θx3 + θx4 (mod p),

θx1y + θx2y ≡ θx3y + θx4y (mod p).

We need to input our bound for the number of y coming from Lemma 10.1
and then sum over the quadruples (x1, x2, x3, x4) satisfying the first congru-
ence.

Note that the bound in the lemma depends on the quadruple only to the
extent of the value of D. Hence we require, for each positive integer d, an
upper bound for the number of quadruples (x1, x2, x3, x4) satisfying

θx1 + θx2 ≡ θx3 + θx4 (mod p), 1 ≤ xi ≤ t,

with
min
1≤i≤4

max
j�i

(xi − x j, t) = d.

Actually, we lose virtually nothing by replacing the equality in the last
condition by an inequality, which makes the counting easier. Suppose that,
for each i, 1 ≤ i ≤ 4, there exists a j � i such that (xi − x j, t) ≥ d.

There are two types of minimal configuration, unique apart from permu-
tation of the indices, which can bring this about. It may be that one of the
variables, say x1, anchors the others as described by the following diagram.

(I) Anchor
x x

x

x

1
2

4

3
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Here, we have joined the vertices xi, x j by an edge in case (xi − x j, t) ≥ d, and
if there are other edges we just ignore them.

In the second case, the variables may pair off and, using the same descrip-
tion, we have

(II) Pairing

2

x x

x x

1 3

4

We need upper bounds for the number of occurrences of each.

10.3. BOUNDS FOR THE NUMBER OF PAIRINGS

It seems intuitively obvious that the number of anchors will be smaller than
the number of pairings and can be ignored in this sketch. Indeed, it does turn
out that the same ideas we use for bounding the number of pairings can be
used to give (even better) bounds for the anchors.

Fix coefficients a1, a2, a3, a4 � 0 (mod p) and divisors d1 | t, d2 | t. Let
Qd1,d2 (t) denote the number of solutions of the congruence

a1θ
x1 + a2θ

x2 + a3θ
x3 + a4θ

x4 ≡ 0 (mod p),

as the variables run through the range

1 ≤ x1, x2, x3, x4 ≤ t,

subject to the constraints

x1 ≡ x3 (mod d1), x2 ≡ x4 (mod d2).

We give two different bounds for this number.

(A) Elementary counting bound.

LEMMA 10.2.

Qd1,d2 (t) ≤ t3

d1d2
+ t2.

Proof. First, we count those quadruples for which we have the additional
condition

a1θ
x1 + a3θ

x3 ≡ 0 (mod p).

Each x1 determines (at most) one value of x3. Then, each x2 determines (at
most) one value of x4. Hence, there at most t2 of these quadruples.
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Next, we count the others. There are no more than t2/d1 choices for the
pair x1, x3 and once that pair is determined it fixes a single non-zero value for
the class of

θx2 (a2 + a4θ
x4−x2 ).

The choice of x4 − x2, which can be made in precisely t/d2 different ways,
then determines the rest. �

(B) Exponential sum bound. Replacing the above simple counting with an
argument using exponential sums, we obtain a result which is better than
(A) if d1, d2 are small.

LEMMA 10.3.

Qd1,d2 (t) =
t4

d1d2 p
+ O(tp).

To prove this, we detect the condition

x1 ≡ x3 (mod d1)

using additive characters, that is

d−1
1

d1−1∑
j=0

e
( j(x1 − x3)

d1

)
,

and similarly, each of the conditions x2 ≡ x4 (mod d2) and

a1θ
x1 + · · · + a4θ

x4 ≡ 0 (mod p).

Inserting these, we are led to an exponential sum in seven variables, but not
much is required for its estimation. It turns out that the ingredients we need
are bounds for the sum

σ(a, b) =

t∑
x=1

ep(aθx)ep−1(bx),

which was already encountered in Section 3 in connection with the discrete
logarithm problem.

In particular, to complete the proof of the lemma we require the following
simple facts about this sum.

LEMMA 10.4.

(1) If p � a we have
|σ(a, b)| ≤ p1/2.



56 JOHN B. FRIEDLANDER

(2) We have the mean square evaluation

p∑
a=1

|σ(a, b)|2 = tp.

The first of these is a quite old Gauss sum bound, known certainly to
Korobov. The second is also quite old and follows at once on interchanging
the order of summation and using the basic orthogonality property of additive
characters.

We have now assembled all of the pieces. Making the optimal choice
between Lemmas 10.2 and 10.3, we estimate the outer sum over the quadru-
ples (x1, x2, x3, x4) giving in turn a bound for the number T of solutions
to the system (1) of congruences and thereby to the sum Va,c(t), leading to
Theorem 4.1.
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THE DISTRIBUTION OF PRIME NUMBERS

K. Soundararajan
University of Michigan

What follows is an expanded version of my lectures at the NATO School on
Equidistribution. I have tried to keep the informal style of the lectures. In
particular, I have sometimes oversimplified matters in order to convey the
spirit of an argument.

1. The Cramér Model and Gaps Between Consecutive Primes

The prime number theorem tells us that π(x), the number of primes below x,
is ∼ x/ log x. Equivalently, if pn denotes the n-th smallest prime number then
pn ∼ n log n. What is the distribution of the gaps between consecutive primes,
pn+1 − pn?

We have just seen that pn+1−pn is approximately log n “on average.” How
often do we get a gap of size 2 log n, say; or of size 1

2 log n? One way to make
this question precise is to fix an interval [α, β] (with 0 ≤ α < β) and ask for

lim
N→∞

1
N

#
{
2 ≤ n ≤ N :

pn+1 − pn

log n
∈ [α, β]

}
. (1)

Does this limit exist, and if so what does it equal?
Here is another way to formulate this question. Consider intervals of the

form [n, n + log n] as n ranges over integers up to N. On average such an
interval contains one prime. But of course some intervals may not contain
any prime, and others may contain several. Given a non-negative integer k,
how often does such an interval contain exactly k primes? What is

lim
N→∞

1
N

#{n ≤ N : π(n + log n) − π(n) = k}? (2)

Or more generally, for a fixed real number λ > 0 we may ask for

lim
N→∞

1
N

#{n ≤ N : π(n + λ log n) − π(n) = k}? (3)
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In this lecture we will describe the conjectured answers to these questions,
but we confess at the outset that no one knows how to prove those conjectures.
While conjecturing the prime number theorem, Gauss stated that the ‘density
of primes’ around x should be 1/ log x. He based his conjecture on extensive
numerical investigations. In particular he divides the numbers up to three
million into intervals of length 100 (a “centad”) and meticulously tabulates
the number of centads with no primes, exactly one prime etc.1 While he does
not seem to make a synthesis of his results (except to conjecture the prime
number theorem) it seems clear that he was seeking to understand a question
like (3). It was left to Harald Cramér (Cramér, 1936) to set Gauss’s work on
a probabilistic footing.

CRAMÉR’S MODEL. The primes behave like independent random vari-
ables X(n) (n ≥ 3) with X(n) = 1 (the number n is ‘prime’) with probability
1/ log n, and X(n) = 0 (the number n is ‘composite’) with probability 1 −
1/ log n.

Let us suppose that the primes behave like a typical sequence in this
random model, and answer questions (1) and (3). We want the ‘probability’
that pn+1 − pn lies between α log n and β log n. Thus, given the prime pn,
we want pn + 1, . . . , pn + h − 1 to be composite, and pn + h to be prime,
where α log n ≤ h ≤ β log n. According to Cramér’s model, this occurs with
probability

∑
α log n≤h≤β log n

h−1∏
j=1

(
1 − 1

log(pn + j)

)
1

log(pn + h)
∼

∑
α log n≤h≤β log n

(
1 − 1

log n

)h−1 1
log n

since log(pn + j) ∼ log n as pn ∼ n log n and j � log n. This is

∼
∑

α≤h/ log n≤β
e−h/ log n 1

log n
∼
∫ β

α
e−t dt,

for large n, because the LHS looks like a Riemann sum approximation to
the integral in the RHS. This is the conjectured answer to question (1): the
probability “density” of finding pn+1 − pn close to t log n is e−t. This is an
example of what is known as a “Poisson process” in the probability literature,
see Feller (Feller, 1966).

EXERCISE 1.1. Show similarly that the Cramér model predicts that the
answer to question (3) is λke−λ/k!. This is the Poisson distribution with para-
meter λ.

1 We refer the reader to www.math.princeton.edu/˜ytschink/.gauss for scans of Gauss’s
manuscripts showing these calculations.
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The reader may well object that these predictions are dubious: clearly the
probability that n and n + 1 are both primes must be zero, but the Cramér
model assigns this event a probability 1/

(
log n log(n + 1)

)
. More generally,

suppose we are given a set H = {h1, . . . , hk} of k distinct integers, and we
ask for the number of integers n ≤ x with n + h1, n + h2, . . . , n + hk all
being prime. The Cramér model would predict an answer of ∼ x/(log x)k,
but clearly we must take into account arithmetic properties of the set H . For
example, if there were a prime p such that the integers h1, . . . , hk occupied all
the residue classes (mod p) then the integers n + h1, . . . , n + hk would also
occupy all the residue classes (mod p). In particular one of these numbers
would be a multiple of p, and so there can only be finitely many values of n
with n + h1, . . . , n + hk all being prime.

In (Hardy and Littlewood, 1922) Hardy and Littlewood proposed the
prime k-tuple conjecture that

#{n ≤ x : n + h1, n + h2, . . . , n + hk prime} ∼ S(H)
x

(log x)k
, (4)

for a certain constant S(H) called the ‘singular series.’ The constant S(H)
equals 0 if the elements h1, . . . , hk occupy a complete set of residue classes
(mod p) for some prime p, and S(H) is positive otherwise. We will describe
this conjecture in more detail below. The aim of this lecture is to describe
a beautiful calculation of Gallagher (Gallagher, 1976) which shows that the
Hardy–Littlewood conjecture (4) implies the same distribution of gaps be-
tween primes predicted by the Cramér random model. The crux of his proof
is that although S(H) is not always 1 (as the Cramér model would have), it
is ∼ 1 on average over all k-element sets H with the h j ≤ h.

1.1. THE HARDY–LITTLEWOOD CONJECTURE

We now motivate the Hardy–Littlewood conjecture (4) and describe the sin-
gular series S(H) that arises there. As a toy model for prime numbers let
us fix an integer q and consider the reduced residue classes (mod q). Out of
the q total residue classes, there are φ(q) reduced classes, and we may think
of φ(q)/q as the ‘probability’ of a class being reduced. Now suppose we are
given the set H = {h1, . . . , hk} and we ask for the number of n (mod q)

1 k are all coprime to q. For convenience, let
us just think of square-free q. If these k events were independent then the
answer would be q(φ(q)/q)k. The correct answer is a little different: for each
prime p that divides q we need n to avoid the residue classes −h1, . . . ,−hk

(mod p). Let νH (p) denote the number of distinct residue classes occupied by
H (mod p). Thus n must lie in one of p − νH (p) residue classes (mod p).

such that n + h , . . . , n + h
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Using the Chinese remainder theorem we see easily that the correct answer is

∏
p|q

(
p − νH (p)

)
= q

∏
p|q

(
1 − νH (p)

p

)
= q

(
φ(q)

q

)k ∏
p|q

(
1 − νH (p)

p

)(
1 − 1

p

)−k

.

Let us write S(H ; q) =
∏

p|q(1 − νH (p)/p)(1 − 1/p)−k. We have seen
that the answer for the number of n (mod q) with n + h1, . . . , n + hk all
being coprime to q involves correcting the guess q(φ(q)/q)k by the factor
S(H ; q) which keeps track of the arithmetic properties of the set H . Now let
us consider what happens when we take q = q� =

∏
p≤� p and let � go to

infinity. As � → ∞ we see that

S(H ; q�) →
∏

p

(
1 − νH (p)

p

)(
1 − 1

p

)−k

.

The infinite product above converges because if p is larger than all the h j’s
then νH (p) = k and so (1 − νH (p)/p)(1 − 1/p)−k = (1 − k/p)(1 − 1/p)−k =

1 + O(p−2). This infinite product is the singular series2:

S(H) :=
∏

p

(
1 − νH (p)

p

)(
1 − 1

p

)−k

. (5)

Further if n + h1, . . . , n + hk are coprime to q� with � large, then they have no
small prime divisors, and may reasonably be viewed as a kind of approxima-
tion to primes. Thus in formulating a conjecture on the number of n ≤ x with
n + h1, . . . , n + hk being prime, a natural guess is to take the random answer
x/(log x)k, and multiply it by the arithmetical correction factor S(H). This is
precisely the Hardy–Littlewood conjecture (4). It is immediate from (5) that
S(H) = 0 if and only if H exhausts a compete set of residue classes (mod p)
for some p.

1.2. GALLAGHER’S CALCULATION

We will now describe Gallagher’s argument, using the Hardy–Littlewood
conjecture (4) to justify the distribution of gaps between primes predicted
by the Cramér model. The precise problem we consider is a close variant
of question (3). Let λ be a positive real number, and let N be large. We set
h = λ log N and seek to understand the distribution of π(n + h) − π(n) as
n varies over the natural numbers below N. To understand this quantity, we

2 The term arises from Hardy and Littlewood’s original derivation of their conjecture using
the circle method. Here S(H) arose as a series rather than the product given above.
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consider the moments

1
N

∑
n≤N

(
π(n + h) − π(n)

)r
=

1
N

∑
n≤N

( h∑
�=1

n+� prime

1

)r

, (6)

where r is a natural number. If the Cramér prediction is right, then we may
expect these moments to be approximately

1
N

E

( ∑
2≤n≤N

( h∑
�=1

X(n + �)
)r)
, (7)

where E denotes expectation, and the X(n)’s are independent random vari-
ables as in Cramér’s model. If these moments are roughly equal for r ≤ R for
any R = R(N) tending to infinity, then we would know that π(n+h)−π(n) has a
Poisson distribution with parameter λ. This is because of a well-known princi-
ple from probability, that nice distributions including the Poisson distribution
are determined by their moments.

Let us expand out the rth powers in (6) and (7). We then get numbers
�1, . . . , �r below h not necessarily distinct and would like to understand how
often n + �1, . . . , n + �r are all prime (for (6)), or to understand E

(
X(n +

�1) · · · X(n + �r)
)

(for (7)). Let us suppose that there are exactly k distinct
numbers among the �1, . . . , �r and write these distinct numbers as (1 ≤)h1 <
h2 < · · · < hk(≤ h). The number of choices for �1, . . . , �r that lead to the same
ordered set of distinct numbers h1, . . . , hk is the number of different ways of
mapping {1, 2, . . . , r} onto {1, . . . , k}; let us denote this3 by σ(r, k). Thus we
see that (6) may be written as

r∑
k=1

σ(r, k)
∑

1≤h1<h2<···<hk≤h

(
1
N

∑
n≤N

n+h1,...,n+hk prime

1

)
, (8)

while (7) may be written as

r∑
k=1

σ(r, k)
∑

1≤h1<h2<···<hk≤h

( 1
N

∑
2≤n≤N

E
(
X(n + h1) · · · X(n + hk)

))
. (9)

Since the same quantity appears in both (8) and (9) and is non-negative, we
don’t need to worry about what σ(r, k) is.

3 This is a ‘Stirling number of the second kind.’
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Invoking the Hardy–Littlewood conjecture (4)4 we get that (8) is

∼
r∑

k=1

σ(r, k)

(log N)k

∑
1≤h1<h2<···<hk≤h

S({h1, . . . , hk}).

Clearly the quantity in (9) is

∼
r∑

k=1

σ(r, k)

(log N)k

∑
1≤h1<h2<···<hk≤h

1.

Thus, to show that (6) and (7) are approximately equal, we need only show
that ∑

1≤h1<h2<···<hk≤h

S({h1, . . . , hk}) ∼
∑

1≤h1<h2<···<hk≤h

1. (10)

This is Gallagher’s crucial result in (Gallagher, 1976). It shows that although
the Hardy–Littlewood probabilities are different from the Cramér probabili-
ties, on average they are roughly equal. This explains why the Cramér model
makes accurate predictions for the distribution of primes in such short inter-
vals.

EXERCISE 1.2. For a prime p put S(H ; p) = (1 − νH (p)/p)(1 − 1/p)−k.
Prove that as h → ∞ ∑

1≤h1<h2<···<hk≤h

S(H ; p) ∼
∑

1≤h1<h2<···<hk≤h

1.

Explain why this morally implies (10); better still prove (10) rigorously (or
read Gallagher’s argument (Gallagher, 1976)).

EXERCISE 1.3. We have sketched how the Hardy-Littlewood conjecture
implies that for a given positive real number λ, and a fixed non-negative
integer k,

1
N

#{n ≤ N : π(n + λ log N) − π(n) = k} ∼ λk

k!
e−λ.

Deduce that

1
N

#
{
2 ≤ n ≤ N :

pn+1 − pn

log n
∈ [α, β]

}
∼
∫ β

α
e−t dt.

4 Precisely, we need this conjecture uniformly for all h1, . . . , hk below h, and for all k ≤ R
with R = R(N) tending slowly to infinity.
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Proof of (10) when k = 2. From the definition (5) note that S({h1, h2}) =

S({0, h2 − h1}) and so, letting � = h2 − h1 we see that the LHS of (10) is (in
the case k = 2)

∑
�≤h

S({0, �})
( ∑

1≤h1<h2≤h
h2−h1=�

1

)
=
∑
�≤h

S({0, �})(h − �).

To evaluate the above asymptotically, it is useful to study the generating
Dirichlet series

F(s) :=
∞∑
�=1

S({0, �})
�s .

The definition (5) gives that S({0, �}) =
∏

p|�(1 − 1/p)−1 ∏
p��(1 − 2/p)(1 −

1/p)−2. From this, we may see that F(s) converges absolutely in the half-
plane Re(s) > 1, and moreover in that region has the Euler product

F(s) =
∏

p

((
1− 2

p

)(
1− 1

p

)−2

+
1
ps

(
1− 1

p

)−1

+
1

p2s

(
1− 1

p

)−1

+
1

p3s

(
1− 1

p

)−1

+· · ·
)
.

=
∏

p(1 − 1/ps)−1 we see (with a little
calculation) that in Re(s) > 1,

F(s) = ζ(s)
∏

p

(
1 − 1

(p − 1)2
+

1
ps−1(p − 1)2

)
= ζ(s)G(s),

say. The Euler product for G(s) converges absolutely in Re(s) > 0 and so
in that region we have obtained a meromorphic continuation of F(s) with a
simple pole at s = 1 coming from the simple pole of ζ(s) there. We now make
use of the formula that for any c > 0

1
2πi

∫ c+i∞

c−i∞

ys

s(s + 1)
ds =

{
(1 − 1/y) if y > 1
0 if 0 < y ≤ 1.

This is easily proved by moving the line of integration to the left if y > 1 and
to the right if y 1; the term 1 − 1/y when y > 1 arises from the residues of
the poles at s = 0 and s = −1. Therefore, if c > 1, we see that

h
∑
�≤h

S({0, �})
(
1 − �

h

)
= h

∞∑
�=1

S({0, �}) 1
2πi

∫ c+i∞

c−i∞

(h
�

)s ds
s(s + 1)

=
h

2πi

∫ c+i∞

c−i∞
ζ(s)G(s)

hs

s(s + 1)
ds,

Multiplying and dividing by ζ(s)

>

−



66 K. SOUNDARARAJAN

where the interchange of summation and integration is justified by the ab-
solute convergence of F(s) in the region Re(s) > 1. To evaluate the contour
integral, we shift the line of integration to Re(s) = ε > 0. In the region
traversed we encounter only a simple pole at s = 1 (because of ζ(s)) and so
our integral is

h Ress=1

(
ζ(s)G(s)hs

s(s + 1)

)
+

h
2πi

∫ ε+i∞

ε−i∞
ζ(s)G(s)

ds
s(s + 1)

.

Since G(1) is easily seen to be 1, the residue above equals G(1)h2/2 = h2/2.
By bounding ζ(s) and G(s) on the line Re(s) = ε we may estimate the re-
maining integral on that line; we omit the standard, but technical, details and
merely note that this term is O(h1+ε). We conclude that

∑
�≤h

S({0, �})(h − �) =
h2

2
+ O(h1+ε) =

∑
h1<h2≤h

1 + O(h1+ε).

This proves (10) in the case k = 2.

EXERCISE 1.4. Analyze G(s) further by writing it as ζ(s + 1)H(s), where
H(s) is now analytic in Re(s) > − 1

2 . Evaluating residues, as above, prove that

∑
�≤h

S({0, �})(h − �) =
h2

2
− h log h

2
+

Bh
2

+ O(h1/2+ε),

with B = 1 − γ − log 2π; here γ is Euler’s constant.

1.3. CONCLUDING REMARKS

Two important consequences of our predictions for the spacings between
primes are that

lim sup
n→∞

pn+1 − pn

log n
= ∞, and lim inf

n→∞

pn+1 − pn

log n
= 0.

Happily both these results have now been proved. The first involves construct-
ing long strings of composite numbers, and was first proved by Westzynthius
with important refinements due to Erdős and Rankin. The second is a recent
breakthrough of Goldston, Pintz and Yıldırım, see (Goldston et al., 2006).
The reader may consult the survey by Heath-Brown (Heath-Brown, 1988)
for the lim sup result and much else besides, and my survey (Soundararajan,
2006) for the lim inf result.
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2. The Distribution of Primes in Longer Intervals

2.1. CRAMÉR’S PREDICTION

In the first lecture we considered the distribution of primes in intervals of
length a constant times the average spacing. We now discuss what happens in
longer intervals. Precisely, we consider π(n + h) − π(n) for n ≤ N and where
h/ log N is large, but h/N is small.

EXERCISE 2.1. Using Stirling’s formula, show that as λ gets large, a Pois-
son distribution with parameter λ begins to look like a normal distribution
with mean λ and variance λ.

Thus Cramér’s model would suggest that, if h/ log N is large but h/N is
small, then for n ≤ N, π(n + h) − π(n) has an approximately normal distrib-
ution with mean ∼ h/ log N and variance ∼ h/ log N. Another way to arrive
at this prediction is to calculate the moments (note that for most n ≤ N,∑h
�=1 1/ log(n + �) ∼ h/ log N)

1
N

E

( ∑
2≤n≤N

( h∑
�=1

X(n + �) −
h∑
�=1

1
log(n + �)

)k)
, (11)

which we claim is

=
k!

2k/2(k/2)!

( h
log N

)k/2(
1 + Ok

( log N
h

))
(12)

if k is even, and if k is odd it is

�
( h
log N

)(k−1)/2

. (13)

EXERCISE 2.2. Justify (11)–(13) by arguing as follows. For n ≥ 3, set
X0(n) = 1−1/ log n with probability 1/ log n and X0(n) = −1/ log n with prob-
ability 1 − 1/ log n: that is, X0(n) = X(n) − 1/ log n. Note that E

(
X0(n)

)
= 0.

Expand

1
N

E

( ∑
2≤n≤N

( ∑
1≤�≤h

X0(n + �)
)k)

=
1
N

∑
�1,...,�k≤h

∑
2≤n≤N

E
(
X0(n + �1) · · · X0(n + �k)

)
.

The expectation above is zero if any of the �i’s occurs only once among
�1, . . . , �k. When k is even there is a leading contribution from terms where
the �1, . . . , �k contain k/2 distinct numbers each occurring twice.
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2.2. CALCULATING THE VARIANCE VIA HARDY–LITTLEWOOD

However, we do not believe that this prediction, given by the Cramér model,
is accurate. At this juncture, it is more convenient to deal with ψ(n+h)−ψ(n),
where ψ(x) =

∑
n≤x Λ(n) with Λ(n) denoting the von Mangoldt function. Note

that the prime number theorem is equivalent to ψ(x) ∼ x, and that the Hardy–
Littlewood conjecture (4) may be recast as (H = {h1, . . . , hk} is a set of k
distinct numbers) ∑

n≤x

Λ(n + h1) · · ·Λ(n + hk) ∼ S(H)x. (14)

The Cramér model predicts that ψ(n+h)−ψ(n) is approximately normal with
mean ∼ h and variance ∼ h log N.

To see the flaw in this prediction, let us now calculate the variance using
the Hardy–Littlewood conjectures. Note that

1
N

∑
n≤N

(ψ(n+h)−ψ(n)−h)2 =
1
N

∑
n≤N

(∑
�≤h

Λ(n+�)
)2

−2
h
N

∑
n≤N

∑
�≤h

Λ(n+�)+h2.

The middle term in the RHS above is −2h2(ψ(N) + O(h log N)
)
/N ∼ −2h2.

As for the first term in the RHS we may square it out, and invoke the Hardy–
Littlewood conjecture (14). If we forget all the error terms, then the above
is

1
N

∑
n≤N

∑
�≤h

Λ(n + �)2 + 2
∑
�≤h

S({0, �})(h − �) − h2.

The prime number theorem and partial summation gives that the first term
above is ∼ h(log N − 1), while from Exercise 1.4 we see that the second term
above is ∼ h2 − h log h + Bh. So, ignoring all error terms, we conclude that
the variance satisfies

1
N

∑
n≤N

(ψ(n + h) − ψ(n) − h)2 ∼ h
(

log
N
h

+ B − 1
)
, (15)

which is different from the ∼ h log N predicted by Cramér’s model.

EXERCISE 2.3. Assume that the Hardy–Littlewood conjecture (14) holds
in the quantitative form∑

n≤x

Λ(n + h1) · · ·Λ(n + hk) = S(H)x + O(x1/2+ε),

uniformly for k ≤ K, and distinct h j satisfying 1 ≤ h j ≤ x. Using this, obtain
(15) with an error term of O(h1/2+ε+h2N−1/2+ε+h3N−1). Thus, even assuming
the quantitative Hardy–Littlewood conjectures, one knows (15) only for h ≤
N1/2−ε .
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So although the Hardy–Littlewood probabilities and the Cramér proba-
bilities are roughly equal on average, significant deviations show up when
we consider h to be a small power of N. We believe that (15) is the right
asymptotic for the variance and the Cramér model predicts the wrong answer.

2.3. THE VARIANCE AND ZEROS OF THE ZETA FUNCTION

Here is the sketch of a very different calculation which leads to the same
answer as (15). Riemann’s explicit formula (see (Davenport, 2000)) says that

ψ(x) = x −
∑
ρ

xρ

ρ
+ negligible terms.

Here ρ runs over the non-trivial zeros of the Riemann zeta-function. We as-
sume the Riemann hypothesis and write ρ = 1

2 + iγ. The sum over zeros
is only conditionally convergent, but we will argue loosely omitting such
considerations. It follows that

ψ(x + h) − ψ(x) − h = −
∑
ρ

(x + h)ρ − xρ

ρ
+ negligible terms.

The sum over zeros above is weighted down with a factor 1/ρ, and so we may
expect that large zeros make a minor contribution. It turns out that zeros with
|ρ| ≥ x/h are not so important. For the small zeros, we replace (x + h)ρ − xρ

by the Taylor approximation ρhxρ−1. Therefore we may expect that

1
X

∫ 2X

X
(ψ(x + h) − ψ(x) − h)2 dx ≈ h2

X2

∫ 2X

X

∣∣∣∣∣
∑

|γ|≤X/h

xiγ
∣∣∣∣∣
2

dx

=
h2

X

∑
|γ1 |,|γ2 |≤X/h

Xi(γ1−γ2) 21+i(γ1−γ2) − 1
1 + i(γ1 − γ2)

.

(16)

There are � log T zeros of the zeta-function with ordinates lying between T
and T +1. Using this observation in (16), and estimating the magnitude of the
sums over zeros there, we “deduce” that, assuming RH,5

1
X

∫ 2X

X
(ψ(x + h) − ψ(x) − h)2 dx � h(1 + log X/h)2. (17)

A result like this was established by Selberg (Selberg, 1989). If we want
an asymptotic in (16), then we need some understanding of the spacings

5 In fact we would only deduce � h(1 + log X/h)3 but the extra “log” may be removed by
smoothing.
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γ1 − γ2 between zeros of the Riemann zeta-function. Such an understanding
is provided by the pair correlation conjecture of Montgomery (Montgomery,
1973), which predicts that these ordinates are distributed like eigenvalues of
large random matrices. Using such information Mueller obtained an asymp-
totic formula much like (15), and Goldston and Montgomery (Goldston and
Montgomery, 1987) showed conversely that a formula like (15) also conveys
information about the zeros of ζ(s). For more discussion on this set of ideas
consult Goldston’s recent survey (Goldston, 2005).

2.4. HIGHER MOMENTS

Recently, Montgomery and I (see (Montgomery and Soundararajan, 2002;
Montgomery and Soundararajan, 2004)) used a quantitative form of the
Hardy–Littlewood conjecture (see Exercise 2.3) to study higher moments of
ψ(n + h) − ψ(n) − h. We now describe these results briefly. They support the
conjecture that if (log N)1+δ ≤ h ≤ N1−δ then for n ≤ N the distribution of
ψ(n+h)−ψ(n) is approximately normal with mean h and variance h log(N/h).

We assume that (log N)1+δ ≤ h ≤ N1−δ and wish to evaluate

1
N

∑
n≤N

(ψ(n + h) − ψ(n) − h)r. (18)

For even r we expect that this is ∼ r!/(2r/2(r/2)!)(h log N/h)r/2, while for
odd r we expect it to be o

(
(h log N/h)r/2). If we simply expanded (ψ(n + h) −

ψ(n) − h)r in powers of
(
ψ(n + h) − ψ(n)

)
and h (as we did in the case r = 2)

then we would get many terms all of size hr, and a careful cancellation of
these and lower order terms is needed before we get to the actual delicate
main term of size essentially hr/2. To circumvent this, we define Λ0(n) =

Λ(n)−1, in analogy with Exercise 2.2. This eliminates the unnecessary higher
order terms at the outset, and simplifies calculations considerably. For other
situations where this trick helps, see my paper with Granville (Granville and
Soundararajan, 2006a) in this volume. Using this notation, and expanding
(18) we want to understand

∑
�1,...,�r≤h

1
N

∑
n≤N

Λ0(n + �1) · · ·Λ0(n + �r). (19)

EXERCISE 2.4. Define the modified singular series S0(H) by

S0(H) =
∑
J⊂H

(−1)|H|−|J|S(J), so that S(H) =
∑
J⊂H

S0(J).
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Here we understand that S(∅) = S0(∅) = 1. Show that the quantitative
Hardy–Littlewood conjecture of Exercise 2.3 is the same as

∑
n≤x

Λ0(n + h1) · · ·Λ0(n + hk) = S0(H)x + O(x1/2+ε),

keeping the hypotheses there.

For simplicity, consider first the terms in (19) when the �i are distinct. If
we use the asymptotic of Exercise 2.4 we are led to the problem of evaluating

∑
h1,...,hk≤h
hi distinct

S0(H),

which is a problem analogous to, but more delicate than, Gallagher’s calcu-
lation (10). The main result in (Montgomery and Soundararajan, 2004) is the
asymptotic

∑
h1,...,hk≤h
hi distinct

S0(H) =


{1 + o(1)}k!/(2k/2(k/2)!)(−h log h + B + 1)k/2

if k is even
o
(
(h log h)k/2) if k is odd.

(20)

EXERCISE 2.5. Show the following refinement of Gallagher’s (10):

∑
h1,...,hk≤h
hi distinct

S(H) = hk −
(
k
2

)
hk−1 log h +

(
k
2

)
Bhk−1 + O(hk−3/2+ε).

Returning to (19), we must analyze the terms when the �i are not necessar-
ily distinct. Suppose that h1, . . . , hk are the distinct elements among �1, . . . , �r

and that each hi appears mi (≥ 1) times among the �i. After a little combina-
torics, we may write (19) as

r∑
k=1

∑
m1,...,mk≥1∑

mi=r

(
r

m1, . . . ,mk

)
1
k!

∑
h1,...,hk≤h
h j distinct

1
N

N∑
n=1

k∏
i=1

Λ0(n + hi)
mi . (21)

We must distinguish the indices where mi = 1 and the remaining indices
where mi > 1. Let I denote the subset of {1, . . . , k} such that mi = 1 for
i ∈ I. For i � I (so mi ≥ 2) we think of Λ0(n + hi)mi as being essentially
(log N)mi−1Λ(n + hi): the point is that both quantities have about the same
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expected value (log N)mi−1, unlike the case when mi = 1 where the expected
value of Λ(n + hi) and Λ0(n + hi) are 1 and 0 respectively. Therefore the inner
sum over n in (21) is essentially

(log N)r−k

N

N∑
n=1

∏
i∈I

Λ0(n + hi)
∏

1≤i≤k
i�I

(Λ0(n + hi) + 1)

=
(log N)r−k

N

∑
I⊂J⊂{1,...,k}

N∑
n=1

∏
j∈J

Λ0(n + h j).

Now we invoke the Hardy–Littlewood conjecture of Exercise 2.4, and use
(20).

EXERCISE 2.6. Complete the details in evaluating (19). Show that when
r is odd or any of the mi’s is ≥ 3 we get a contribution of o(h log N)r/2.
In the case r is even, the main term r!/(2r/2(r/2)!)(h log N/h)r/2 arises from
contributions to (21) where the mi are all 1 or 2.

The proof of (20) is quite complicated, and we do not go into it here. Let
us however point out one important ingredient. While motivating the Hardy–
Littlewood conjecture in Lecture 1, we considered the toy problem of reduced
residues (mod q). If 1 = a1 < a2 < · · · < aφ(q) < q are the reduced residues
below q, then we may ask for the distribution of (ai+1 − ai)(φ(q)/q); we have
multiplied by φ(q)/q so that this is 1 ‘on average.’ If, for example, q is the
product of the first � primes, then as in Lecture 1 we may think of these ai as
being like primes, and expect that, for 0 < α < β,

#
{
1 ≤ i ≤ φ(q) − 1 : (ai+1 − ai)

φ(q)
q

∈ [α, β]
}
∼ φ(q)

∫ β

α
e−x dx.

A beautiful result of Hooley (Hooley, 1965) shows that this holds provided
φ(q)/q is small. Obviously, some restriction on φ(q)/q is necessary; for ex-
ample, if q is prime then clearly ai+1 − ai = 1 for 1 ≤ i ≤ φ(q) − 1. More-
over, Montgomery and Vaughan (Montgomery and Vaughan, 1986) have even
estimated the moments:

Mk(q; h) =

q∑
n=1

( ∑
�≤h

(n+�,q)=1

1 − h
φ(q)

q

)k

.

The proof of (20) builds on the techniques developed there.
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In our discussion above we have ignored error terms altogether. If one
argues carefully using the quantitative Hardy-Littlewood conjectures of Ex-
ercises 2.3 and 2.4, we can evaluate the rth moment (18) provided that h ≤
N1/r−ε . We expect that the same asymptotics hold even when h is larger with
h ≤ N1−ε . Thus these arguments suggest that for (log N)1+δ ≤ h ≤ N1−δ,
the distribution of ψ(n + h) − ψ(n) (for n ≤ N is approximately normal with
mean h and variance h log N/h. For numerical support for this conjecture, see
(Chan, 2002; Montgomery and Soundararajan, 2002). For other work related
to this circle of ideas, see (Chan, 2002; Chan, 2006).

2.5. CONNECTIONS WITH ZEROS OF ζ(S )?

We mentioned earlier the work of Goldston and Montgomery relating the
variance of primes in short intervals to the pair correlation of zeros of ζ(s).
Our calculations on the higher moments of primes in short intervals suggest
that if X ≥ T 1+ε then6

∫ 2X

X

( ∑
|γ|≤T

xiγ
)k

dx =

∫ 2X

X

( ∑
0≤γ≤T

2 cos(γ log x)
)k

dx

is ∼ k!/(2k/2(k/2)!)X
(
2N(T )

)k/2 if k is even, and is o(XN(T )k/2) if k is odd.
Here N(T ) ∼ (T/2π) log T denotes the number of zeros of ζ(s) with 0 ≤
γ ≤ T . Viewed this way, Montgomery’s pair correlation conjecture may be
thought of as saying that for x ≥ T 1+ε the sum

∑
0≤γ≤T cos(γ log x) behaves

like a sum of uncorrelated random variables. The higher moments suggest
that it behaves in fact like a sum of independent random variables.7 These
statements are quite vague, and it would be nice to flesh out the precise
connection between these higher moments and zeros of ζ(s). For other con-
nections between zeros of ζ(s) and Hardy–Littlewood type conjectures see
(Bogomolny and Keating, 1996).

2.6. CHEBYSHEV’S BIAS

We have considered above the distribution of primes in short intervals. What
happens to the distribution in long intervals [1, x]? That is what can be said
about the distribution of ψ(x) − x. Assuming RH, we get from Riemann’s
explicit formula that this is essentially −2x1/2 Re

∑
0<γ xiγ/(1/2 + iγ). It is

6 We take this opportunity to point out that the important constraint X ≥ T 1+ε has been
erroneously omitted in a similar discussion in (Montgomery and Soundararajan, 2004, p. 594).

7 This is analogous to a result of E. Rains (Rains, 1997) in random matrix theory.

)
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expected8 that the zeros of ζ(s) are all simple, and have no non-trivial Q-
linear relations among them. In that case the sum over zeros above may be
modeled by Re

∑
0<γ X(γ)/(1/2 + iγ) where the X(γ) are independent random

variables, taking uniformly distributed values on the unit circle. Precisely, as
t varies from 1 to T , the distribution of (ψ(et) − et)/(2et/2) is like the distrib-
ution of our random sum above.9 This is a certain non-universal distribution,
which has been investigated in, for example, (Monach, 1980; Rubinstein and
Sarnak, 1994). To gain a flavor of this distribution the reader may contemplate∑∞

n=1 Xn/n where the Xn are independent random variables taking the values
±1 with equal probability.

The distribution above is symmetric about the origin, and so ψ(x) is as
likely to be larger than x as it is to be smaller than x. However, ψ(x) = θ(x) +

θ(x1/2)+θ(x1/3)+· · · where θ(x) =
∑

p≤x log p. Thus it is much more likely for
θ(x) to be smaller than x than for it to be larger than x. By partial summation
one gets that π(x) < li(x) much more often than π(x) > li(x). In fact, in a
certain sense the probability that π(x) ‘beats’ li(x) is only 0.00000026 . . .!
We stop here, referring the reader to Rubinstein and Sarnak (Rubinstein and
Sarnak, 1994), and the delightful recent survey (Granville and Martin, 2006)
for more information.

To summarize, we found three distinct behaviors for the distribution of
primes in intervals. At the “microscopic” scale (h � log N) there is Poisson
behavior, at the “mesoscopic” scale (h/ log N → ∞, h = o(N)) there is
Gaussian (normal) behavior, and at the “macroscopic” scale (h � N) there
is a specific non-universal distribution law. Such division into three regimes
occurs in many other problems as well; for example, in the distribution of
lattice points in the plane. As a starting point, we refer the reader to the
recent paper of Hughes and Rudnick (Hughes and Rudnick, 2004) and to
the references therein.

3. Maier’s Method and an “Uncertainty Principle”

If the Riemann Hypothesis is true, then from Selberg’s result (17) we easily
deduce that (for h ≤ N) the number of n ≤ N with |ψ(n + h) − ψ(n) − h| ≥√

h(log N)1+δ is � N/(log N)2δ. It follows that if N ≥ h ≥ (log N)2+δ then
“almost all” intervals (n, n + h] with n ≤ N contain about the correct num-
ber of primes, ∼ h/ log N. If (15) holds then we can even conclude that if
h ≥ (log N)1+δ then “almost all” intervals (n, n + h] with n ≤ N contain

8 There is perhaps no good reason for this belief, except that the contrary situation is harder
to imagine!

9 The change of variable x = et means that xiγ = eitγ now takes values uniformly on the
unit circle as t varies.
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approximately the correct number of primes. In Cramér’s model, one can
show that almost surely

∑
x≤n≤x+h X(n) ∼ h/ log x if (log x)2+δ ≤ h ≤ x.

Thus it seems quite plausible that if x is large and x ≥ h ≥ (log x)2+δ then
ψ(x + h) − ψ(x) ∼ h.

The classical prime number theorem with error term x exp(−C
√

log x)
tells us that such a result holds if h ≥ x exp(−C

√
log x). An important advance

was made by Hoheisel who showed that the asymptotic ψ(x + h) − ψ(x) ∼ h
holds if x ≥ h ≥ xθ for some number θ < 1. He was able to take θ =

1 − 1/33000, but this has been improved subsequently, with the best result
known, due to Huxley, being θ = 7/12 + ε. If the Riemann hypothesis is true
then θ may be taken as 1

2 + ε. The arguments pioneered by Hoheisel depend
on the fact that while we don’t know RH, we do know that most zeros of ζ(s)
lie close to the 1

2 line. For a nice account of these results see Heath-Brown
(Heath-Brown, 1988). If the asymptotics given for (18) are true then we may
take θ to be any positive number.

Thus it seems the conjecture that ψ(x+h)−ψ(x) ∼ h for x ≥ h ≥ (log x)2+δ,
if true, lies quite deep. This conjecture was widely believed until the mid
1980s when Maier (Maier, 1985) shattered this belief by showing that for
any A > 1 there are arbitrarily large x such that the interval (x, x + (log x)A]
contains significantly more primes than usual (that is, ≥ (1 + δA)(log x)A−1

primes for some δA > 0) and also intervals (x, x + (log x)A] containing sig-
nificantly fewer primes than usual. In this lecture we will sketch Maier’s
ingenious method, and describe some extensions of his idea. The reader may
also consult (Granville, 1995) for another exposition of related ideas.

3.1. MAIER’S “MATRIX” METHOD

Let x be large, and h be on the scale of a power of log x. Let P be an inte-
ger which we will eventually take to be the product of many small (below
log x) primes. Consider the [x/P]-by-h “matrix” whose (i, j)th entry is the
number ([x/P] + i)P + j. Thus the entries of this matrix are numbers lying
between x and 2x + h. Note that each row of the matrix consists of an interval
([x/P] + i)P to ([x/P] + i)P + h. Each column of the matrix consists of an
arithmetic progression with common difference P: namely, x ≤ n ≤ 2x + h
with n ≡ j (mod P). The idea is to count the number of primes in this
matrix in two ways: by counting the primes row by row, and by counting
the primes column by column, and then comparing the two answers. If we
assume that the asymptotic formula for primes in short intervals holds then
we get an answer for the row by row calculation. The prime number theorem
for arithmetic progressions allows us to do the column by column calculation.
Of course the two answers should match. However when h is very small, like
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a power of log x, there are choices of P for which the answers don’t match!
This leads to Maier’s result.

Consider the row by row calculation. The number of primes is∑
x/P≤n≤2x/P

(
π(nP + h) − π(nP)

)
, (22)

and if we assume that intervals of length h contain the right number of primes,
this is

∼ x
P

h
log x

. (23)

Consider next the column by column calculation. If the progression n ≡ j
(mod P) is to contain primes, we must have ( j, P) = 1. In that case the prime
number theorem in arithmetic progressions would say that such a progression
contains a proportion 1/φ(P) of all primes. Of course, in order to use the
prime number theorem in arithmetic progressions rigorously we must pay
attention to the size of the modulus P compared with x. Assuming that this is
not an issue, we find that the column by column contribution is

∑
j≤h

( j,P)=1

(
π(2x + h; P, j) − π(x; P, j)

) ∼ x
φ(P) log x

∑
j≤h

( j,P)=1

1. (24)

If we compare (24) and (23) we find the relation

∑
j≤h

( j,P)=1

1 ∼ h
φ(P)

P
(25)

should hold. At first glance, (25) is eminently reasonable: the probability that
j is coprime to P is φ(P)/P. It is even easy to make this precise: write the
condition ( j, P) = 1 as

∑
�|( j,P) µ(�) and we easily get

∑
j≤h

( j,P)=1

1 = h
φ(P)

P
+ O

(
d(P)big), (26)

where d(P) is the number of divisors of P. Thus, if h is just a bit larger than
d(P) (which is always quite small, that is � Pε) then (25) will hold. So where
is the contradiction? The point is that in Maier’s application h is very small
compared with P, and so (26) is useless.

For the purpose of illustration suppose that P is the product of all primes
between (log x)9/10 and (log x)/100. Then, by the prime number theorem, P
is about size x1/100+o(1). For such moduli P we don’t know the prime number
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theorem in arithmetic progressions used in (24), but such a result does hold
if the Riemann hypothesis for Dirichlet L-functions is true; let us postpone a
discussion of this point. Suppose now that h is a number of size (log x)θ with
2 < θ < 2.7. By inclusion-exclusion, the LHS of (25) is

∼ h −
∑

(log x)0.9≤p≤(log x)/100

h
p

+
∑

(log x)0.9≤p<q≤(log x)/100

h
pq

∼ h
(
1 − log

10
9

+
1
2

(
log

10
9

)2)
,

where we have used the prime number theorem to evaluate
∑

1/p for p be-
tween (log x)9/10 and (log x)/100. On the other hand, by Mertens’ theorem,
the RHS of (25) is

∼ h
∏

(log x)9/10≤p≤(log x)/100

(
1 − 1

p

)−1

∼ 9
10

h.

The formula for the LHS has the first three terms in the usual expansion of
9/10 = e− log(10/9), so the two answers are certainly close, but obviously they
are not equal! Indeed the LHS is a little bit larger.

EXERCISE 3.1. Conclude from the above that for any 2 < θ < 2.7 there
exist arbitrarily large x such that the interval [x, x + (log x)θ] contains sig-
nificantly more primes than expected. Taking such an interval and cutting it
up into smaller intervals, deduce that the same conclusion holds for all 1 <
θ < 2.7. Using the same P as above, and taking four terms in the inclusion-
exclusion formula, show that if θ < 3.6 there exist intervals [x, x + (log x)θ]
with significantly fewer primes than expected. In this manner one can proceed
for θ < 8.1, just using inclusion-exclusion and easy calculations. Now replace
(log x)0.9 in the definition of P with (log x)1−δ and prove Maier’s theorem.

3.2. MORE ON THE CONTRADICTION

Now let us describe a different way of seeing a contradiction to (25). This
method is very flexible, and works for many choices of P, and also generalizes
readily. Let y be a large parameter; in the application we may think of y as
being some power of log x. From each dyadic block [2− jy, 2− j+1y] with j ≤
[log y/(2 log 2)] select about half the primes. Take P to be the product of these
selected primes. Thus P is composed of about half the primes in [

√
y, y], and

there are plenty of choices for P. Let u ≥ 1 be a real number, set h = yu

and consider whether (25) can hold. We will show that for arbitrarily large u
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the LHS is appreciably larger than the RHS, and for arbitrarily large u it is
smaller.

To see this we consider the Dirichlet series ζP(s) =
∑

(n,P)=1 n−s. Plainly
we have

ζP(s) = ζ(s)
∏
p|P

(
1 − 1

ps

)
, (27)

so that ζP(s) extends to a meromorphic function in all of C with a simple
pole at s = 1. The point is that if something like (25) holds then ζP(s) must
approximately look like ζ(s)φ(P)/P, and by choosing s appropriately we can
obtain a contradiction to (27). More precisely, set

E(u) =
1
yu

( ∑
n≤yu

(n,P)=1

1 − [yu]
φ(P)

P

)
.

Then, for Re(s) > 1,

ζP(s) − ζ(s)
φ(P)

P
=

∫ ∞

1−

1
zs d

( ∑
n≤z

(n,P)=1

1 −
∑
n≤z

φ(P)
P

)
=

∫ ∞

1

s
zs E

( log z
log y

)
dz,

upon integrating by parts. Changing variables u = log z/ log y we obtain that

ζP(s) = ζ(s)
φ(P)

P
+ s log y

∫ ∞

0
E(u)y−u(s−1) du. (28)

To start with, (28) is valid for Re(s) > 1, but since E(u) � d(P)y−u by (26),
we see that (28) makes sense for Re s > 0.

EXERCISE 3.2. Let (log y)/2 ≥ ξ ≥ 1 be a real number, and take s =

1 − ξ/ log y + iπ/ log y. Using (27) prove that

|ζP(s)| � log y
ξ

exp

(
eξ

2ξ
+ O

( eξ

ξ2

))
.

Then using (28) deduce that

∫ ∞

0
|E(u)|eξu du � 1

ξ
exp

(
eξ

2ξ
+ O

( eξ

ξ2

))
.

Show that
∫ ∞

0
E(u)eξudu � 1/ξ, so that in the LHS above both positive and

negative values of E(u) make roughly equal contributions.
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Morally, Exercise 3.2 shows that E(u) cannot be too small for large u. To
make this precise, one also needs an upper bound for E(u) so as to be able
to bound the tail of the integral in Exercise 3.2. Developing this argument
carefully, one may show that there is a positive constant A such that every
interval [u(1 − A/ log u), u(1 + A/ log u)] contains points u± satisfying

E(u+) ≥ exp
(
− u+

(
log u+ + log log u+ + O(1)

))
,

and
E(u−) ≤ − exp

(
− u−

(
log u− + log log u− + O(1)

))
.

For more details, see (Granville and Soundararajan, 2006b, Section 3, espe-
cially Corollary 3.3).

Earlier, we postponed discussion of the prime number theorem in arith-
metic progressions. We refer the reader to Davenport (Davenport, 2000) for
an account of this. In Chapter 20 there one finds Page’s result that ψ(x; q, a) ∼
x/φ(q) for all q ≤ exp(C

√
log x) with the possible exception of multiples of

a particular modulus q1 which may depend on x. If we choose y a little less
than

√
log x then our moduli P above are below exp(C

√
log x) and certainly

we can find P that are not multiples of the exceptional modulus q1. Thus our
appeal to the prime number theorem in arithmetic progressions can be made
rigorous.

The flexibility in choosing P is quite useful. Exploiting this, Granville and
I (see (Granville and Soundararajan, 2006b)) showed that the asymptotic

ψ(x + h) − ψ(x) = h + O(h
1
2 +ε), (29)

suggested by Cramér’s model, sometimes fails to hold if h ≤ exp
(
(log x)

1
2−ε

)
.

This improves work of Hildebrand and Maier (Hildebrand and Maier, 1989)
who had obtained this result assuming the Generalized Riemann Hypothesis,
and a weaker result unconditionally. It seems safe to conjecture that (29)
holds if h ≥ xδ, and perhaps it holds when h ≥ exp

(
(log x)

1
2 +δ).

3.3. AN UNCERTAINTY PRINCIPLE

Maier’s method can be adapted to establish limitations to the equidistribution
of primes in arithmetic progressions. For example, Friedlander and Granville
(Friedlander and Granville, 1989) proved that for every A ≥ 1 there exist
large x and an arithmetic progression a (mod q) with (a, q) = 1 and q ≤
x/(log x)A such that

∣∣∣∣∣π(x; q, a) − π(x)
φ(q)

∣∣∣∣∣ �A
π(x)
φ(q)

.
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More recently, Balog and Wooley (Balog and Wooley, 2000) showed that
the sequence of integers which may be written as the sum of two squares also
exhibits “Maier type” irregularities in intervals (x, x + (log x)A) for any fixed,
positive A. Previously Maier’s work had seemed inextricably linked to the
mysteries of primes, but Balog and Wooley’s result suggests that such results
should be part of a more general phenomenon. This has been formalized
by Granville and me as an “uncertainty principle” for arithmetic sequences.
What Maier’s argument shows is that the primes cannot be simultaneously
well distributed in short intervals, and in arithmetic progressions. Then a
suitable version of the prime number theorem in arithmetic progressions is
used to remove the second possibility, leaving us with the irregularities of
distribution in short intervals. The first conclusion of irregularities in short
intervals or progressions turns out to be a general feature of many interesting
arithmetical sequences.

A rough description of this result is as follows: Let A denote a sequence
a(n) of non-negative real numbers, and let A(x) =

∑
n≤x a(n). If A is well-

distributed in short intervals, then we may expect that

A(x + y) −A(x) ≈ y
A(x)

x
. (30)

To understand the distribution of a(n) in arithmetic progressions we begin
with n that are multiples of a given number d. We suppose that there is a
non-negative multiplicative function h such that

Ad(x) =
∑
n≤x
d|n

a(n) ≈ h(d)
d

A(x). (31)

We assume that the asymptotic behavior of

A(x; q, a) :=
∑
n≤x

n≡a (mod q)

a(n)

depends only on the g.c.d. of a and q. Then (31) leads to the prediction that

A(x; q, a) ≈
fq(a)

qγq
A(x), (32)

with γq =
∏

p|q(p − 1)/
(
p − h(p)

)
and fq(a) is a certain non-negative multi-

plicative function of a, defined in terms of h, such that fq(a) = fq
(
(a, q)

)
so

that fq(a) is periodic (mod q). We can be flexible in how we want to assume
(32); for example, sometimes it is convenient to assume it only for q that are
coprime to a certain fixed set of primes.

To illustrate the framework consider the following examples.
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EXAMPLE 3.3. Take a(n) = 1 for all n. It is natural to take h(d) = 1 for all
d, γq = 1, and fq(a) = 1. Then (31) and (32) are both good approximations
with errors at most 1.

EXAMPLE 3.4. Take a(n) to be the indicator function of the primes. Then
h(1) = 1 and h(d) = 0 for d > 1. One has γq = φ(q)/q and fq(a) = 1 if (a, q) =

1 and 0 otherwise. The prime number theorem in arithmetic progressions
gives (32) for small values of q. The result of Friedlander and Granville places
restrictions on the approximation (32) when q is large. Maier’s results place
restrictions on (31) for small y.

EXAMPLE 3.5. Take a(n) to be the indicator function of the sums of two
squares. The multiplicative function h is defined by h(pk) = 1 if pk ≡ 1
(mod 4) and h(pk) = 1/p if pk ≡ 3 (mod 4). Here Balog and Wooley’s
result places restrictions on (31).

The main results of (Granville and Soundararajan, 2006b) give that if
h(p) is not always close to 1 (as in the regular Example 3.3) then there will be
moduli q for which (32) cannot hold. Typically these moduli will be large as
in the Friedlander–Granville result for primes in progressions. Furthermore,
either there exist values y larger than an arbitrary power of log x for which
(31) is false, or there exist small moduli q (below exp

(
(log x)δ

)
) for which

(32) is false. These results include the previous results on primes and sums of
two squares, and also cover many other examples.

Consider sets containing roughly half of the prime numbers. There are un-
countably many such sets, and so maybe we can find a set which is very well
distributed in arithmetic progressions. One amusing example from (Granville
and Soundararajan, 2006b) shows that this cannot be done, and the
Friedlander– Granville limitations persist for any such set.

We content ourselves with this vague description of the uncertainty prin-
ciple, referring the reader to (Granville and Soundararajan, 2006b) for more
examples and a precise description of the results.
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TORSION POINTS ON CURVES

Andrew Granville
Université de Montréal

Zeév Rudnick
Tel-Aviv University

1. Introduction

One of the themes of the summer school is the distribution of “special points”
on varieties. In Heath-Brown’s lectures we study rational points on projective
hyper-surfaces; in Ullmo’s course we study Galois orbits and Duke’s lectures
deal with CM-points on the modular curve. This lecture concerns one of the
earliest examples, namely torsion points on group varieties.

DEFINITION 1.1. For a group A, the torsion points are

Tor(A) = {x ∈ A : xn = 1 for some n ≥ 1}

(we write the group law as multiplication).

If A is abelian then Tor(A) is a subgroup of A.

EXAMPLES.

(i) The multiplicative group A = Gm is the algebraic group whose points
over a field are the nonzero elements of the field. Then for any field K,
Tor Gm(K) are the roots of unity contained in K.

(ii) A = Gm × Gm then Tor(A) = Tor(Gm) × Tor(Gm) = {(x, y) : x, y ∈ K are
roots of unity}.

(iii) Let A be an elliptic curve. Over the complex numbers we can uniformize
A as A = C/L where L is a lattice. Then Tor(A(C)) = Q ⊗ L/L.

More generally we can study division points:

DEFINITION 1.2. If Γ ⊂ A is a finitely generated group, let

Tor(A, Γ) = {x ∈ A : xn ∈ Γ for some n � 0}
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Thus Tor(A, {1}) = Tor(A) are the torsion points of A.
Motivated by Mordell’s conjecture, Lang (Lang, 1965) made the follow-

ing

CONJECTURE A.
(e.g., A = (Gm)n or an abelian variety) and Γ ⊂ A is a finitely generated
subgroup such that Tor(A, Γ)∩V is infinite, then V is a translate of a subgroup
of A by a division point.

See Ullmo’s lectures (Ullmo, 2006) for the statement of the Manin–
Mumford conjecture, which generalizes this statement, and the survey (Tzer-
mias, 2000) for more background.

The first instance of Lang’s conjecture is for torsion points on (Gm)r,
which turns out to be quite elementary. We will present two proofs of Lang’s
conjecture for that case.

2. A Proof Using Galois Theory

The first proof is that which appears in the original paper by Lang (Lang,
1965) where it is attributed to Ihara, Serre and Tate. The result is

THEOREM 2.1. Let V/C be an irreducible curve in A = Gm × Gm. If V
contains infinitely many torsion points then V is a translate of a subgroup of
A = Gm × Gm by a torsion point, i.e.,

V = {(x, y) : xr = ζys}

for some root of unity ζ.

To highlight the ideas we will only consider a special case: V ⊂ Gm ×Gm

is a rational curve of the forms
{(

f (t), g(t)
)}

where f and g are polynomials,
which for added simplicity we assume to have rational coefficients: f , g ∈
Q[t]. Then

V ∩ Tor(A) =
{(

f (t), g(t)
)

are both roots of unity
}

The subgroups of Gm ×Gm are {(x, y) : xr = ys} for some integers r, s. So we
need to show

THEOREM 2.2. Let f , g ∈ Q[t] be polynomials. If there are infinitely many
values of t for which both f (t) and g(t) are roots of unity then there are
nonzero integers r, s � 0 so that f r = gs.

If V is an irreducible curve on an abelian group variety
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Proof. We assume there are infinitely many t so that both f (t), g(t) are
roots of unity and want to force the relation f r = gs.

Take n � 1 so that there is some z1 with

f (z1) = ζαn , g(z1) = ζ
β
n

where ζn denotes a primitive nth root of unity and that this is the minimal
way of writing such an expression, that is gcd(n, α, β) = 1 (exercise). Note
that z1 ∈ Q is algebraic. Then we have a relation

f (z1)β = g(z1)α

(and both sides equal ζαβn ), but this relation holds for only one point z1 and
we want it to hold for all points z.

Now apply the Galois group Gal(Q/Q), which acts transitively on the
primitive n-th roots of unity (see Ullmo’s lectures (Ullmo, 2006)). Hence ifσ j

is a Galois automorphism so that σ j(ζn) = ζ
j
n, gcd( j, n) = 1 and z j := σ j(z1)

then because we assume f , g have rational coefficients we get

σ j
(
f (z1)

)
= f

(
σ j(z1)

)
= f (z j), σ j

(
g(z1)

)
= g(z j)

and so
f (z j)

β = σ j
(
f (z1)

)
= ζ

jαβ
n = g(z j)

α.

Now we have the relation f β = gα holding for φ(n) distinct points1 rather
than just one point (exercise: why are the points z j distinct?). However we
still need it to hold for all z.

Consider the polynomial

F(t) = f (t)β − g(t)α.

It has φ(n) distinct roots so if deg F < φ(n) then we would have F ≡ 0 as
required. Now if F � 0 then

deg F = max(β deg f , α deg g)

can be as large as const·n. which is still (slightly) too big relative to φ(n).
The remedy is to raise the relation f (z j)β = g(z j)α = ζ

αβ
n to an m-th power:

f (z j)
mβ = g(z j)

mα

(both sides equal ζmαβ
n ). We get a new polynomial f mβ−gmα with φ(n) distinct

roots; it looks like we raised the degree which is certainly useless! However,

1 φ(n) is the number of residues coprime to n
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since f (z j), g(z j) are nth roots of unity, we have f (z j)n = 1 = g(z j)n and if we
substitute

mβ ≡ r mod n, mα ≡ s mod n

with |r|, |s| ≤ n/2 then we find f (z j)r = g(z j)s for all j coprime to n. This
is still not useful as we have just showed that deg F ≤ max(deg f , deg g)n/2
instead of showing that deg F < φ(n). However we will be done if we can
show that there is some m ≥ 1 so that the residues (mβ,mα) mod n are both
small! This is given by the following

EXERCISE. Given a primitive vector (α, β) ∈ (Z/nZ)2, that is gcd(α, β, n) =

1, there is some 1 ≤ m ≤ n so that both residues mαmod n and mβmod n are
at most n2/3 (and are different than (0, 0) mod n).

See Venkatesh’s lecture (Venkatesh, 2006) and (Strombbergsson and
Venkatesh, 2005) where it is shown that typically the size of both residues
is about

√
n.

Consequently we find a relation f (z j)r = g(z j)s with |r|, |s| < n2/3 and
hence deg F � n2/3. Since φ(n) � n1−ε for all ε > 0, the assumption that
there are infinitely many torsion points (that is we can take n arbitrarily large)
implies the identity f r = gs as required.

3. Polynomials Vanishing at Roots of Unity

In this section we present a proof of the following strong version of Lang’s
conjecture for torsion points on a variety V in C

m. We denote by Utors be the
set of roots of unity.

COROLLARY 3.1. Let V be an algebraic variety embedded in C
m. There

exists an explicitly computable, finite list B of �B-by-m integer matrices B,
with each �B ≥ 1, such that if ζ ∈ V(Utors) then ζ ∈ ⋃

B∈B WB(Utors) where

WB =
⋂�B

j=1{ζ : ζ
b j,1

1 ζ
b j,2

2 · · · ζb j,m
m = 1}.

It is not difficult to give an explicit description of W(Utors)—see at the
end.

To prove this result we shall develop a simple understanding of vanishing
sums of roots of unity– see (Conway and Jones, 1976) and (Lenstra, 1979) for
far more. We begin by considering a linear form a1X1+a2X2+· · ·+akXk where
each ai is an integer. We are interested in finding all sets (ξ1, ξ2, . . . , ξk) ∈ U

k
tors

such that a1ξ1 +a2ξ2 + . . .+akξk = 0. We call such a sum minimal if no proper
vanishing sums of roots of unity subsum equals zero (that is, there does not
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exist a proper subset I of {1, . . . , k} for which
∑

i∈I aiξi = 0); it occurs no
loss of generality in our calculations to partition any such sum into minimal
subsums. Given any such minimal solution there are equivalent solutions
(ξξ1, ξξ2, . . . , ξξk) for any root of unity ξ. Two solutions are equivalent if they
can be partitioned (in the same way) into minimal subsums, where the
corresponding subsums are equivalent.

For any set (ξ1, ξ2, . . . , ξk) ∈ U
k
tors there is a minimal n = n(ξ1, ξ2, . . . , ξk)

for which (ξi/ξ j)n = 1 for each pair 1 ≤ i, j ≤ k. Note that any minimal sum∑k
i=1 aiξi = 0 is thus equivalent to a minimal solution

∑k
i=1 aiξ

′
i = 0 where

each (ξ′)n = 1, with n = n(ξ1, ξ2, . . . , ξk). Our key result is the following:

PROPOSITION 3.2. Suppose that a1ξ1 + a2ξ2 + . . . + akξk = 0 is minimal.
Then n(ξ1, ξ2, . . . , ξk) is squarefree, and if prime p divides n then p ≤ k.
Therefore n divides Nk :=

∏
p≤k p.

Given non-zero integers a1, a2, . . . , ak, let X = X(a1, . . . , ak) be the set

{(ξ1, . . . , ξk) : ξNk
j = 1 for each j, and a1ξ1 + . . . + akξk = 0},

which is finite and computable, simply by trying all possible values for each
ξ j. One consequence of Proposition 3.2 is the following result:

COROLLARY 3.3. Suppose a1, . . . , ak ∈ Z
∗. For given (ξ1, ξ2, . . . , ξk) ∈

U
k
tors we have a1ξ1 + a2ξ2 + . . . + akξk = 0 if and only if (ξ1, ξ2, . . . , ξk) is

equivalent to an element of X.
Proof. Given a1ξ1 + a2ξ2 + . . . + akξk = 0, split the sum up into minimal

subsums, each one of which (according to the remarks above) is equivalent to
one where each ξi is an nth root of unity. Moreover n divides N� =

∏
p≤� p by

Proposition 3.2, where � is the length of the subsum, and the result follows
since � ≤ k. On the other hand if (ξ1, ξ2, . . . , ξk) is equivalent to an element of
X then a1ξ1 + a2ξ2 + · · · + akξk = 0 by the definition of X.

With that preparation we can prove Corollary 3.1:

Proof of Corollary 3.1. An algebraic variety can be described as the set
of points in C

m satisfying certain equations with algebraic coefficients; and
this is a subset of the algebraic variety given by the set of points in C

m

satisfying the norms of these equations, which are equations with integer
coefficients. So without loss of generality we will assume the coefficients
of the polynomials defining V are integers.

Now suppose that

f j(x1, . . . , xm) =

k j∑
i=1

a j,i x
s j,i,1

1 x
s j,i,2

2 · · · x
s j,i,m
m ∈ Z[x1, . . . , xm]
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for 1 ≤ j ≤ J. We are interested in ζ ∈ U
m
tors for which f j(ζ) = 0 for each j;

evidently these induce solutions to

a j,1ξ j,1 + a j,2ξ j,2 + · · · + a j,k jξ j,k j = 0

with each ξ j,i = ζ
s j,i,1

1 ζ
s j,i,2

2 · · · ζ s j,i,m
m . Now each of these vanishing sums can

be partitioned into minimal vanishing subsums; let us relabel one of these
minimal vanishing subsums to be a1ξ1 + a2ξ2 + . . . + akξk = 0. As we saw
in Proposition 3.2, each ξr/ξ1 = ζ

sr,1−s1,1

1 ζ
sr,2−s1,2

2 · · · ζ sr,m−s1,m
m must be an Nkth

root unity, so ζbr,1

1 ζ
br,2

2 · · · ζbr,m
m = 1 where br, j = N(sr, j− s1, j) for each j. We get

sets of such vectors br for each minimal vanishing subsum (and from each f j)
and we can concatenate these all together to form one large matrix B (with,
say, � rows), and so ζ ∈ WB(Utors).

Finally, since there are only finitely many possible partitions into minimal
subsums, the set B of such matrices B, is finite and computable.

Proof of Proposition 3.2. Write each ξ j = e(k j/n) with 0 ≤ k j ≤ n − 1.
Suppose that integer r divides n, and let β j ≡ k j (mod n/r) with 0 ≤

β j ≤ n/r − 1, and γ j = (k j − β j)/(n/r) so that 0 ≤ γ j ≤ r − 1. Thus ξ j =

e(β j/n)e(γ j/r). Now, for each 0 ≤ i ≤ r − 1 and 0 ≤ � ≤ n/r − 1, let Ai,� be
the sum of the a j with β j = � and γ j = i so that

0 = a1ξ1+a2ξ2+. . .+akξk =

k∑
j=0

a je(β j/n)e(γ j/r)=

n/r−1∑
�=0


r−1∑
i=0

Ai,�e(i/r)

 e(�/n).

Let r = r(n) =
∏

p|n p and recall that
[
Q
(
e(1/n)

)
: Q

(
e(1/r)

)]
= n/r (by

elementary Galois theory) and so e(�/n), 0 ≤ � ≤ n/r − 1 are linearly inde-
pendent over Q

(
e(1/r)

)
. In particular this implies that each of the subsums∑r−1

i=0 Ai,� e(i/r) = 0 above, which contradicts our assumption of minimality,
unless Ai,� = 0 for all i for all � � �0 for some �0; in other words β j = �0 for
all j. But then ξi/ξ j = e(�0/n)e(γ j/r)/e(�0/n)e(γ j/r) = e

(
(γi − γ j)/r

)
and so

n(ξ1, ξ2, . . . , ξk) divides r. Thus n = r(n) is squarefree.
Since n is squarefree we may write n = mp with (m, p) = 1. Then, by

the Chinese Remainder theorem there exists 0 ≤ β j ≤ p − 1 and 0 ≤ γ j ≤
m − 1 such that k j ≡ mβ j (mod p) and k j ≡ pγ j (mod m) and thus ξ j =

e(β j/p)e(γ j/m). Letting Ai,� now be the sum of the a j with β j = � and γ j = i
we obtain

0=a1ξ1+a2ξ2+· · ·+akξk =

k∑
j=0

a je(β j/p)e(γ j/m) =

p−1∑
�=0


m−1∑
i=0

Ai,�e(i/m)

 e(�/p).

Recall that
[
Q
(
e(1/n)

)
: Q

(
e(1/m)

)]
= p − 1 (by elementary Galois theory),

so that the only linear dependencies between e(�/p), 0 ≤ � ≤ p − 1, over
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Q
(
e(1/m)

)
, are multiples of

∑p−1
�=0 e(�/p) = 0. Therefore from the equation

above we see that
∑m−1

i=0 Ai,�e(i/m) = λ for some λ ∈ Q
(
e(1/m)

)
. Evidently

λ � 0 else, by the argument from the paragraph above we see that n | m.
Therefore for each � there exists i with Ai,� � 0 and in particular some j = j�
with β j� = �; and so p ≤ k as claimed.

3.1. DETERMINING WB(Utors)

Suppose that the �-by-m integer matrix B is given and we write each ζ j =

e(v j), so the points in WB correspond exactly to those v ∈ (Q/Z)m satisfying
Bv ≡ 0 (mod 1). Note that if y ∈ B⊥(Q) (mod 1) then By ≡ 0 (mod 1),
so we call two solutions v, v′ equivalent if v− v′ ∈ B⊥(Q) (mod 1). We will
prove that there are no more than finitely many inequivalent solutions, which
are effectively computable:

We wish to use the tools of linear algebra to solve this equation but there
are many zero divisors in Q (mod 1) (indeed if a/q ∈ Q then q · (a/q) ≡ 0
(mod 1)), so we avoid any division! In Gaussian elimination one diagonalizes
as much of the matrix as possible, dividing non-zero elements in a given row
by the “pivot element” (that is if B1,1 � 0 is the pivot element then one
replaces the current row i by the current row i minus Bi,1/B1,1 times the first
row). This can be reworked to avoid division simply by introducing multiples
(that is we replace the current row i by B1,1 times the current row i minus
Bi,1 times the first row). Note that any solution of the original linear algebra
problem is also a solution of the new problem; and vice-versa whenever B1,1

is invertible, though if this is not so (as may be the case here) this process
may well introduce several bogus solutions. Nonetheless at the end of the
Gaussian elimination process we have an l-by-m integer matrix B′ (with l ≤ �
after deleting rows of 0s), in which the left-most l-by-l submatrix is diagonal
with non-zero diagonal entries (if necessary by swapping various rows and
columns), for which B′v ≡ 0 (mod 1). Solving this is easy: there are m − l
free variables vl+1, vl+2, . . . , vm and, writing βi = B′

i,i, we have vi ≡ (ui −∑m
j=l+1 B′

i, jv j)/βi (mod 1), where ui is any integer with 0 ≤ ui ≤ βi − 1.
For l + 1 ≤ j ≤ m let y j be the vector with ith entry −B′

i, j/βi for 1 ≤ i ≤
�, and δi, j otherwise (where δ is the Dirac delta function). The solutions to
B′v ≡ 0 (mod 1) all take the form v = u +

∑m
j=l+1 v jy j where u ∈ U′ a finite

computable set. If we trace through the proof above then we find that By j = 0
for each j, that is each y j ∈ B⊥. Thus there is a set U of representatives of
the equivalence classes of solutions inside U′ which can be determined by
testing whether they satisfy Bu ≡ 0 (mod 1).
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THE DISTRIBUTION OF ROOTS OF A POLYNOMIAL

Andrew Granville
Université de Montréal

1. Introduction

How are the roots of a polynomial distributed (in C)? The question is too
vague for if one chooses one’s favourite complex numbers z1, z2, . . . , zd then
the polynomial

∏d
j=1(x − z j) has its roots at these points. However if one

looks at polynomials that arise frequently then one finds that certain patterns
emerge. Take for example xn − 1. Here the roots are equidistributed around
the unit circle, at the points {e( j/n) : 0 ≤ j ≤ n − 1}, and the larger n, the
more points one has, and the denser they become. (Throughout this article,
e(t) := e2iπt.)

In terms of measure, write µ{ f } = (1/n)
∑n

j=1 δz j for a polynomial with (not
necessarily distinct) roots z1, z2, . . . , zd, where δ is the Dirac delta-measure.
Let ν{|z|=1} be the Haar measure on the unit circle (that is, uniform distribu-
tion). Then we have limn→∞ µ{xn−1} = ν{|z|=1} (that is, convergence in the sense
of “weak convergence”).

Another interesting example is (x − 1)n; in this case all the roots are at
the same point on the unit circle, 1; and so limn→∞ µ{(x−1)n} = δ1. One more
example is xn − 2. Here the roots are again equidistributed in angle where,
as n gets larger, the more points one has, and the more uniformly distributed
they become. But there is more than that. As n → ∞ we have 21/n → 1, so
all of the roots get closer and closer to the unit circle as n → ∞. Therefore
limn→∞ µ{xn−2} = ν{|z|=1}.

So what distinguishes those sequences of polynomials for which the lim-
iting measure of the roots is the Haar measure on the unit circle? The most
obvious difference if one compares polynomials xn − a where a1/n → 1 as
n → ∞, and polynomials like (x − 1)n is that the latter has coefficients whose
size grow exponentially in n, whereas the former do not. The main point
of this section is to prove a result along these lines: “If the coefficients of
f (x) ∈ C[x] are not too large then µ{ f } {|z | =1}”. Obviously
we need to be more precise than this, but we run into a tricky question: What
is the best measure of the size of the coefficients of a polynomial? There are
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is not far from ν
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several options used in the literature, and it is known that they do not differ
in size by much – however the “by much” can be as large as exponential
in the degree of f which is too much for our application. The first result in
this direction, due to Erdős and Turán (Erdős and Turán, 1950) used the re-
normalized 1-norm. If f (x) = ad

∏d
j=1(x − α j) =

∑d
j=0 a jx j where ada0 � 0

then

L( f ) :=
1

(|ad | |a0|)1/2


d∑

j=0

|a j|

 .
Progress in arithmetic has suggested that the most natural height is the Mahler
measure

M( f ) := |ad |
d∏

j=1

max{1, |α j|};

this has several advantages, one of which is that if for a given algebraic
number α we take f to be the minimum polynomial for α (over Q) and
let M(α) = M( f ), then the renormalized height h(α) := (1/d) log M(α) is
simple to use in calculations without reference to the smallest field to which α
belongs. Note that if f ∗(x) = xd f (1/x) then L( f ∗) = L( f ) and M( f ∗) = M( f ).

Jensen’s formula gives an analytic interpretation of Mahler’s measure:

M( f ) = exp

(∫ 1

0
log

∣∣∣ f (e(t)
)∣∣∣ dt

)
;

and so M( f ) ≤ maxt

∣∣∣ f (e(t)
)∣∣∣. Now, note that

∣∣∣ f (e(t)
)∣∣∣ ≤ ∑d

j=0 |a j| |e( jt)| ≤∑d
j=0 |a j| = L( f )(|ad | |a0|)1/2 and so M( f ) ≤ L( f )(|ad | |a0|)1/2 , which yields

d∏
j=1

max{|α j|, |1/α j|} =

d∏
j=1

max{1, |α j|}
d∏

j=1

max{1, 1/|α j|}

=
M( f )
|ad |

· M( f ∗)
|a0|

≤ (L( f )(|ad | |a0|)1/2)2

|ad | |a0|
= L( f )2.

We deduce the following result:

LEMMA 1.1. Suppose that f1, f2, . . . is a sequence of polynomials, where fd
has (not necessarily distinct) roots αd,1, αd,2, . . . αd,d, all non-zero. If L( fd) =

eo(d) as d → ∞ then |αd, j| = 1 + o(1) for {1 + o(1)}d values j, 1 ≤ j ≤ d.

This shows that most of the roots come in towards the unit circle. Now
we wish to show that they are uniformly distributed around the circle. For a
given polynomial f write the roots as α j = r je(ϕ j) with each r j ∈ R

+. For
0 ≤ α < β ≤ 1 define

N f (α, β) = #{ j : 1 ≤ j ≤ d such that α ≤ {ϕ j} < β}.
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PROPOSITION 1.2 (Erdős and Turán, 1950). For any polynomial f of de-
gree d > 1, and any 0 ≤ α < β ≤ 1, we have

|N f (α, β) − (β − α)d| ≤ 8
√

d log L( f ).

Combining these two results we immediately deduce the result we had
guessed at earlier:

THEOREM 1.3. Suppose that f1, f2, . . . is a sequence of polynomials in C[x]
where fd has degree d and fd(0) � 0. If L( fd) = eo(d) as d → ∞ then

lim
d→∞

µ{ fd(x)} = ν{|z|=1}.

(We stress that this limit is in the sense of “weak convergence” of measures.)

Erdős and Turán’s proof of Proposition 1.2 boils down to the following
optimization result.

LEMMA 1.4. Fix γ ∈ [0, 1). Suppose that g(x) has degree d with all of its
roots on the unit circle, and that Ng(0, γ) = [γd]+2∆+1. Then maxt

∣∣∣g(e(t)
)∣∣∣ ≥

exp
(
∆2/4(d + 1)

)
.

Deduction of Proposition 1.2 from Lemma 1.4. Given f (x) = ad
∏d

j=1(x−
α j) =

∑d
j=0 a jx j take g(x) =

∏d
j=1

(
x − e(ϕ j)

)
so that N f (0, γ) = Ng(0, γ).

Consider the inequality

|re(ϕ) − e(t)|2
r

= r +
1
r
− 2 cos

(
2π(ϕ − t)

)
≥ 2 − 2 cos

(
2π(ϕ − t)

)
= |e(ϕ) − e(t)|2.

Multiply this over the roots r je(ϕ j) of f , to obtain

∣∣∣g(e(t)
)∣∣∣2 ≤

∣∣∣ f (e(t)
)∣∣∣2

a2
d

∏
j |r j|

≤ L( f )2|a0ad |
|a0ad |

= L( f )2

since
∣∣∣ f (e(t)

)∣∣∣ ≤ L( f )|a0ad |1/2 as we established above, and so
∣∣∣g(e(t)

)∣∣∣ ≤
L( f ). Combining this with Lemma 1.4, we deduce that

N f (0, γ) ≤ [γd] + 1 + 4
√

(d + 1) log L( f ) ≤ γd + 8
√

d log L( f )

since L( f ) ≥ (|a0| + |ad |)/|a0ad |1/2 ≥ 2.
Let h(x) =

∑d
j=0 a jx j so that L(h) = L( f ) and N f (γ, 1) = Nh(0, 1 − γ).

Therefore, by the above,

Nf (0, γ) = d−Nf (γ, 1) = d−Nh(0, 1−γ) ≥ γd−8
√

d log L(h) = γd−8
√

d log L( f ).
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Now let h(x) = f (e(α)x) =
∑

j b jx j so that b j = e( jα)a j for each j, with
L(h) = L( f ), and Nh(0, γ) = N f (α, β) where γ = β−α. Thus we may assume,
without loss of generality, that α = 0 by replacing f with h. The result then
follows from the previous two displayed equations.

Their proof of Lemma 1.4 involves several ingenious arguments, blending
facts then well-known about polynomials. In the next section we will see a
different and complete proof of a related result so here we will just give a

Sketch of their proof of Lemma 1.4. The idea is to understand the opti-
mal polynomial; that is, g satisfying the hypothesis for which maxt

∣∣∣g(e(t)
)∣∣∣ is

minimal. So the first thing they do is to show that it takes its maximal value
at some point in-between each pair of roots of g(x) inside the arc in question.
Next they apply a result of Turán which says that there cannot be a zero of
g(x) at a distance less than π/2d from one of these maximal points; which
implies that at least 2∆ roots must lie at the endpoints of the interval, and so
at least one endpoint has a zero with multiplicity ≥ ∆. We know from basic
complex analysis that a polynomial with a root of high multiplicity must get
large, and thus they obtain their lower bound.

2. Algebraic Numbers

Theorem 1.3 is a purely analytic result, in that there are no algebraic require-
ments on f . It is of more interest in arithmetic to have such requirements;
for example if we insist that all of the coefficients of f are integers then the
roots of f are the union of various complete sets of conjugates of certain
algebraic numbers. In this circumstance Bilu proved an arguably stronger
result than Theorem 1.3 (in that it involves M( f ) rather than L( f )) with a
better motivated proof. Also, as we shall see in the next section, it generalizes
to higher dimension in a beautiful way.

For a compactly supported measure µ on C we define the energy by

E(µ) := −
∫ ∫

log |z − w| dµz dµw.

If µ is finitely supported, at {α1, . . . , αd}, then define

E′(µ) := −
∑
i� j

µ(αi)µ(α j) log |αi − α j| and ‖µ‖ =


∑

i

µ(αi)
2


1/2

.
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Note that E′(µ) is not the same as E(µ) since we miss out the i = j terms (and
note that E(µ) = ∞ by including them). We quote a couple of useful results
on measures from the literature:

LEMMA A. If {µd}d=1,2,... have finite support with ‖µd‖ → 0 as d → ∞ and
where the µd weakly converge to µ, then

E(µ) ≤ lim inf E′(µd).

LEMMA B. If K ⊂ C is compact then there exists a unique measure ν = νK

for which E(ν) is minimized over all measures ν whose support is a subset of
K (we call νK the equilibrium measure of K). If K = {|z| = 1} is the unit circle
then E(νK) = 0.

Now suppose f (x) ∈ Z[x] has distinct roots α1, . . . , αd and lead coefficient
ad. The discriminant of f is a non-zero integer, Disc( f ) := a2d−2

d

∏
i� j(αi−α j).

Therefore

0 ≤ 1
d2

log
(

Disc( f )
)

=
2d − 2

d2
log |ad | +

∑
i� j

1
d2

log |αi − α j|

≤ 2
d

log M( f ) − E′(µ{ f }),

and so E′(µ{ f }) ≤ (2/d) log M( f ). We deduce

THEOREM 2.1. Suppose that f1, f2, . . . is a sequence of polynomials in Z[x]
where fd has degree d and fd(0) � 0. If M( fd) = eo(d) as d → ∞ then

lim
d→∞

µ{ fd(x)} = ν{|z|=1}.

Proof. As fd(x) ∈ Z[x] we see
∏

j max{1, |α j|} ≤ M( fd) = eo(d) and∏
j max{1, 1/|α j|} ≤ M( f ∗d ) = M( fd) = eo(d), so µ{ fd} is converging to some

measure on the unit circle. Now since this is compact there must be some
subsequence of the fd such that µ{ fd} converges weakly to some limit, call it
µ, supported on {|z| = 1}, on that subsequence. But since ‖µd‖ = 1/

√
d → 0

as d → ∞ we may apply Lemma A to deduce that E(µ) ≤ lim inf E′(µd) ≤
lim inf(2/d) log M( fd) = 0. On the other hand E(µ) ≥ E(ν{|z|=1}) = 0 by
Lemma B, and so E(µ) = 0. However this implies that µ = ν{|z|=1} by
Lemma B, and this is true for any convergent subsequence. From the above
compactness argument it is clear that all fd belong to some convergent subse-
quence, and since they all have this same limiting measure the result follows.

If α is an algebraic number with minimum polynomial f we define
M(α) = M( f ); Theorem 2.1 can easily be reformulated in terms of a sequence
of algebraic numbers αd.
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3. In k Dimensions: the Bilu Equidistribution Theorem

Bilu (Bilu, 1997) went on from here to consider whether the conjugates of
different algebraic numbers of small height are distributed independently. In
other words if we are given sequences {(αi, βi) : i = 1, 2, . . .} of algebraic
numbers, where both αi and βi have degree i over the rationals and both have
small height (as above) then what is the joint distribution of the conjugates?
In other words, let Hi be the subgroup of Gal(Q/Q) which gives all distinct
pairs of conjugates S i := {(ασi , β

σ
i ) : σ ∈ Hi}, and then consider the measure

µS i =
1
|S i|

∑
σ

δ{ασi ,β
σ
i }.

Evidently S i ⊂ Q
2

and, in the limit we know (from the previous section)
that these measures are supported on the two dimensional torus U

2 where
U := {z ∈ Q

∗
: |z| = 1}. Then the question is whether they have a limit

and, if so, whether that limit is the Haar measure. In other words, writing
ασi = cie(ϕi,σ) and βσi = bie(θi,σ), we ask whether for any 0 ≤ u j < v j ≤ 1,

#{σ ∈ Hi : u1 ≤ ϕi,σ < v1 and u2 ≤ θi,σ < v2} ∼ (v1 − u1)(v2 − u2)|Hi|

as i → ∞? There are some obvious cases in which this cannot be true: for
example if αi = βi for each i, or αiβi = 1 for each i. So the conjecture
becomes that the pairs should be uniformly distributed on U

2, unless they
belong to some obvious family of exceptions and it is now necessary to try to
determine the correct formulation of the exceptional set:

The k-dimensional algebraic torus Tk is isomorphic to (Q
∗
)k, and a tor-

sion subvariety of Tk is a translate of a subtorus by a torsion point. We will
call a sequence of points α1, α2, . . . ∈ Tk strict if there are only finitely many
such points in any proper torsion subvariety. Bilu’s result works for strict
sequences of small height, though first we need to define height here:

Given γ ∈ Q
∗

define deg(γ) to be the degree of the minimum polynomial
of γ, and let H(γ) = M(γ)1/ deg(γ) (thus the condition in Theorem 2 can be
rewritten as H(γd) = 1 + o(1) if fd is the minimum polynomial of γd). For
γ = (γ1, γ2, . . . , γk) ∈ Tk, define deg(γ) = mini deg(γi), and H(γ) =

∏
i H(γi).

THEOREM 3.1 (Bilu, 1997). Suppose that α1, α2, . . . ∈ Tk is a strict se-
quence with deg(αd) ≥ d for each d, and H(γd) = 1 + o(1) as d → ∞ (we call
this last condition small height). Then

lim
d→∞

µ{αd} = νUk .
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Sketch of Proof. As we noted above, almost all conjugates of αd are get-
ting closer and closer to U

k as d → ∞ and so, by compactness, there must be
some subsequence that tends to a limiting measure (call it ν).

For any non-trivial character χ : Tk → Q the sequence χ(αd) is strict and
has small height. Thus applying Theorem 2.1 to our subsequence we see that
χ∗(ν) = νU (where χ∗ should be interpreted as the action of χ on the support
of the measure, and thus the measure). But this is true for any non-trivial
character χ and so ν must be the Haar measure on Uk, namely νUk . But this
is true for any convergent subsequence and so for the whole sequence (by the
same argument as in the proof of Theorem 2.1).

This beautiful result has many powerful consequences. Most famous,
perhaps, is

COROLLARY 3.2 ((Zhang, 1995)). Suppose that X ⊂ Tk is Zariski closed.
Let W be the union of the torsion subvarieties that lie entirely in X. There
exists a constant c(X) > 1 such that if α ∈ X \ W then H(α) > c(X).

Proof. Northcott’s theorem tells us that there are only finitely many alge-
braic numbers of given degree below a certain height. So if Zhang’s theorem
is false then there is an strict sequence α1, α2, . . . ∈ Tk with deg(αd) ≥ d for
each d, and H(αd) = 1 + o(1) as d → ∞. By Bilu’s Theorem (Theorem 3.1)
these become equidistributed around U

k, and so, as X(Tk) is closed (since X
is Zariski closed), thus U

k ⊂ X(Tk). However U
k is Zariski dense (as may be

proved by induction on k) and so X(Tk) = Tk in which case W = X and the
result is trivial.

This result was proved by Szpiro, Ullmo and Zhang for points on an
abelian variety by rather different means, something that will be discussed
by Ullmo (Ullmo, 2006) in a subsequent section.

It is perhaps a little difficult to understand Zhang’s theorem, so let’s exam-
ine a special case, the solutions to x + y = 1 in algebraic numbers. There are
four torsion solutions 1+0 = 0+1 = 1 and e(1/6)+e(5/6) = e(5/6)+e(1/6) =

1, so we now investigate solutions omitting these: So suppose that we have
a solution α + (1 − α) = 1 with H(α)H(1 − α) small. Note that if H(β) is
small then most conjugates βσ of β must be close to the unit circle, that is
|βσ| ≈ 1. Thus for most conjugates ασ of α we have |ασ|, |1 − ασ| ≈ 1. The
circles of radius 1 centered at 0 and 1 only intersect at e(1/6) and e(5/6),
so we must have ασ ≈ e(±1/6) whence 1 − ασ ≈ e(∓1/6) for almost all σ.
In such cases (ασ)2 − ασ + 1 = 1 − ασ(1 − ασ) ≈ 0, and thus the norm of
α2 − α + 1 over Q is very small, whereas it should be a non-zero integer (and
thus ≥ 1 in absolute value). Formalizing and refining this argument, Zagier
(Zagier, 1993) was able to show that in any non-torsion algebraic solution of
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x + y = 1 we have H(x)H(y) ≥ (
(1 +

√
5/2

)1/2. It is amusing to try to develop
an analogous argument for other varieties (see for example (Bombieri and
Zannier, 1995)).

4. Lower Bounds on Heights

Kronecker established a result on roots of unity on the unit circle which can
be re-interpreted as stating that for any integer d ≥ 1, if M(α) > 1 then there
exists a constant δ(d) > 0 such that M(α) ≥ 1 + δ(d) for all α of degree
d. In 1933 Lehmer (Lehmer, 1933) made the extraordinary conjecture that
δ(d) ≥ δ(10) = .1762808 . . . obtained from the example where α is a root of
x10 + x9 − x7 − x6 − x5 − x4 − x3 + x + 1.

In 1979 Dobrowolski (Dobrowolski, 1979) showed that one can take
δ(d) = (1 − ε)(log log d/ log d)3 but this has not been much improved sub-
sequently.

5. Compact Sets with Minimal Energy

Let K be a compact subset of the complex plane and suppose that E(νK) = 0.
One example is where K is the unit circle but there are many other interesting
examples besides (for example the line segment [−2, 2]). Rumely (Rumely,
1999) showed that Bilu’s result, our Theorem 2.1, can be extended when
appropriately reformulated to any such K (note though that Rumely prefers
to work with the capacity of K, which is given by exp

( − E(νK)
)
, and is thus

1 in this case).
I cannot resist at least mentioning the first few results of capacity theory

as they motivate some of the ideas in this article, which link several obvious
notions: First we have that if α1, . . . , αd ∈ K is the support of measure µ = µα
where µα(α j) = 1/d then

E(νK) = lim
d→∞

min
α1,...,αd∈K

E′(µα).

The right-side here is the logarithm of what Fekete called the transfinite di-
ameter of a compact set K. From this one can deduce that νK is supported
only on the outer boundary of K.

Second we have

E(νK) = lim
d→∞

min
monic f (z)∈C[z]

deg f =d

1
d

sup
z∈K

log | f (z)|;

the right-side here is the logarithm of the Chebyshev constant of K.
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The Mahler measure used above, when K is the unit disk, can be re-
interpreted as a product of parts. The infinite part is the product of terms
max{1, |α|}, the “local parts” the prime powers dividing |ad |. In defining an
appropriate height function for more general K we give the same definition
for the local parts, but the infinite part is now defined as the exponential of
minus the potential function for K. More explicitly

MK(α) := |ad |
∏
σ

G(ασ,∞; K),

where our Green’s function, G(z,∞; K), is defined as E(νK) +
∫

K
log(|z −

w|)dνK(w). (Note that G(z,∞; K) = max(0, log(|z|) when K = D(0, 1).) We
interpret MK( f ) = MK(α) for any root α of irreducible f ; and MK( f g) =

MK( f )MK(g).
Now, as in the proof of Theorem 2.1, we have, using the above and the

well-known fact that G(z,∞; K) ≥ 0 for all z,

0 = E(νK) ≤ lim inf E′(µα) ≤ lim inf
2
d

log MK(α) = 0.

In this way, Rumely proved:

THEOREM 5.1. Fix a compact set K with E(νK) = 0. Suppose that f1, f2, . . .
is a sequence of polynomials in Z[x] where fd has degree d and fd(0) � 0. If
MK( fd) = eo(d) as d → ∞ then

lim
d→∞

µ{ fd(x)} = νK .
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MANIN–MUMFORD, ANDRÉ–OORT, THE EQUIDISTRIBUTION

POINT OF VIEW

Emmanuel Ullmo
Université Paris-Sud

1. Introduction

These notes were prepared for the 2005 Summer School “Equidistribution
in number theory” organized by Andrew Granville and Zeev Rudnick in
Montréal. It’s a pleasure to thank them for the opportunity of giving these lec-
tures. The aim of this text is to describe the conjectures of Manin–Mumford,
Bogomolov and André–Oort from the point of view of equidistribution. This
includes a discussion of equidistribution of points with small heights of CM
points and of Hecke points. We tried also to explain some questions of equidis-
tribution of positive dimensional “special” subvarieties of a given variety.

The assignment by the organizer was to try to present a large overview
but to avoid using technical language. For example I was not allowed to use
the following notions (I quote the organizers):

1. Adeles (avoid them like the plague!).

2. Shimura varieties.

3. Semisimple groups.

4. Arakelov theory.

I was unable to fill out all the requirements but I tried to focus on signifi-
cant examples and the presentation of the general picture in a coherent view.
Complete proofs are given in only a small amount of simplified cases when
it can help the reader improve his intuition on the general case. The main
statements are only sketched and the material of these notes covers much
more than it’s possible to present in a few hours of lectures. We hope that
this text will complement the lectures and will be of some help for the reader
interested in the understanding of these topics in a deeper way.
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2. Informal Examples of Equi-Distribution

2.1. PRELIMINARY RESULTS FROM MEASURE THEORY

Let X be a metric space and P(X) the set of Borel probability measures on
X. Let C(X) be the set of bounded continuous functions on X. We say that a
sequence µn ∈ P(X) is weakly convergent to µ ∈ P(X) if for all f ∈ C(X)

µn( f ) =

∫
X

f dµn → µ( f ) =

∫
X

f dµ as n → ∞.

We’ll write µn → µ in this case.
We define the weak∗ topology on P(X) as the smallest topology making

each of the maps µ→ µ( f ) =
∫

f dµ
(
f ∈ C(X)

)
continuous.

PROPOSITION 2.1. Suppose that X is a compact metric space. Then µn

weakly converges to µ if and only if µn converges to µ in the weak∗ topology.
The space P(X) is metrisable and compact for the weak∗ topology: if µn ∈
P(X) is a sequence then there exists a weakly convergent subsequence.

A useful way of proving some equidistribution properties is given by
Weyl’s criterion:

PROPOSITION 2.2. Let X be a compact metric space. Let φn ∈ C(X) be a
sequence with the property that their linear combinations are dense in C(X)
(endowed with the usual norm ‖ f ‖ = supx∈X | f (x)|). Then µn → µ if and only
if for all m ∈ N, µn(φm) → µ(φm).

If E is a finite subset of X we define µE ∈ P(X) as

µE =
1
|E|

∑
x∈E

δx (1)

where δx denotes the Dirac measure supported at x. We say that a sequence
En of finite subsets of X is equidistributed for µ ∈ P(X) (or µ-equidistributed)
if µEn → µ.

When X is not compact it’s sometimes possible to adapt Weyl’s crite-
rion. For modular curves or more generally Shimura varieties, L2-techniques
(spectral decomposition) are used to prove the equidistribution of Hecke
points or CM points.

EXERCISE 2.3. Let X = C
∗ and En be the set of nth roots of unity. Then

En is equidistributed for the normalized measure dα/2π supported on the unit
circle.
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EXERCISE 2.4. Prove the last assertion using Proposition 2.2. Let n be a
integer, ζn a primitive n-roots of unity. Let E′

n be the set of Galois conjugate
of ζn. Using the irreducibility of the cyclotomic polynomials prove that the
sequence E′

p (with p a prime number) is dα/2π-equidistributed. Prove the
same result for E′

n.

2.2. EQUIDISTRIBUTION OF GALOIS ORBITS OF ALGEBRAIC POINTS

Let X be an algebraic projective variety defined over a number field K. For
all field L containing K we denote by X(L) the set of L rational points of X.
Let Q be the algebraic closure of Q and GK the Galois group of Q over K.
For all x ∈ X(Q) we define

Ex = {xσ | σ ∈ GK} (2)

the Galois-orbit of x.
If we fix an embedding σ of K in C, we can realize Ex as a subset of

Xσ(C). We write ∆x = µEx the associated measure given by (1). A general
(unsolved) problem is the following: let xn be a sequence of points of X(Q),
what can be said about the weak limits of the associated sequence ∆n = ∆xn

of P(X).
We are not expecting a general answer to this question but we are going

to give significant examples for which it’s possible to say something. In all
these examples there will be an underlying group structure on the variety X.
To avoid some useless pathologies we make the following definition.

DEFINITION 2.5. Let X be an algebraic variety. A sequence xn of points of
X is said to be “generic” if for all proper algebraic subvariety Y ⊂ X the set
{n ∈ N | xn ∈ Y} is finite.

(Exercise for topologists, prove that a sequence xn is generic if an only if
xn converges to the generic point of X in the Zariski topology).

2.2.1. The case of Gm: a theorem of Bilu
m denote

the multiplicative group, so Gm is an algebraic variety defined over Q and for
all field K containing Q the set Gm(K) of K-rational points of Gm is K∗. There
is a canonical height function

ĥ: Gm(Q) → R+ (3)

satisfying the following conditions:

The first results (related to Exercise 2.4  are obtained by Bilu. Let G)
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1. For all α ∈ Gm(Q) and all n ∈ N, ĥ(αn) = nĥ(α).

2. (Northcott) For all n ∈ N and all X ∈ R+ the set

{α ∈ Gm(Q) | [Q(α): Q] ≤ n and ĥ(α) ≤ X}

is finite.

A first consequence of these properties is that ĥ(α) = 0 if and only if α
is a root of unity. In fact ĥ(1) = ĥ(12) = 2ĥ(1) = 0. If α is a root of unity
then there exists a n ∈ N such that αn = 1. Hence ĥ(αn) = nĥ(α) = ĥ(1) = 0.
If ĥ(α) = 0 then for all n ∈ N, ĥ(αn) = 0. Applying Northcott we find that
{αn, n ∈ N} is a finite set; therefore α is a root of unity.

Another consequence of the Northcott’s theorem is that if αn ∈ Gm(Q) is
a generic sequence of points such that ĥ(αn) → 0 then |Eαn | → ∞.

THEOREM 2.6 ((Bilu, 1997)). Let αn ∈ Gm(Q) be a generic sequence of
points such that ĥ(αn) → 0 then the sets Eαn are dα/2π-equidistributed.

Proof. See (Bilu, 1997) for this statement and the generalization to the
higher rank torus G

r
m.

2.2.2. The case of elliptic curves and Abelian varieties
Let X be an elliptic curve over a field K, so X is an algebraic curve of genus
1 defined over K with the structure of an Abelian group on X(K) (we denote
by O the neutral element of X(K)). If K = C then X is isomorphic to Γ\C for
a lattice Γ ⊂ C. The Lebesgue measure on C induces a canonical probability
measure µX ∈ P(X). From this description we see that the set X[n] = {P ∈
E(C) | [n]P = O]} is isomorphic to Γ\(1/n)Γ � Z/nZ ⊕ Z/nZ.

EXERCISE 2.7. Prove that the sequences of subsets X[n] of X is µX-equidis-
tributed. (Use Proposition 2.2). Let X′[n] be the subset of X[n] consisting of
points of order n (for example if p is prime X′[p] = X[p] − {O}). Prove that
the sequence of subsets X′[n] are µ-equidistributed.

Let XK be an elliptic curve defined over a field K of characteristic 0. The
group End(XK) of K-endomorphism of XK is Z or an order in an imaginary
quadratic field. We say that XK has complex multiplication if End(XK) � Z.

Let XK be a K-elliptic curve without complex multiplication. A conse-
quence of Serre’s open image theorem is that for all p big enough the Galois
orbit of a point Qp of order p is X′[p]. With the notation of the Section we
have EQp = E′[p] and therefore the sets EQp are µX-equidistributed. Using
the full strength of Serre’s open image theorem it’s possible but not obvious
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to prove that if Qn is a sequence of points of X(Q) with Qn of order n then
the sets EQn are µX-equidistributed. If XK has complex multiplication you
may have infinitely many prime numbers p such that there exist a point Qp

of X(Q) of order p with EQp of cardinality p − 1 (corresponding to a cyclic
isogenies of order p).

Using Arakelov theory it is possible to prove a very general result for
the equidistribution of Galois-orbits of points with small heights on Abelian
varieties (containing the equidistribution of the sets EQn even for an elliptic
curve with complex multiplication.)

An Abelian variety A of dimension g over C is a complex torus A � Γ\Cg

endowed with the structure of a projective algebraic variety. The Lebesgue
measure on C

n induces a canonical probability measure µ = µA on A. We
deduce from this description that A(C) is an Abelian group. A point P of A is
said to be a torsion point if there exists n ∈ N such that [n]P = O. The set

A[n] = {P ∈ A(C) | [n]P = 0}

is isomorphic to Z/nZ
2g as an Abelian group.

More generally an Abelian AK variety over a field K is a projective al-
gebraic variety endowed with the structure of an Abelian group structure.
Concretely for all extension L of K A(L) is an Abelian group. If K is a number
field A(K) is finitely generated (Mordell–Weil Theorem).

As in the case Gm, if AK is defined over a number field K it’s possible to
define a canonical height function

ĥ: A(Q) → R+

(the Néron–Tate height) with the properties

1. For all α ∈ A(Q) and all n ∈ N, ĥ([n]α) = n2ĥ(α).

2. (Northcott) For all n ∈ N and all X ∈ R+ the set

{α ∈ A(Q) | [Q(α): Q] ≤ n and ĥ(α) ≤ X}

is finite.

REMARK 2.8. The height function depends on the choice of a symmetric
ample divisor. By definition of a projective variety we can find an ample line
bundle L on A (sometime we say that L is a polarization). A line bundle M
on A is said to be symmetric if [−1]∗M � M. One can show that if L is
ample then [−1]∗L ⊗ L is ample symmetric.

EXERCISE 2.9. Let AK be an Abelian variety defined over a number field
K. Prove that a point P ∈ A(Q) is torsion if and only if ĥ(P) = 0. If Pn is a
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generic sequence of points of A(Q) such that ĥ(P) → 0 then the cardinality
of the sets EPn = {Pσn | σ ∈ GK} tends to ∞. (Hint: try to imitate the case
of Gm). All these facts are independent of the choice made in defining the
height.

The following results is due to Szpiro, Zhang and the author (Szpiro et al.,
1997).

THEOREM 2.10. Let AK an Abelian variety defined over a number field K.
For all embedding σ: K → C we denote by µσ the canonical probability
measure on Aσ = AK ⊗σ C � Γσ\Cg. Let Pn be a generic sequence of points
of A(Q) such that ĥ(P) → 0. Then for all σ: K → C the sets σ(EPn) are
µσ-equidistributed on Aσ.

The proof uses Arakelov theory see (Szpiro et al., 1997).

2.2.3. Equidistribution of CM elliptic curves
The j-invariant establishes a bijection between C and the set of isomorphism
classes of elliptic curves over C. The endomorphism ring End(E) of an ellip-
tic curve E over C is either Z or an order in an imaginary quadratic extension
of Q. An elliptic curve is said to be CM (meaning complex multiplication)
if End(E) � Z. A complex number x is said to be CM if the corresponding
elliptic curve over C is CM.

Let us recall a few facts about CM elliptic curves. A CM elliptic curve is
defined over Q. Let K be an imaginary quadratic extension of Q and OK ⊂ K
be the ring of integers of K. Any order in OK is of the form OK, f = Z + f OK

for a unique integer f ≥ 1. For f ≥ 1 let ΣK, f be the set of isomorphism
classes of pairs (E, α), with E a CM elliptic curve and α: OK, f → End(E) an
isomorphism of rings. The group Gal(Q/K) acts transitively on ΣK, f .

Let Pic(OK, f ) be the Picard (or class) group of OK, f and h = hK, f . Then
the cardinality of ΣK, f is h. Let HK, f be the maximal Abelian extension of K
which is unramified outside f . Then for all E ∈ ΣK, f we have K

(
j(E)

)
= HK, f

and class field theory gives an isomorphism Pic(OK, f ) � Gal(HK, f /K). Let
dE = dK, f be the absolute value of the discriminant of OK, f . By the Siegel’s
theorem we get for all ε > 0

d1/2−ε
E �

ε
h = |ΣK, f | �

ε
d1/2

E log(dE). (4)

The modular group SL(2,Z) acts properly discontinuously on the upper
half plane H by (

a b
c d

)
.z =

az + b
cz + d

.
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The modular curve Y = SL(2,Z)\H is the set of isomorphism classes of
elliptic curves over C. The Poincaré measure dx dy/y2 on H is SL(2,R)-
invariant and the volume of a fundamental domain for this measure is finite.
(We therefore say that SL(2,Z) is a lattice of H). Let dµ0 = 3/πdx dy/y2 the
induced probability measure on Y � C.

The following result is due do to Duke (Duke, 1988):

THEOREM 2.11 (Duke). As dK, f → ∞ the ΣK, f are µ-equidistributed.

The case of fundamentals discriminants (i.e. f = 1) is the main result
of (Duke, 1988). The extension to the general case using Hecke operators is
given in (Clozel and Ullmo, 2001, Theorem 2.4).

2.3. EQUIDISTRIBUTION OF HECKE POINTS

Let H be the upper half plane, Γ = SL(2,Z) and Y = Γ\H. Let dµ0 be the
Poincaré metric and D0 = y2(∂2/∂x2 + ∂2/∂y2) the associated Laplacian. Let
L2(Γ\H, dµ0) be the space of µ0-square integrable Γ-invariant functions on H.

The Hecke correspondences Tn on X(1) are defined by

Tn.z =
∑
ad=n

∑
0≤b<d

az + b
d

. (5)

If s ∈ C we define σs(n) =
∑

d/n ds. The degree of Tn as a correspondence is
then σ1(n) .

We have an induced action on functions on X(1) given by:

T n f (z) =
Tn

σ1(n)
f (z) =

1
σ1(n)

∑
y∈Tn.z

f (y). (6)

The following result is proved in (Clozel and Ullmo, 2001, Theorem 2.1).
The proof is also taken from this paper. We just replaced the upper bound for
eigenvalues of Tn given in (Bump et al., 1992) by the better bound obtained
recently by Kim and Sarnak (Kim and Sarnak, 2003). (We therefore just
replaced 5/28 by 7/64).

THEOREM 2.12.

(a) For all f in L2(X(1), dµ0) T n. f converges to
∫

X(1)
f (ζ) dµ0(ζ) in L2(X(1),

dµ0). More precisely For all f in L2(X(1), dµ0) and for all ε > 0, there
exists a constant Cε, (depending only on ε), such that:∥∥∥∥∥∥T n f −

∫
X(1)

f (ζ) dµ0(ζ)

∥∥∥∥∥∥ ≤ Cεn
(−1/2)+(7/64)+ε‖ f ‖. (7)
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(b) Let f be a bounded C∞ function on X(1) such that D0 f is bounded. For
all ε > 0, there exists Cε,z, f such that∣∣∣∣∣∣T n f (z) −

∫
X(1)

f (ζ) dµ0(ζ)

∣∣∣∣∣∣ ≤ Cε,z, f n
(−1/2)+(7/64)+ε. (8)

(c) For all bounded continuous function f on X(1) and all z ∈ X(1),we have

lim
n→+∞

T n f (z) =

∫
X(1)

f (ζ) dµ0(ζ). (9)

The convergence is uniform on compact sets.

2.3.1. Spectral decomposition of L2(X(1), dµ0)
We have the “spectral decomposition”

L2(X(1), dµ0) = ⊕n≥0C[ϕn] ⊕ E (10)

with ϕn an orthonormal family of eigenfunctions of D0 with associated eigen-
values −λn and E is the continuous part of the spectrum. We write as usual
sn n the complex numbers such that λn = sn(1 − sn) = 1

4 + r2
n (rn is a

real number). It’s possible to choose the ϕn eigenvectors for all the Hecke
operators Tn. We suppose that this choice is made from now.

The part relative to the continuous spectrum is given by the following
isometry:

E: L2(R+) → E (11)

h �→ 1
√

2π

∫ +∞

0
h(t)E∞

(
z,

1
2

+ it
)

dt

here L2(R+) is the set of functions on R+ square integrable for the Lebesgue
measure; E∞(z, s) is the Eisenstein series at the cusp ∞, given by the formula

E∞(z, s) =
1
2

∑
(m,n)=1

1
|mz + n|2s

.

Let α ∈ L2(X(1), dµ0) be spectrally decomposed as

α(z) =
∑
n≥0

Anϕn(z) +

∫ +∞

0
h(t)E∞

(
z,

1
2

+ it
)

dt. (12)

Then

An = (α, ϕn) =

∫
X
α(z)ϕn(z) dµ0(z)

h(t) =
1

2π

∫
X
α(z)E∞

(
z,

1
2
− it

)
dµ0(z)

and r
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(at least if α is C∞ with compact support). The L2 norm of α is then

‖α‖2 =
∑

n

|An|2 + 2π
∫ +∞

0
|h(t)|2 dt. (13)

If α(z) is C∞ with compact support then the spectral decomposition (12)
is absolutely convergent and is uniformly convergent on compact sets (see
(Iwaniec, 1995, Theorems 4.7 and 7.3)).

2.3.2. Proof of Theorem 2.12
We start the proof of Theorem 2.12 in the particular case f = ϕn for some
n ∈ N and the case where f appears in the continuous spectrum of D0. The
general case is then obtained using the spectral decomposition (12).

For f = ϕ0 the constant function the Theorem 2.12 is clear as the degree
of Tn as a correspondence is σ1(n).

LEMMA 2.13. For all k ≥ 1, and all z ∈ X(1):

lim
n→∞

Tnϕk(z) = 0 =

∫
X(1)
ϕk dµ0. (14)

We know that ϕk is an eigenfunction of Tn. We define αk(n) to be the
associated eigenvalues:

Tn.ϕk = αk(n)ϕk.

The Ramanujan–Petersson conjecture predicts that:

|αk(n)| ≤ d(n)n1/2,

where d(n) = σ0(n) is the number of positive divisors of n. The best known re-
sult towards the Ramanujan–Petersson conjecture is (Kim and Sarnak, 2003):

|αk(n)| ≤ d(n)n(1/2)+(7/64). (15)

This improves the result of (Bump et al., 1992) where the bound with 5/28
instead of 7/64 was obtained.

For all ε > 0 and n big enough

|Tnϕk(z)| =

∣∣∣∣∣αk(n)ϕk(z)
σ1(n)

∣∣∣∣∣ ≤ n(−1/2)+(7/64)+ε|ϕk(z)|. (16)

LEMMA 2.14. Let f be a function in E ∩ D
(
X(1)

)
. Then

lim
n→∞

Tn f (z) = 0 =

∫
X(1)

f dµ0. (17)
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Proof. There exists a function h(t) ∈ L2(R+) such that:

f (z) =

∫ ∞

0
h(t)E∞

(
z, 1

2 + it
)

dt

This last integral is absolutely convergent. We recall that E∞(z, s) is an eigen-
form of the Hecke operators Tn:

TnE∞(z, s) = nsσ1−2s(n)E∞(z, s).

We therefore obtain

Tn f (z) = n1/2
∫ ∞

0
nitσ−2it(n)h(t)E∞

(
z, 1

2 + it
)

dt. (18)

Therefore for all ε > 0 and all n � 0 we get:

|T n f (z)| ≤ n(−1/2)+ε
∫ ∞

0
|h(t)E∞(z, s)| dt. (19)

We can now give the proof of Theorem 2.12. Let f be a function in
L2(X(1), dµ0

)
. The spectral decomposition of f is written:

f (z) =
∑
k≥0

Akϕk(z) +

∫ +∞

0
h(t)E∞

(
z, 1

2 + it
)

dt. (20)

We define

Jn =

∥∥∥∥∥∥T n f −
∫

X(1)
f (ζ) dµ0(ζ)

∥∥∥∥∥∥ .
Then

Jn =

∥∥∥∥∥∥∥
∑
k≥1

Akαk(n)φk

σ1(n)
+

n1/2

σ1(n)

∫ ∞

0
nitσ−2it(n)h(t)E∞(z, s) dt

∥∥∥∥∥∥∥ .
Using (13), we obtain:

J2
n =

1
σ1(n)2

∑
k≥1

|Ak|2|αk(n)|2 + 2π
n

σ1(n)2

∫ ∞

0
|h(t)|2|σ−2it(n)|2 dt.

The proof of the (a) of (2.12) is obtained using the upper bounds for αk(n)
given in the equation (15).

We define D(X(1)) as the space of C∞ bounded functions on X(1) such
that D0 f is bounded.
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Let f ∈ D(X(1)) and z ∈ X(1). Using (16) and (19) we find for all ε > 0
and all n � 0 the upper bound:

|T n f (z) − A0| ≤ n(−1/2)+(5/28)+ε


∑
k≥1

|Akϕk(z)| +
∫ ∞

0
|h(t)E∞(z, s)| dt

 .

This ends the proof of the part (b) of (2.12) as A0 =
∫

X(1)
f (z) dµ0(z) and

as f ∈ D
(
X(1)

)
the spectral decomposition is absolutely convergent

We finally suppose that f ∈ C0
(
X(1)

)
. Let z ∈ X(1) and ε > 0. We can

find φ ∈ D
(
X(1)

)
such that

sup
x∈X(1)

| f (x) − φ(x)| ≤ ε.

Using part (b) of the Theorem 2.12, we know that for all n � 0:∣∣∣∣∣∣T nφ(z) −
∫

X(1)
φ dµ0

∣∣∣∣∣∣ ≤ ε.

We define ln as In = |T n f (z) −
∫

X(1)
f dµ0|. We therefore obtain that

In ≤ |T n f (z) − T nφ(z)| +
∣∣∣∣∣∣T nφ(z) −

∫
X(1)
φ dµ0

∣∣∣∣∣∣ +
∣∣∣∣∣∣
∫

X(1)
(φ − f ) dµ0

∣∣∣∣∣∣ ≤ 3ε.

This ends the proof of the part (c) of the Theorem 2.12.

2.3.3. Higher rank generalization
The result of the previous sections can be generalized to an arbitrary almost
simple simply connected linear group GQ (as SL(n)Q or Sp(n)Q). A proof
using harmonical analysis as in the previous part is given in (Clozel et al.,
2001; Clozel and Ullmo, 2001). The method gives a convergence rate which
is often optimal. This is the case for SL(n)Q or Sp(n)Q if n ≥ 3. Note that
optimal results are obtained without using the (unknown) generalized Ra-
manujan conjecture for parameters of automorphic representation of SL(n)Q
or Sp(n)Q. The extension to arbitrary reductive groups is in general easy.
A proof of a slightly more general result (without a convergence rate) is
obtained by Eskin and Oh (Eskin and Oh, 2006) by ergodic methods.



114 EMMANUEL ULLMO

3. The Manin–Mumford and the André–Oort Conjecture

3.1. ABSTRACT FORM OF THE CONJECTURES

The Manin–Mumford conjecture about torsion points of Abelian varieties
and the André–Oort conjecture about CM points on Shimura varieties (Ex.:
the moduli space of principally polarized Abelian varieties, Hilbert modular
varieties or product of modular curves. . . ) can abstractly be stated in a uni-
fied way. The purpose of this section is to explain these conjectures and the
relation with some theorems or conjectures about equidistribution.

Let X be an algebraic variety over C. Let S(X) be a set of irreducible
subvarieties of X. A subvariety Z ∈ S(X) is called special and a special
subvariety of dimension 0 is called a special point. We say that S(X) is an
admissible set of special subvarieties if:

1. X ∈ S(X).

2. For all Z ∈ S(X) the set of special points x ∈ Z is Zariski dense in Z.

3. An irreducible component of an intersection of special varieties is a spe-
cial variety.

REMARK 3.1. As a consequence of property 3, if W is a subset of X(C)
there exists a smallest special subvariety ZW among special subvarieties con-
taining W.

The main examples of admissible sets of special subvarieties are:

(i) An Abelian variety X = A, S(A) is the set of torsion subvarieties. A
torsion subvariety is the translate by a torsion point of an Abelian sub-
variety. The special points are the torsion points.

(ii) A torus X = T , S(T ) is the set of torsion subvarieties. A torsion subva-
riety is the product of a point of finite order by a subtorus. The special
points are the points of finite order.

(iii) A Shimura variety X = S , S(S ) is the set of subvarieties of Hodge type.
A subvariety of Hodge type is an irreducible component of the translate
by a Hecke operator of a sub-Shimura variety. The special points are the
CM points. This case will be detailed in Section 3.3.

Note as a general rule that everything is known in the case of an Abelian
variety or in the case of a torus but despite recent progress the case of Shimura
variety is mainly conjectural. Other situations as mixed Shimura varieties
(see (Pink, 2005)) or semi-Abelian varieties (see (Chambert-Loir, 2000; David
and Philippon, 2000) ) can be considered. It’s possible that other situations
coming from variations of Hodge structures could be considered.
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CONJECTURE 3.2 (Abstract form). There are 2 equivalent ways of formu-
lating the conjecture:

(a) An irreducible component of the Zariski closure of a set of special points
is a special subvariety.

(b) Let Y be an algebraic subvariety of X. There exists special subvarieties
{Z1, . . . ,Zr} with Zi ⊂ Y such that if Z ⊂ Y is a special subvariety then

Z ⊂
r⋃

i=1

Zi.

The conjecture in this abstract way is certainly too optimistic. For ex-
ample you could take for X any projective variety of dimension g ≥ 2 and
for S(X) the union of X and the set of all points of X. (I don’t know such a
trivial counterexample if we impose that S(X) is countable in the definition
of an admissible set). Nevertheless it may be useful to understand it in this
form to see what is really used in the important examples. Note that if Y ⊂ X
is a curve the conjecture predicts that Y is special if and only if Y contains
infinitely many special points. Let’s prove that the two forms of the conjecture
are indeed equivalent:

Let Y be an algebraic subvariety of X and ΣY the set of special points
contained in Y . Let {Z1, . . . ,Zr} be the components of the Zariski closure of
ΣY . If (a) is true then the Zi are special and have the properties of (b).

Let Σ be a set of special points and Y a component of the Zariski closure.
By (b) there exists a finite set {Z1, . . . ,Zr} of special subvarieties of Y such
that all the special subvarieties of Y are contained in one of the Zi. As Y is
the Zariski closure of Σ, Y ⊂ ⋃r

i=1 Zi and there exists i ∈ {1, . . . , r} such that
Y = Zi. Therefore Y is special.

The theory is even more interesting when:

(a) The variety X is defined over a number field K and the special points are
defined over Q.

(b) A special subvariety Z of X is canonically endowed with a probability
measure µZ such that the Zariski closure of Supp(µZ) is Z.

DEFINITION 3.3. An admissible set S(X) of special subvarieties of X with
properties (a) and (b) is said to be strongly admissible.

The property (a) implies that the special subvarieties of X are defined over
number field. (A subvariety containing a dense set of points defined over Q

is defined over Q). If P is a special point the canonical probability measure
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on P is µP = δP. As in Section 2.2 we fix an embedding of K in C and X(Q)
is realized as a subset of X(C) = X. Let EP = EP,K = {Pσ, σ ∈ GK} and

∆P = ∆P,K =
1

|EP|
∑
x∈EP

δy.

DEFINITION 3.4. Let X be a variety and S(X) a strongly admissible set
of special subvarieties. A sequence Pn of points in X(C) is said to be strict
(relatively to (X,S(X)) if for all special subvariety Z � X of X the set {n ∈ N |
Pn ∈ Z} is finite.

The expected equidistribution conjecture is

CONJECTURE 3.5 (Abstract form). Let X be a variety and S(X) an admis-
sible set of special subvarieties. Let K be a number field over which X is
defined. Let Pn be a strict sequence of special points of X(C) then the sets
EPn,K are µX-equidistributed: the associated sequence of probability measure
∆n,K = ∆Pn,K weakly converges to µX.

PROPOSITION 3.6. Conjecture 3.5 implies Conjecture 3.2.

Let Σ be a set of special points and Y a component of the Zariski closure
of Σ. Then ΣY = Σ ∩ Y is a Zariski dense subset of special points of Y . Let
Z = ZY be the smallest special subvariety of X containing Y . The set S(Z) of
special subvarieties of X contained in Z is strongly admissible. The subvariety
Z is defined over a number field L.

LEMMA 3.7. There exists a strict sequence of special points of ΣY relatively
to
(
Z,S(Z)

)
.

The set of special subvarieties is countable as special subvarieties are
defined over Q. We can therefore write S(Z) = {(Zn), n ∈ N}. For all n ∈ N

we define

Σn,Y =

P ∈ ΣY

∣∣∣∣∣ P �
n⋃

i=1

Zi

 .
As ΣY is Zariski dense in Y , for all n ∈ N, In � ∅. We can therefore choose
Pn ∈ Σn,Y . By construction Pn is a strict sequence.

Using Conjecture 3.5 we see that the sequence ∆Pn,L weakly converges
to µZ . As Supp(∆Pn,L) is contained in L for all n (and Y is closed) we find
that Supp(µZ) ⊂ Y . As the Zariski closure of Supp(µZ) is Z (by property (b)),
Y = Z. Therefore Y is a special subvariety as predicted by Conjecture 3.2.
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In fact a even more general result is expected. Let X be an algebraic
variety defined over a number field K and S(X) a strongly admissible set
of special subvarieties. For all Z ∈ S(X), the set

O(Z) = {Zσ | σ ∈ GK}

is finite and contained in S(X). Let ∆Z be the measure

∆Z =
1

|O(Z)|
∑

µZσ.

Let P(X) be the set of Borel probability measure on X and

Q(X) = {∆Z | Z ∈ S(X)}.

The most optimistic conjecture about equidistribution is:

CONJECTURE 3.8. The subset Q(X) of P(X) is compact. If ∆Zn is a se-
quence of measure in Q(X) weakly converging to µZ then for all n � 0,
Supp(µZn) ⊂ Supp(µZ).

We will discuss results for this conjecture for Abelian varieties in Sec-
tions 3.2 and some related results for some sequences µZn where Zn is a
special subvariety (and therefore geometrically irreducible) in Section 4.

3.2. THE MANIN–MUMFORD AND THE BOGOMOLOV CONJECTURE

In the case of Abelian varieties, all the abstract theory of the previous section
is proved. If A is an Abelian variety, a special point is a torsion point and a
special variety is a torsion variety. Let Tor(A) be the set of torsion point of A.
The Conjecture 3.2 in this case is due to Manin and Mumford:

THEOREM 3.9. Let A be an Abelian variety and Σ and X a subvariety of A.
Then

X ∩ Tor(A) =

r⋃
i=1

Ti ∩ Tor(A)

for some torsion subvarieties (T1, . . . ,Tr).

A first proof of the conjecture was given by Raynaud (Raynaud, 1983),
(see (Raynaud, 1988) for the case of a curve) using p-adic method. Hindry
(Hindry, 1988) gave a proof using Galois theory and Diophantine approxi-
mation. Hrushowski (Hrushowski, 2001) gave a proof using ideas from logic
(model theory of field). As model theory of field is not so far from the theory
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of constructible set in algebraic geometry it’s not completely a surprise that
Pink and Roesler (Pink and Roessler, 2004) where able to translate in a short
and efficient way Hrushowski’s proof in the language of algebraic geometry
(and some Galois theory). Finally a proof using Arakelov theory and ideas
from “equidistribution of points with small height” of the Bogomolov conjec-
ture (to be discussed later in this section) was given by Zhang (Zhang, 1998)
and the author (Ullmo, 1998). As the Bogomolov conjecture contains the
Manin–Mumford conjecture, this gives an almost completely analytic proof
of the Manin–Mumford conjecture.

Recall that if (an)n∈N is a sequence of algebraic points of an Abelian
variety A defined over a number field we say that (an) is a generic sequence
(resp. a strict sequence) If for any proper subvariety Y ⊂ A (resp. for any
proper torsion subvariety Y ⊂ A) the set

{n ∈ N, an ∈ A(Q)}

is finite.

REMARK 3.10. With these definitions we can rephrase the Manin–Mumford
conjecture in the following way: “any strict sequence of torsion point of A(Q)
is generic”. If an is a strict sequence of torsion point of A(Q), Y a proper
subvariety of A such that TY = {n ∈ N, an ∈ Y(Q)} is not finite. The Manin–
Mumford conjecture implies that the components of the Zariski closure of
the an with n ∈ TY are torsion subvarieties containing infinitely many terms
of the sequence an. This contradicts the hypothesis that an is strict. The other
direction can be proved in the same lines as the Proposition 3.6 and is left as
an exercise.

When you combine the Manin–Mumford conjecture and the Theorem 2.10
you obtain the following results (Szpiro et al., 1997) in the direction of the
Conjecture 3.8:

THEOREM 3.11. Let AK an Abelian variety defined over a number field K.
For all embedding σ: K → C we denote by µσ the canonical probability
measure on Aσ = AK ⊗σ C � Γσ\Cg. Let Pn be a strict sequence of torsion
point of A(Q). Then for all σ: K → C the sets σ(EPn) are µσ-equidistributed
on Aσ.

For Abelian varieties, the full Conjecture 3.8 is a consequence of the
extension of this last result to the equidistribution of Galois orbits of special
subvarieties due (independently) to Autissier (Autissier, 2004) and Baker–
Ih (Baker and Ih, 2004).
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The Bogomolov conjecture is a generalization of the Manin–Mumford
conjecture once we recall that a point P of an Abelian variety defined over a
number field is a torsion point if and only if the Néron–Tate heights ĥ(P) of
P is 0 :

CONJECTURE 3.12 (Bogomolov). Let A be an Abelian variety defined over
a number field. Let Y be a non-torsion subvariety of A. There exists c > 0 such
that the set

{P ∈ Y(Q) | ĥ(P) < c}

is not Zariski-dense in Y.

The idea behind this conjecture is the following. Lang’s conjecture pre-
dicts that the set of rational points Y(K) of a variety of general type over a
number field K should not be Zariski dense in Y . This has been checked by
Faltings (Faltings, 1991) for non-torsion varieties (the case of curve (Falt-
ings, 1984b) is the celebrated Mordell conjecture). Such a variety certainly

set in the Néron–Tate topology.
As in the Remark 3.10, the Bogomolov conjecture is equivalent to the

statement that “any strict sequences an of points of A(Q) such that ĥ(an) → 0
is a generic sequence”. The statement of Theorem 3.11 remains true with
“torsion point” replaced by points with Néron–Tate height tending to 0.

The proof of this conjecture in the case of a curve in its Jacobian is given
in (Ullmo, 1998) and the general case is proved along the same lines in
(Zhang, 1998). It’s unfortunately beyond the scope of these notes to give a
detailed account of the proof of the Bogomolov conjecture. The interested
reader can read the account given in Bourbaki’s seminar by Abbes (Abbes,
1997).

Let’s just sketch the principle of the proof in the case of a curve in its
Jacobian. The starting point is a general theorem about the “equidistribution
of generic sequences of points with small heights” (Szpiro et al., 1997) for
more general heights than the Néron–Tate height on Abelian varieties.

Let X a curve of genus g ≥ 2 defined over a number field K and fix an
embedding φ of X in its Jacobian J. The canonical height ĥ on J(Q) induces a
canonical height on X(Q). Fix an embedding of K in C, then XC is a Riemann
surface. We have a natural Hermitian inner product on the space H0(XC,Ω

1
X)

of holomorphic differential forms on XC given by

(α, β) =
i
2

∑
X

α ∧β̄.

contains infinitely many algebraic points but Y(Q) is not too big: it’s a discrete
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Let {ω1, . . . , ωg} be an orthonormal basis of H0(XC,Ω
1
X). Then we define a

canonical (1, 1)-form µ on XC by setting

µ :=
i

2g

g∑
k=1

ωk ∧ ωk.

The form µ does not depend on a choice of an orthonormal basis. The asso-
ciated measure µ is called the canonical or the Arakelov measure.

Let Pn ∈ XK(Q) be a generic sequence such that ĥ(Pn) → 0. The result of
(Szpiro et al., 1997) implies that the associated sequence of Galois orbits (as
defined in Section 2.2) converges weakly to µ.

Let φg: jXg → J be the morphism (x1, . . . , xg) �→ ∑g
i=1 φ(xi). Let πi =

Xg → X. By a diagonal process, it’s possible to construct a generic sequence
yn = (x1,n, . . . , xg,n) of Xg(Q) such that for all i, ĥ(xi,n) → 0. Using the result
of (Szpiro et al., 1997), we find that the associated sequence of Galois orbits
converges weakly to the measure

µg = π∗1µ ∧ · · · ∧ π∗gµ.

As zn = φg(yn) is a generic sequence of J(Q) such that ĥ(zn) → 0,
using Theorem 2.10 we know that the associated sequence of Galois orbits
converges weakly to the normalized Haar measure µJ of J.

Combining the two results (and using easy results about the morphism
φg) we obtain the equality:

φ∗gµJ = g!µg = g!π∗1µ ∧ · · · ∧ π∗gµ.

It’s easy to see that µg is everywhere positive and that φ∗gµJ is 0 at the
points where the morphism φg is singular (for example at (P0, . . . , P0) for a
Weierstrass point of XC). This contradiction finishes the proof.

3.3. THE ANDRÉ–OORT CONJECTURE

The André–Oort conjecture is the analogue for Shimura varieties of the
Manin–Mumford conjecture for Abelian varieties. It’s not possible to give
here a complete account of Shimura varieties. The interested reader should
see (Deligne, 1971; Deligne, 1979; Milne, 2006) but two aspects should be
kept in mind.

1. Shimura varieties are Hermitian locally symmetric spaces.

2. Shimura varieties are moduli-spaces for interesting objects as Abelian
varieties.
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The aim of this part is to describe the special points and special subva-
rieties in this context and to formulate the André–Oort conjecture. We will
focus on examples.

Hermitian locally symmetric space. Let G = GQ be a connected reductive
group over Q, G(R)+ the connected component of 1 of G(R) and K∞ a max-
imal compact subgroup of G(R). Let Z(G) be the center of G. Then G is the
almost direct product

G � Z(G)G1G2 · · ·Gr

for some Q-simple groups Gi. We make the following assumption:

(*): For all i ∈ {1, . . . , r}, Gi(R) is not compact.

The space X+ = G(R)/Z(G)(R)K∞ is called a symmetric space. When
X+ is endowed with an H(R)+-invariant complex structure we say that X+

is an Hermitian symmetric space. A couple (GQ, X+) is called a (connected)
Shimura datum. Deligne (Deligne, 1971; Deligne, 1979) proved that such an
X+ is a connected component of the G(R)-conjugacy class X of a morphism
of algebraic groups

α: S:→ GR

Here S = ResC/RGm is the Deligne torus (so S is C
∗ as an algebraic group.)

If x ∈ X+, we’ll write x(S) ⊂ G(R) for the image of the associated morphism
x: S → GR. A Shimura datum is defined in (Deligne, 1971) as a couple
(GQ, X).

The simple groups GR such that X+ = G(R)/K∞ is Hermitian symmetric
are well known inside the classification of linear semi-simple non-compact
groups over R. For example the symplectic group Sp(2, g), unitary groups
U(p, q) or orthogonal groups So(N, 2) have an associated symmetric space
which is Hermitian. The symmetric spaces associated to SL(n,R) (n ≥ 3) or
So(p, q) (with p � 2 and q � 2) are not Hermitian.

A subgroup Γ of G(Q)+ = G(Q) ∩ G(R)+ is called an arithmetic lattice
if Γ is commensurable to GZ(Z) for a Z-structure on GQ. This notion is in-
dependent of a choice of a Z-structure on GQ. A standard way of producing
such a Z-structure is to fix an embedding of GQ in GL(n,Q) and to take for
GZ the Zariski closure of GQ in GL(n,Z).

Any symmetric space X = G(R)/K∞ is endowed with a G(R)-invariant
measure. If Γ is an arithmetic lattice, this measure induces a measure on
Γ\X+. The volume of S = Γ\X+ is finite for this measure (hence the notion of
lattice—see Borel (Borel, 1969) for a proof). A space of the form Γ\X+ for a
lattice Γ is called a locally symmetric space. Any locally symmetric space S
is therefore endowed with a canonical probability measure µS .
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If X+ is Hermitian symmetric and Γ is an arithmetic lattice then S = Γ\X+

is endowed with a complex structure. Such a S is an (arithmetic) Hermitian
locally symmetric space. The main fact is the relation with the world of
algebraic geometry:

Baily-Borel. There exists a unique structure of algebraic variety on S =

Γ\X+ over C such that for any algebraic variety T , any analytic morphism
from T to S is induced from a morphism of algebraic varieties. With this
structure S is quasi-projective. If Γ is torsion free then S is smooth.

If moreover Γ ⊂ G(Q) is a congruence lattice (Γ contains the Kernel Γ(N)
of the map GZ(Z) → GZ(Z/nZ) for some n ∈ N) we say that S = Γ\X+ is a
“connected Shimura variety”.

EXAMPLE 3.13. G = SL(2,Q), K∞ = SO2(R), X+ = H is the upper half
plane. If Γ is a congruence subgroup of SL(2,Q) S = Γ\H is a modular curve
and S is a moduli space for elliptic curves with an additional structure defined
by Γ.

EXAMPLE 3.14. G = GS p(2g,Q), K∞ = Ug(C), X+ = Hg is the Siegel–
Half plane. If Γ = Γ(N) then S = Ag,N is the moduli space of principally
polarized Abelian varieties of dimension g with full N-level structure.

EXAMPLE 3.15. Let F be a totally real extension of Q of degree g. GQ =

ResF/Q SL(2, F). Then G(R) = SL(2,R)g, K∞ = SO2(R)g, X+ = H
g. Take

Γ = SL2(OF), then S = SL2(OF)\Hg is an Hilbert modular variety parame-
trizing polarized Abelian varieties A of dimension g with an imbedding of OF

in the endomorphism of A.

EXAMPLE 3.16. Let F be as before and B a quaternion algebra over F.
Then B(R) = M2(R)d × Hg−d (where H is the usual quaternions over R). Let
GQ be the group of elements of B∗ with reduced norm 1 and Γ the units of
norm one in B∗. Then G(R) = SL2(R)d × SO3(R)g−d, K∞ = SO2(R)d ×
SO3(R)g−d and X+ = H

d. Then S = Γ\Hd is a “quaternionic Shimura”
variety. Example 3.15 corresponds to B = M(2, F). When d = 1, S is a
curve (a Shimura curve). Any curve which is a “connected Shimura” variety
is obtained from such a quaternion algebra.

Hecke correspondences. Let S = Γ\G(R)+/K∞ = Γ\X+ a connected
Shimura variety. Let q ∈ G(Q), as Γ is an arithmetic lattice q−1Γq is com-
mensurable to Γ: Γ ∩ q−1 ∩ Γq is of finite index in Γ and q−1Γq. Let C(Γ) be
the commensurator of Γ

C(Γ) = {g ∈ G(R) | gΓg−1 commensurable with Γ}.
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If G = Gad then C(Γ) = G(Q), for a general reductive group over Q (see
(Platonov and Rapinchuk, 1994, Proposition 4.6, p. 206)), Let q be an element
of C(Γ). Let S q = Γ∩ q−1Γq\X+ and αq the finite map S q → S induced from
the inclusion Γ∩ q−1 ∩Γq ⊂ Γ. The translation by q on X+ (given by x �→ g.x
induces a second finite morphism βq: S q → S .

Let Tq be the image in S × S of S q by the map (αq, βq). Then Tq is an
algebraic correspondence on S . Such a correspondence is called a modular
correspondence. For all x ∈ S , we have “Tq.s = βq

(
α−1

q (x)
)
” where we have to

count with multiplicities the points in
(
α−1

q (x)
)
. If Γ acts on X+ without fixed

points the maps αq and βq are unramified
(
therefore for all x ∈ S ,

(
α−1

q (x)
)

has

exactly deg(α) = [Γ∩q−1∩Γq: Γ] points
)
. If S = SL(2,Z)\H and q =

(
l 0
0 1

)
for a prime number l then Tq is the usual Hecke operator Tl discussed in
Section 2.3.

Special subvarieties. Let S be a connected Shimura variety, we would like
to define a set S(S ) of special subvarieties with the properties (1, 2, 3) of
Section 3.1. A subvariety Z in S(S ) should be (using our two points of view)
a sub-Hermitian locally symmetric space and a moduli space for objects of S
with some additional structures (as polarization, level, endomorphism. . . ).

If (G1, X+
1 ) is a Shimura datum with G1 ⊂ G (as Q-algebraic groups)

inducing an inclusion X+
1 ⊂ X, we say that (G1, X+

1 ) is a sub-Shimura datum.
Γ1 = Γ ∩ G1(R)+ is an arithmetic lattice of G1. A special subvariety of S is
the image S 1 of Γ1\X+

1 for a sub-Shimura-datum (G1, X+
1 ).

For all x ∈ X+ the subgroup of G(R)+ fixing x is the product of Z(G)(R)∩
G(R)+ and a maximal compact subgroup Kx of G(R)+. If there exists a torus
TQ of GQ such that

x(S) ⊂ T (R)+ ⊂ Z(G)(R)+Kx

then (TQ, {x}) is a sub-Shimura datum. We say that x is a special point of X+

and its image in S is a special point of S . The set of special points of S is
obtained in this way.

The relation with the theory of complex multiplication is the following. A
CM-field is a totally imaginary extension of degree 2 of a totally real number
field. A simple Abelian variety A of dimension g is CM if the endomorphism
End A ⊗ Q of A is a CM field of dimension 2g. An Abelian A variety is said
to be CM if A is isogenous to a product of simple CM Abelian varieties. If
G = GS p(2g,Q) (as in Example 3.14) and x ∈ Hg. Then x(S) is contained
in the real points T (R)+ of a Q-torus TQ of GQ if and only if the image of
x in S = Ag,N corresponds to a CM Abelian variety. A similar description
in terms of endomorphism of Hodge structure exists for a general Shimura
variety. Therefore a special point is often called a CM point.
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With these definitions one can check that special points are dense in the
Zariski topology in any special variety (they are in fact dense in the analytic
topology). The existence of one CM point is given by the study of the space
TG of maximal tori of GQ. Suppose that G is semi-simple. It can be shown
that TG is a rational variety and that the locus of compact tori is open in the
usual topology. Any Q-rational point of TG which is in this open set will
define a CM point. Note that if x ∈ S is special then for all g ∈ G(Q), Tg.x
is a finite union of special points and the union of the Tg.x, for g ∈ G(Q) is
dense in the analytic topology of S .

A component of the intersection of special subvarieties is special (this
is not clear from the point of view of Hermitian locally symmetric spaces,
but from the moduli point of view the intersection is interpreted as the lo-
cus of points with the additional structures of all the subvarieties we are
intersecting).

A component of the image by a Hecke operator of a special variety is a
special variety.

EXAMPLE 3.17. The special subvarieties of S = SL(2,Z)\H are S and the
CM points corresponding to the CM elliptic curves studied in Section 2.3.

EXAMPLE 3.18. If S is a Shimura variety any Hecke correspondence Tq is
a special subvariety of the Shimura variety S × S .

EXAMPLE 3.19. The j-function induces an isomorphism S = SL(2,Z)\
H � C. The special subvarieties of C × C are

(i) S � C.

(ii) Couples of CM points .

(iii) Curves of the form {x} × C (or C × x) for some CM point x.

(iv) Modular correspondences Y0(N) = Γ0(N)\H associated to qN =

(
N 0
0 1

)
∈ GL(2,Q): Y0(N) is the image in C×C of the map

(
j(τ), j(Nτ)

)
. Y0(N)

is the (coarse) moduli space for triples (E, E′, α : E → E′) where α is a
cyclic isogeny of degree N.

EXAMPLE 3.20. For each totally real number field F of degree g the as-
sociated Hilbert modular varieties are special subvarieties of Siegel modular
varieties. This is clear from the “moduli interpretation” and the translation
in terms of Shimura data is for example explained in (Van der Geer, 1988,
Chap. 9.2). Any component of a Hecke translate of an Hilbert modular variety
is again an Hilbert modular variety associated to an order A of OF .
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The Conjecture 3.2 in this case was formulated by André for a curve in a
general Shimura variety and by Oort for subvarieties of arbitrary dimension
in Ag.

CONJECTURE 3.21 (André–Oort).

(a) An irreducible component of the Zariski closure of a set of CM points is
a special subvariety.

(b) Let Y be an algebraic subvariety of X. There exists special subvarieties
{Z1, . . . ,Zr} with Zi ⊂ Y such that if Z ⊂ Y is a special subvariety then

Z ⊂
r⋃

i=1

Zi.

A deep fact of the theory of Shimura varieties is that any Shimura variety
is “canonically” defined over a number field. In particular CM points are
defined over Q. One proof of this fact is given by Faltings (Faltings, 1984a)
using a rigidity argument. Another proof is an important achievement of the
work of several mathematicians. Let’s just mention among them Shimura,
Deligne, Borovoi, Milne, Shih (Milne and Shih, 1982). The fundamental fact
which is not given by Faltings’s approach is the knowledge of the field of
definition (the reflex field) of the Shimura variety which can be computed in
terms of the Shimura datum (G, X). Note that if you are allowed to use the
adeles (as in Deligne’s approach) then the Shimura variety

ShK(G, X) = G(Q)\X × G(A f )/K

(where K is a compact open subgroup of G(A f )), is canonically defined over
the reflex field. With our definition, a Shimura variety is a connected com-
ponent of ShK(G, X) and is defined over an Abelian extension of the reflex
field.

Moreover a special subvarieties Z of a Shimura variety is a Hermitian
locally symmetric space, therefore Z is endowed with a canonical probability
measure µZ such that Supp(µZ) = Z.

The set S(S ) of special subvarieties is therefore “strongly admissible”
(with the terminology of Section 3.1). The general equidistribution conjecture
can then be stated:

CONJECTURE 3.22. The subset Q(S ) of P(S ) is compact. If ∆Zn is a se-
quence of measure in Q(S ) weakly converging to µZ then for all n � 0,
Supp(µZn) ⊂ Supp(µZ).
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The evidence for this conjecture is limited. The only known case is the
theorem of Duke explained in Section 2.2.3: for S = SL(2,Z)\H, the Ga-
lois orbits of CM points are equidistributed. The case of a Shimura curve
associated to a quaternion algebra over Q is almost known by some work of
Zhang (Zhang, 2005). General results for equidistribution of the sequence of
probability measure associated to connected special subvarieties are obtained
using ergodic theory and will be described in section 4.3.

The ideas from the Arakelov theory (successful in the case of Abelian
varieties as described in Section 3.2) are not applicable here because for
any reasonable theory of height, the height of CM points is unbounded (see
(Colmez, 1998) for the case of CM elliptic curves).

3.3.1. Equidistribution of “Toric orbits” of CM points
No general strategy for general Shimura varieties is known for the Conjec-
ture 3.22. The ideas behind Duke’s proof of the case of CM elliptic curves
can be extended to the case of Hilbert modular varieties (Clozel and Ullmo,
2005a; Cohen, 2005) and (Venkatesh, 2005) or more generally for Shimura
varieties associated to quaternion algebra over a totally real number field
(Zhang, 2005). This extension unfortunately doesn’t lead to the equidistri-
bution of Galois orbits of CM points (and therefore to the André–Oort con-
jecture) but leads to the equidistribution of a bigger set: the Toric orbits of
CM points. Some attempts to obtain in some cases equidistribution of Ga-
lois orbits of CM points are given in (Venkatesh, 2005; Zhang, 2005). See
Section 4.2.2.

4. Equidistribution of Special Subvarieties

4.1. THE CASE OF ABELIAN VARIETIES

Let A = Γ\Cn be a complex Abelian variety. An Abelian subvariety B of A is
canonically endowed with a probability measure µB such that Supp(µB) = B.

Let P(A) be the set of Borel probability measures on A and

Q(A) = {µB, with B an Abelian subvariety of A}.

PROPOSITION 4.1. The set Q(A) is compact and if µBn is a sequence of
Q(A) weakly converging to µB then for all n � 0, Bn is an Abelian subvariety
of B.

A sequence Bn of Abelian subvarieties of A is said to be strict (relatively
to A) if for all proper Abelian subvariety B of A the set {n ∈ N | Bn ⊂ B} is
finite. For formal reasons the proposition is equivalent to
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PROPOSITION 4.2. Let Bn be a strict sequence of Abelian subvarieties of
A then µBn weakly converges to µA.

Let’s recall why the two propositions are equivalent: let Bn be a sequence
of Abelian subvarieties. Let E be the set of Abelian subvarieties of A con-
taining infinitely many Bn’s. Let A′ be a minimal element of E. Replacing Bn

by a subsequence we can suppose that Bn is a strict sequence of A′ and the
Proposition 4.2 implies that µBn is weakly converging to µA′ . The implication
“Proposition 4.1 implies Proposition 4.2” is simpler (and left as an exercise).

The proof will use only classical Fourier theory. The first step consists in
“forgetting the complex structures”:

4.1.1. The flat case
In this part we write G = Q

n, X = Z
n\Rn and π: R

n → the canonical
morphism. So X is just a C∞-variety but we define a set S(X) of special
subvarieties by

S(X) = {Z = π(H ⊗Q R) with H a Q-vector subspace of G}.

Every Z = π(H ⊗Q R) is canonically endowed with a probability measure
coming from the Lebesgue measure on H ⊗Q R.

In this situation we can formulate the analogue of Propositions 4.1 and
4.2. As in the previous part the 2 statements are equivalent

The purpose of this part is to prove the analogue of Proposition 4.2:

PROPOSITION 4.3. Let Zn be a strict sequence (relatively to the set of spe-
cial subvarieties) of special subvarieties of X then µZn weakly converges to
µX.

For x ∈ R
n we write x̄ for the class of x in Z

n\Rn. The set X∗ of complex
character of X is in bijection with Z

n: for all k = (k1, . . . , kn) ∈ Z
n the

associated character χk of X is defined by

χk(x̄1, . . . , x̄n) = exp

2iπ
n∑

j=1

k jx j

 .
Any character of X is obtained in this way.
If χ = χk1,...,kn for some (k1, . . . , kn) ∈ Z

n − {(0, . . . , 0)}, we write

Hχ = Hk1,...,kn

the Q-hyperplane of G defined by
n∑

j=1

k jx j = 0.
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Then Hχ = Hχ′ with χ = χk1,...,kn and χ′ = χk′1,...,k
′
n

if and only if there exists
α ∈ Q such that k′i = αki for all i.

Let
S χ = S k1,...,kn = π(Hk1,...,kn ⊗ R)

be the associated maximal special subvariety of X. All the maximal special
subvarieties are obtained in this way. We define also

S̃ χ = Hk1,...,kn ⊗ R.

LEMMA 4.4. Let S be a special subvariety of X and χ = χk1,...,kn a non-
trivial character of X. The restriction χS of χ on S is a character and χS = 1
if and only if S ⊂ S χ.

The character χ is trivial on S χ, therefore if S ⊂ S χ then χS = 1. If
χS = 1, S = π(S̃ ) for a R-subvector space of G(R) and x = (x1, . . . , xn) ∈ S̃
then for all t ∈ R, t

∑n
i=1 kixi ∈ Z. Therefore

∑n
i=1 kixi = 0 and π(x) ∈ S χ and

S ⊂ S χ.
We can now give a proof of Proposition 4.3. Let Tn be a strict sequence of

special subvarieties of X and µn the associated sequence of probability mea-
sure. Using Weyl’s criterion, we must show that for all non-trivial character
of X

lim
n→∞

∫
Tn

χ dµn = lim
n→∞

∫
Tn

χTn dµn = 0.

Fix a character χ. As Tn is a strict sequence, for all n big enough Tn is not
contained in S χ. By Lemma 4.4 χTn is a non-trivial character of Tn and

∫
Tn

χTn dµn = 0.

EXERCISE 4.5. Prove the following analogue of Proposition 4.1: let S n be
a sequence of special subvarieties of X = Z

n\Rn. Then there exists a special
subvariety S and a subsequence S nk such that µnk converges weakly to µS .
Moreover for all k � 0, S nk ⊂ S .

REMARK 4.6. We can replace Z
n by an arbitrary lattice Γ of R

n in the
previous statements. There exists a linear automorphism uΓ of R

n such that
uΓ(Zn) = Γ. Such an automorphism induces an isomorphism of C∞ varieties;

uΓ: Z
n\Rn → Γ\Rn.

The special subvarieties of Γ\Rn are just the images by uΓ of the special
subvarieties of Z

n\Rn.
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We can now give a proof of Proposition 4.2. Let A = Γ\Cn an Abelian
variety. Identifying C

n with R
2n and applying the previous remark we have a

notion of special subvarieties of A. (Warning: this notion is not the usual one
for Abelian varieties). With this notion, Abelian subvarieties of A are special
subvarieties but there exists much more special subvarieties corresponding
to non-complex subtori. (For example if A is a simple Abelian variety, there
exists no sub-Abelian varieties).

Let An be a sequence of Abelian subvarieties of A and µn the associated
sequence of probability measures. Then using Exercise 4.5, there exists a
special subvariety S of A and a subsequence µnk weakly converging to µS .
For all k big enough Ank ⊂ S . We therefore just need to prove that S is an
Abelian subvariety. The group generated by the Ank for k � 0 is generated by
finitely many Abelian subvarieties and is therefore an Abelian subvariety B.
So B ⊂ S , but the supports of the µnk for k � 0 are contained in B which is a
closed subvariety. As µnk → µS , we find that S = supp(µS ) ⊂ B and therefore
that S = B is an Abelian subvariety of A.

4.2. EQUIDISTRIBUTION OF ALGEBRAIC MEASURES

Let GQ be a connected algebraic group over Q and X∗(GQ) be the set of
rational characters of (GQ). We say that GQ is of type F if X∗(GQ) = {1}. Fix
a Z-structure GZ on GQ

(
for example the Zariski closure of GQ in GL(n,Z)

for a faithful representation of G in GL(n,Q)
)
. A subgroup Γ ⊂ G(Q)+ is said

to be an “arithmetic lattice” if Γ is commensurable with GZ(Z) (this doesn’t
depends of the choice of the Z-structure on GQ

)
.

Let G denote the real Lie group G = G(R)+ and let µG be the G-invariant
measure on X+ = Γ\G. Then the µG-volume of X+ is finite, hence the name
lattice, see (Platonov and Rapinchuk, 1994, Theorem 4.13, p. 213).

If HQ ⊂ GQ is a connected Q-algebraic subgroup of type F , then ΓH =

Γ ∩ H(R)+ is an arithmetic lattice of H = HQ(R)+ and

X+
H = Γ\ΓH(R)+ � ΓH\H(R)+

is a closed subset of X+ endowed with a canonical H-invariant probability
measure µH . Such a subset is said to be special in this section. A probability
measure on X+ is said to be “algebraic” (or homogeneous) if it is obtained in
this way.

Let P(X)+ be the set of probability measures on X+ endowed with the
weak star topology. Let Q(X+) be the subset of P(X+) consisting of the alge-
braic measures. There is a natural definition of strict sequence of Q-subgroups
of GQ: such a sequence Hn,Q is said to be strict if for all proper Q-subgroup
HQ the set



130 EMMANUEL ULLMO

{n ∈ N,Hn,Q ⊂ HQ}
is finite.

We’ll give some general examples of such strict sequence Hn,Q verifying
the following equidistribution property:

(E) The associated sequence of probability measures µn = µHn weakly
converges to µG.

The following example shows that the property (E) is not always verified:

EXAMPLE 4.7. Let GQ be the group SU(2). Therefore G = G(R)+ is com-
pact and any (arithmetic) lattice Γ is finite. Therefore we may assume that
Γ = {1} and X+ = G. Fix a Q-torus T0,Q of GQ, and a sequence gn ∈ G(Q)
converging to g ∈ G(R). Note that the canonical measure µT0 is just the nor-
malized Haar measure on T0(R)+ in this situation. Suppose that the sequence
Tn,Q = gnT0,Qg−1

n is strict (as an exercise prove that this is possible). Then µTn

is weakly convergent to the normalized Haar measure on gT 0(R)+g−1 � µG.

We proposed in (Clozel and Ullmo, 2005a, with Laurent Clozel) the fol-
lowing conjecture for which we don’t know any counter-example. The for-
mulation uses the adeles. One of the assignments of the organizers was to
“avoid the adeles like the plague”. So if you are afraid of contamination you
should avoid this part.

Let A be the ring of adeles of Q and A f the ring of finite adeles. Let
GQ be an algebraic group of type F . A congruence subgroup of G(Q) is an
arithmetic lattice Γ of G(R)+ of the form

Γ = G(Q)+ ∩ K

for an open compact subgroup K of G(A f ). Let Γ be a congruence subgroup
of G(Q) and X = Γ\G(R)+. Then X is a component of

S (G,K) = G(Q)+\G(R)+ × G(A f )/K

and the components of S (G,K) are indexed by the finite set G(Q)+\G(A f )/K
(which should be thought of as a class-group).

If HQ is a Q-subgroup of type F , then KH = H(A f ) ∩ H is an open
compact subgroup of H(A f ). Every irreducible component of

S (H,K) = S (H,KH) = H(Q)+\H(R)+ × H(A f )/KH

is endowed with a canonical probability measure. Let ΘX,H be the set of
components of S (H,KH) which are contained in X and let ha = |ΘX,H |. The
adelic probability measure µa,H associated to H is by definition:

µa,H =
1
ha

∑
γ∈ΘX,H

µγ
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where µγ is the canonical probability measure on the component Zγ of
S (H,KH) indexed by γ ∈ ΘX,H . The adelic equidistribution conjecture is then:

CONJECTURE 4.8. Let Hn be a strict sequence of Q-subgroups of GQ of
type F . Then the associated sequence of measures µa,Hn weakly converges to
µG.

In the Example 4.7 it can be shown that the cardinality of the class group
Tn(Q)+\Tn(A f )/K ∩ Tn(A f ) tends to ∞ as n tends to ∞.

4.2.1. Ergodic theory and property E
In this section we explain a general situation where the property E is verified.
We start by the following definition:

DEFINITION 4.9. A connected linear algebraic group over Q is said to be of
type H if its solvable radical is unipotent and if Hs = H/Ru(H) is an almost
direct product of Q-simple groups Hi such that Hi(R) is not compact.

THEOREM 4.10. Let GQ be a semi-simple group of type H , and Hn ⊂ GQ

be a strict sequence of subgroups of type H . Then the property (E) is verified
for the associated sequence of measure µn = µHn.

Let’s give some ideas of the proof of such a result. Let GQ be as in the
statement of the theorem and Γ ∈ G(Q)+ be an arithmetic lattice and X =

Γ\G(R)+.

DEFINITION 4.11. Let F ⊂ G(R)+ be a connected closed Lie subgroup.
We say that F is of type K if

(i) F ∩ Γ is a lattice in F. Therefore F ∩ Γ\F is a closed subset of Γ\G(R)+.
Let µF be the associated F-invariant probability measure.

(ii) The subgroup L(F) generated by the unipotent one parameter subgroup of
F acts ergodicaly on F∩Γ\F with respect to µF . By definition this means
that any L(F)-invariant measurable subset of F ∩ Γ\F is of µF-measure
0 or 1.

The relation between the class K and the class H is given by the follow-
ing lemma (see (Clozel and Ullmo, 2005a) for a proof).

LEMMA 4.12.

(a) If HQ is an algebraic Q-subgroup of type H then H(R)+ is a Lie subgroup
of type K .
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(b) If F is a closed Lie subgroup of type K , then there exists an algebraic
Q-subgroup FQ of type H such that F = F(R)+.

The algebraic group FQ associated to F in this last statement is the
“Mumford-Tate group of F”: FQ is the smallest Q-subgroup HQ of GQ such
that F ⊂ H(R)+.

A deep result of Ratner (Ratner, 1991a; Ratner, 1991b) (conjectured by
Raghunathan) implies that if L is a closed Lie subgroup of G(R)+ generated

Q of
L is of type H and the closure Γ\ΓL in the analytic topology of Γ\ΓL is
Γ\ΓF(R)+ � F(R)+ ∩ Γ\F(R)+.

Let P(X) be the set of Borel probability measure on X and Q(X) be the
subset of P(X) defined as

Q(X) = {µF , F ∈ K}.

As a consequence of the previously discussed work of Ratner, Mozes–
Shah (Mozes and Shah, 1995) proved the following (deep) analogue of Propo-
sition 4.1:

THEOREM 4.13 (Mozes-Shah). The set Q(X) is compact in the weak star
topology. If µn is a sequence of Q(X) weakly converging to µ, then µ ∈ Q(X)
and for all n big enough Supp(µn) ⊂ Supp(µ).

The proof of Theorem 4.10 is now straightforward. Let Hn,Q be a se-
quence of algebraic subgroups of GQ of type H and µn ∈ Q(X) be the
associated sequence. If µα is a subsequence converging to µ, then µ = µH

for a closed connected Lie subgroup of type K . Then H = HQ(R)+ for
an algebraic Q-subgroup of type H . For all α � 0, Supp(µα) ⊂ supp(µ),
therefore Lie

(
Hα(R)

) ⊂ Lie
(
H(R)

)
. Hence Hα(R)+ ⊂ H(R)+ and by the

definition of the Mumford–Tate group Hα,Q ⊂ HQ. As the sequence Hn,Q

is strict HQ = GQ and µ = µG.

4.2.2. Adelic equidistribution for PGL(2, F)
In view of the last section the property E may fail for sequences Hn,Q of
reductive non-semi-simple algebraic subgroups of GQ. The following state-
ment (Clozel and Ullmo, 2005a, Theorem 7.1) is an important case where the
property E may fail, but the adelic equidistribution conjecture 4.8 holds.

THEOREM 4.14. Let F be a number field and GQ = ResF/Q PGL(2, F). Let
OF be the ring of integers of F and dn be a sequence of square free elements
of OF. Then

T ′
n,Q =

{(
a b

dnb a

)
, a2 − dnb2 � 0

}

by one parameter unipotent subgroups then the Mumford-Tate group F
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is a torus of ResF/Q GL(2, F). Let Tn,Q be the image of T ′
n,Q in GQ. Let Γ be a

congruence subgroup of G(Q)+ and X = Γ\G(R)+. If the norm NF/Q(dn) of dn

tends to ∞, then the associated adelic measure µa,n = µa,Tn weakly converges
to µG.

We only give a description of the proof which is an extension of Duke’s
method for the equidistribution of CM points on SL(2,Z)\H discussed in
Section 2.2.3.

Let f be a parabolic form on X, π the associated automorphic represen-
tation. For d ∈ OF with d square free, we denote by Πd the base change
of π to Ed = F[

√
d]. Using a formula of Waldspurger (Waldspurger, 1985,

Proposition 7, p. 222), we obtain a relation between µa,d( f ) and L
(
Πd,

1
2

)
and

we show that for all ε > 0

|µa,d( f )| � |NF/Q(d)|(−1/4)+(θ/2)+ε, (21)

where θ denotes the “Selberg constant”
(
0 ≤ θ < 1

2

)
measuring the lack of

validity of the Selberg conjecture (predicting θ = 0). The Lindelöf hypothesis
combined with the Selberg conjecture would give:

|µa,d( f )| � |NF/Q(d)|−1/2+ε.

The same kind of results is obtained for Eisenstein series Eχ(g, s) asso-
ciated with a character χ of F∗\A∗

f using a result of Wielonski (Wielonsky,

1985): µa,d(Eχ
(
g, 1

2 + iσ)
)

is related to the special value of a L-function “à la
Tate” L

(
χNEd/F ,

1
2

)
.

There exists A > 0 such that for all ε > 0 and all σ ∈ R:∣∣∣∣µa,d

(
Eχ
(
g, 1

2 + iσ
))∣∣∣∣ � |NF/Q(d)|(−1/4)+ε|σ|A. (22)

The Lindelöf hypothesis for L
(
χ ◦ NE/F ,

1
2

)
would give

∣∣∣∣µa,d

(
Eχ
(
g, 1

2 + iσ
))∣∣∣∣ � |NF/Q(d)|(−1/2)+ε|σ|A.

Note that we don’t need a subconvexity result in the proof of the theorem.
The method of the proof leads to a conditional statement for the analogue
statement on the symmetric space. In this case we lose a power of NF/Q(d)

the bounds for |µa,d( f )| and
∣∣∣∣µa,d

(
Eχ
(
g, 1

2 + iσ
))∣∣∣∣ and we need a subconvexity

bound as in Duke’s theorem.
For example if F is totally real, and Tn is a sequence of tori such that

T (R) is compact this is the problem of equidistribution of toric orbits of
CM points on a Hilbert modular variety discussed briefly in Section 3.3.1.
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Venkatesh (Venkatesh, 2005) has a method which leads to unconditional re-
sults in this case.

Note that from the harmonical analysis point of view the situation is much
harder than in the case of Duke (say F = Q). Using equations (21) and
(22) you get a L2-convergence and you want to deduce from this a pointwise
convergence (see Section 2.3 for a detailed similar example). In Duke’s case
the continuous part of L2(SL(2,Z)\H, dµ0) is obtained using one Eisenstein
series. For a general number field you need to consider an infinite set of
Eisenstein series (essentially parametrised by the units of OF). You there-
fore need to understand the dependence in χ of the bounds given in the
equation (22).

4.3. EQUIDISTRIBUTION OF SPECIAL SUBVARIETIES OF SHIMURA
VARIETIES

The references for this part are (Clozel and Ullmo, 2005b; Ullmo, 2006).
Let S be a connected Shimura variety as defined in Section 3.3. Let Zn be

a sequence of special subvarieties of S . You can’t expect in general that the
associated sequence of probability measure µn = µZn weakly converges. For
example if xn is a sequence of CM points then µn is just the Dirac measure
supported at xn, such a sequence can converge to δx for a non-CM point or xn

may tend to ∞. Even for positive dimensional special subvarieties the same
problem may occur. Start with a special subvariety Z×Z′ of S for two special
varieties Z and Z′. If xn is a CM point of Z′ and Zn = Z × {xn} there is no
hope of proving the week convergence of µn. A special subvariety Z of S is
said to be NF (non-factor) if Z is not of the form Z1 × {x} with Z1 special and
x a CM point. The following theorem is obtained in (Ullmo, 2006) and is a
generalization of the main result of (Clozel and Ullmo, 2005b) obtained with
L. Clozel.

THEOREM 4.15. Let P(S ) be the set of Borel probability measure on S . Let
Q(S ) = {µZ | ZNF}. Then Q(S ) is compact and if µn is a sequence of Q(S )
converging to µ, then µ = µZ ∈ Q(S ) and for all n � 0, Zn ⊂ Z.

As usual, we get the following result in the direction of the André–Oort
conjecture .

THEOREM 4.16. Let Y ⊂ S be a subvariety of a Shimura variety S . Then
there exists a finite set {Z1, . . . ,Zr} of NF special subvarieties of Y such that
if Z is a special NF subvariety of Y then

Z ⊂
r⋃

i=1

Zi.
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Let’s recall how Theorems 4.15 implies 4.16. Let Zn be a sequence of
distinct NF special subvarieties of Y which are maximal among NF special
subvarieties of Y . By Theorem 4.15 we can suppose that the associated se-
quence of probability measure µn converges weakly to µZ for a NF special
subvariety of S . But as Y is closed supp(µZ) = Z ⊂ Y . For n big enough we
know that Zn ⊂ Z ⊂ Y .

Let’s give a sketch of the proof of the Theorem 4.15 (the reader should

group GQ such that the associated symmetric space D = G(R)+/K∞ is Her-
mitian and an arithmetic lattice Γ ∈ G(Q)+ such that S = Γ\D.

Let Ω = Γ\G(R)+. We defined in Section 4.1.1, a class H of algebraic
Q-subgroups of GQ and a compact subset Q(Ω) of the set P(Ω) of Borel
probability measure on Ω. A special subvariety Z of S is associated to a Q-
subgroup HQ such that Hder

Q
is of type H .

Let Zn be a sequence of special subvarieties and Hn,Q be the associated
sequence. Suppose for simplicity that HnQ is semi-simple (this is the case
considered in (Clozel and Ullmo, 2005b)), then HnQ is of type H Using the
results of Mozes and Shah (Theorem 4.13), we may assume that the associ-
ated sequence µn of Q(Ω) weakly converges to a measure µH ∈ Q(Ω) for an
algebraic Q-subgroup HQ of GQ of type H . For all n � 0 we know moreover
that Hn,Q ⊂ HQ. We then show that HQ is related to Shimura varieties: HQ

should be reductive (and in fact semi-simple in view of the Definition 4.9 of
type H) and the symmetric space associated to HR should be of Hermitian
type. (The formalism of Deligne (Deligne, 1971; Deligne, 1979) is used in
this part).

You need then to pass from this result on Ω = Γ\G(R)+ to a result on the
Shimura variety S = Γ\G(R)+/K∞. The main difficulty is the following: for
each point x ∈ D we have an associated maximal compact subgroup Kx of
G(R)+ and a morphism πx: Ω → S . Let Z be a special subvariety of S with as-
sociated canonical probability measure µZ . Let HQ an associated Q-subgroup
and µH as previously. To understand the relation between µZ and µH , you
must fix a maximal compact subgroup Kx of G(R)+ such that H(R)+ ∩ Kx is
a maximal compact subgroup of H(R)+. Then µZ = πx�µH . If you could fix a
x such that Kx ∩Hn(R)+ is a maximal compact subset of Hn(R)+ for all n ∈ N

then the result on Ω would directly imply the Theorem 4.16. To overcome
this difficulty (which is not serious if Γ is a cocompact lattice of G(R)+—i.e.
if GQ is Q-anisotropic), we use some results of Dani and Margulis on the
behavior of unipotent flows (Dani and Margulis, 1991).

compare with the proof of the Proposition 4.1). There exists a semi-simple
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ANALYTIC METHODS FOR THE DISTRIBUTION OF RATIONAL

POINTS ON ALGEBRAIC VARIETIES

D. R. Heath-Brown
Oxford University

1. Introduction to the Hardy–Littlewood Circle Method

The most important analytic method for handling equidistribution questions
about rational points on algebraic varieties is undoubtedly the Hardy–
Littlewood circle method. There are a number of good texts available on
the circle method, but the reader may particularly wish to study the books

an irreducible form F(X1, . . . , Xn) ∈ Z[X1, . . . , Xn] of degree d which
defines a hypersurface F = 0 in P

n−1. The fundamental questions will be:
are there any rational points on the hypersurface? If so,

in a suitable sense?  We shall address these issues by looking at integer
points on the affine cone. Thus to ask about equidistribution with

 respect to measures on P n−1(R), for example, we may take a small box

R :=
n∏

i=1

(κi, λi] ⊂ R
n,

in which
κiλi > 0, (1 ≤ i ≤ n),

and examine the asymptotic behaviour of

NR(B) := #{x ∈ Z
n ∩ BR: F(x) = 0}

as B → ∞. Here BR := {x: B−1x ∈ R}. If we were to take a number of small
boxes Ri, of equal volumes, and we discovered that NRi(B) were asymptot-
ically equal for each box, then we could say that the solutions of F(x) = 0
were equidistributed amongst the boxes. Of course only boxes containing
real solutions of F(x) = 0 can feature, and indeed one finds in practice that
points on the real locus F = 0 need to be appropriately weighted in order to
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(Davenport, 2005) and (Vaughan, 1997). In this lecture we shall consider

are they equidistr -i
buted
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achieve equidistribution. In other words what one attempts to establish is the
equidistribution of integer solutions to F(x) = 0, with respect to a suitable
measure, on the real locus F(x) = 0, and results on the behaviour of NR(B)
should be interpreted in this light.

Notice that the function NR(B) may count a given projective point several
times, with x being different scalar multiples of the same vector. However it
is usually a trivial matter to adjust for this. In suitable circumstances one finds
that

NR(B) ∼ c(R)Bn−d

as B → ∞, for a certain constant c(R), and the equidistribution problem then
becomes one of the behaviour of c(R) as the box R varies.

The second aspect of equidistribution which we shall consider concerns
the distribution of rational points within the p-adics, or more generally in the
adèles. For this it is sufficient to select any vector a ∈ Z

n and any modulus
m ∈ N such that

(m, a1, . . . , an) = 1,

and investigate the modified counting function

NR(B; m, a) := #{x ∈ Z
n ∩ BR: x ≡ a (mod m), F(x) = 0}.

If m is composed of high powers of sufficiently many primes, then the be-
haviour of NR(B; m, a) as both R and a vary is enough to describe completely
the adèlic distribution of rational points on F = 0. Indeed the relative size of
NR(B; m, a), as a varies, describes the equidistribution of rational points, or
lack of it, within the adèles.

Before proceeding further we should point out that although we have
taken the groundfield as Q above, it is quite possible to consider problems

(Wang,
1991) for the circle method in this context.

Just what asymptotic behaviour should we expect for NR(B)? Since F
is a form of degree d, we will have F(x) = O(Bd) for x ∈ BR. Hence the
‘probability’ that a particular integer value of F(x) vanishes should be around
B−d. The number of integer vectors x in the region BR is of order Bn, so one
might suppose that NR(B) is likely to be of order precisely Bn−d. Of course
this can only be meaningful when n > d. Moreover it can happen that the
region BR does not even contain a real solution x ∈ R

n of the equation F(x) =

0. None the less we can state the following guiding principle.

HEURISTIC PRINCIPLE. When n > d we have

Bn−d � NR(B) � Bn−d

unless there is a reason why not!

over an arbitrary number field. The reader is referred to the book 
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We should perhaps explain here how the Vinogradov � notation is used.
The statement f � g means that there exists a positive “constant” c, such
that | f | ≤ cg for all values under consideration. It follows that the statement
0 � g is somewhat uninformative, holding for any non-negative g! When we
say that c is “constant” we mean that it does not depend on any variable, but
may depend on parameters which are regarded as fixed. Thus, in our heuristic
principle the implied constants are independent of B, but might depend on
F,R, n and d.

The starting point for the Hardy–Littlewood circle method is the generat-
ing function

S (α; BR) = S (α) :=
∑

x∈Zn∩BR
exp{2πiαF(x)},

in which we take α to be a real variable, usually on [0, 1]. The function
exp{2πiα} occurs so frequently that we introduce the standard notation e(α) :=
exp{2πiα}. Thus we may think of e(.) as being a character on R

+/Z+. We now
have the key fact that if n ∈ Z then

∫ 1

0
e(αn) dα =

{
1, n = 0,
0, n � 0.

(1)

Applying this to the generating function S (α) produces the formula

NR(B) =

∫ 1

0
S (α) dα. (2)

We may of course replace the range of integration by any interval of length 1.
What should we expect about the size of S (α)? Let us suppose that the

intervals [κi, λi] defining R satisfy −1 ≤ κi < λi ≤ 1. This can always be
achieved by re-scaling. Moreover let us set

V(R) :=
n∏

i=1

(λi − κi). (3)

Then if we write N(B) for the number of integer vectors in BR we see that

N(B) = {V(R) + o(1)}Bn.

Now if 0 < α < 1 we might expect the numbers e
(
αF(x)

)
to be randomly

scattered around the unit circle. Indeed if they are sufficiently random we
might expect, from the central limit theorem, that S (α) should have a normal
distribution in some sense. This leads us to expect that S (α) should usually be
of order not much more than Bn/2. In other words, we expect that the terms in
S (α) cancel to exactly the extent predicted by crude probabilistic arguments.
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In contrast, when α is near to 0 (or to 1) we certainly can not expect such
cancellation. To make this precise, let us write ‖F‖ for the sum of the moduli
of the coefficients of F, so that |F(x)| ≤ ‖F‖Bd for x ∈ BR. Then if

α ∈ J := [−(8‖F‖Bd)−1, (8‖F‖Bd)−1],

say, we find that |αF(x)| ≤ 1
8 for x ∈ BR. Thus

1
√

2
= cos

(
π

4

)
≤ 
{

e
(
αF(x)

)} ≤ 1,

and hence
1
√

2
N(B) ≤ 
{S (α)} ≤ N(B).

Thus if we write

NR(B;J) =

∫
J

S (α) dα

for that part of the integral (2) in which α is suitably small, we find that

{c1 + o(1)}Bn−d ≤ NR(B;J) ≤ {c2 + o(1)}Bn−d, (4)

with c1 = V(R)/(4‖F‖
√

2) and c2 = V(R)/(4‖F‖).
The precise values of c1 and c2 are unimportant, but there are several

significant observations to be made. Firstly we see that the integration for
α near 0 produces a term which is of exactly the order Bn−d we previously
predicted heuristically. Conversely, if NR(B) does not behave as the naive
heuristics predict, so that it is not of exact order Bn−d, then the circle method
is almost certainly doomed to fail. Thirdly, in an ideal world we may hope that
the range in which α is not close to the endpoints of the interval [0, 1] will
only make a contribution of order about Bn/2. Of course, this will be smaller
than the expected main term when n > 2d. Thus we might hope to prove
that NR(B) is of order Bn−d, provided that n > 2d. The final point is more
technical, and is a converse to the third. In view of the central limit theorem
we expect that |S (α)| is usually exactly of order Bn/2. Thus we cannot hope
to prove results for the case n ≤ 2d unless there is demonstrable cancellation
in the values of S (α) as we average over α.

In any event, the basic message is that the method can only work, in its
simplest form, if the number of variables exceeds 2d. Moreover, in order to
succeed we must prove that the sum S (α) cancels in the way that the central
limit theorem predicts.

It is now time to admit that our initial distinction between values α near
0 or 1, and values in the remainder of the range was far too simple. It is quite
possible that the coefficients of F are all even, for example, in which case
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we will have the same behaviour around α = 1
2 as we previously saw near

α = 0. More generally, it will often be the case that the values of F(x) are
not uniformly distributed to some particular modulus q, in which case S (α)
may be large when α is close to a fraction of the form a/q. To make this more
precise, we define

S q(a) :=
∑

x (mod q)

e

(
a
q

F(x)

)
,

where the summation condition means that x runs over Z
n/qZ

n, or more
concretely that x runs over integer vectors for which

0 ≤ xi ≤ q − 1, (1 ≤ i ≤ n).

Clearly e(aF(x)/q) = e(aF(y)/q) whenever x ≡ y (mod q), so that

S

(
a
q

)
=
∑

x (mod q)

e

(
a
q

F(x)

)
#{y ∈ BR: y ≡ x (mod q)}.

Moreover

#{y ∈ (Ba, Bb]: y ≡ x (mod q)} = (b − a)
B
q

+ O(1),

whence

#{y ∈ BR: y ≡ x (mod q)} = V(R)
Bn

qn + O(Bn−1),

with V(R) given by (3). It follows that

S

(
a
q

)
=

∑
x (mod q)

e

(
a
q

F(x)

)
V(R)

Bn

qn +
∑

x (mod q)

O(Bn−1)

= V(R)
Bn

qn S q(a) + O(qnBn−1).

Thus, for any fixed fraction a/q, we see that if S q(a) is non-zero, then S (a/q)
will be of exact order Bn. Hence indeed S (α) will also be of exact order Bn

when α is close to a/q.
It follows, via the analysis which led to (4), that values of α which are

close to any fraction of small denominator may make contributions of the
size predicted by our original heuristic argument. Thus it is appropriate to
split the range [0, 1] into two subsets, the “major arcs” in which α is close to
a rational number with small denominator, in some precisely defined sense,
and the remaining set, known as the “minor arcs.” This terminology stems
from the original formulation of the circle method, in which one integrated
around a circle in the complex plane, instead of using the interval [0, 1].
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The reader will observe that everything we have described carries over
immediately to NR(B; m, a). All that is necessary is to work with the modified
generating function

S (α; BR; m, a) :=
∑

x∈Z
n∩BR

x≡a (mod q)

exp{2πiαF(x)}.

Having summarised the key features of the circle method we complete
this lecture with a review of results. Statements in the literature are formu-
lated in a variety of different ways. For example, some authors work only
with R = [−1, 1]n; most do not consider the condition x ≡ a (mod m); and
sometimes one is content with establishing the existence of solutions rather
than deriving an asymptotic formula for NR(B). Thus the references we shall
give will usually not contain the precise assertions we present below.

We begin with the case d = 2, so that F is a quadratic form. Here one has
the following basic result, which we shall prove in the next two lectures.

THEOREM 1.1. Let F be a diagonal quadratic form. If n ≥ 5 there is a
constant c = c(R; m, a) such that

NR(B; m, a) = cBn−2 + o(Bn−2)

as B → ∞.

We shall see a full interpretation of the constant c in the next lecture, but we

that F(x) never vanishes.
Notice that the condition n ≥ 5 corresponds to the inequality n > 2d

which we encountered earlier. In fact one can do a little better for quadratics,
1996)), and

show that

NR(B; m, a) = cB2 + o(B2)

when n = 4 and the determinant of the quadratic form is not a square.
However if the determinant is a square one gets a different behaviour

NR(B; m, a) = cB2 log B + o(B2 log B).

One can even handle forms with n = 3, in which case one has

NR(B; m, a) = cB log B + o(B log B).

should say at once that c = 0 if and only if the local conditions on x imply

using a special variant of the circle method (see (Heath-Brown,
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We now turn to forms of degree 3. If F(x) is an “additive” or “diagonal”
form, of the shape

F(x) = c1x3
1 + · · · + cnx3

n,

the analysis can be pushed rather further than in the general case, and one has

NR(B; m, a) = cBn−3 + o(Bn−3)

as soon as n ≥ 8. This follows from the methods of Vaughan (Vaughan, 1986).
In this case we are not yet able to handle values of n as small as n = 2d + 1.

For non-diagonal cubic forms things are harder, but Hooley (Hooley,
1994) has shown essentially that

NR(B; m, a) = cBn−3 + o(Bn−3)

for n ≥ 9, providing that F is non-singular. Finally, for arbitrary cubic forms
our basic heuristic may fail completely, as the example

F(X1, . . . , Xn) = X3
1 + X2(X2

3 + · · · + X2
n)

shows. Here one has F(x) = 0 whenever x1 = x2 = 0. Thus one has NR(B) �
Bn−2 for suitable regions R.

For general degrees the diagonal case is again easier. Here one can show

NR(B; m, a) = cBn−d + o(Bn−d)

for n ≥ n1(d) with a value of n1(d) such that

n1(d) ∼ d2 log d

can
establish the same asymptotic relation for NR(B; m, a) by the method of
(Birch, 1962), under the condition n ≥ n2(d), where n2(d) = 1 + (d −1)2d.

The overall picture is thus that the circle method only works if the number
of variables is sufficiently large in terms of the degree, where “sufficiently
large” refers to a function which tends to infinity with d. None the less, where
the method does work it provides a complete answer to the equidistribution
question. For singular varieties the heuristic formula may fail altogether.

We end this lecture by remarking that the techniques described here can
be extended to varieties defined by the vanishing of a system of forms F1(x) =

· · · = Fk(x) = 0. All that is necessary is to define a multi-variable generating
function

S (α1, . . . , αk) :=
∑

x∈Zn∩BR
exp

{
2πi

(
α1F1(x) + · · · + αkFk(x)

)}
,

by the method of (Ford, 1995). For general non-singular forms one
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and integrate over [0, 1]k. Examples of results which can be proved in this
way may be found in (Davenport and

2. Major Arcs and Local Factors in the Hardy–Littlewood
Circle Method

In this lecture we shall work with the integral

NR(B; m, a) =

∫ 1

0
S (α; BR; m, a) dα (5)

analogous to (2), and consider the contribution coming from α in the “ma-
jor arcs.” For the time being we shall merely assume that F(X1, . . . , Xn) ∈
Z[X1, . . . , Xn] is a form of degree d in n variables. Later we shall have to
impose further restrictions on F and d.

Clearly it is time to be more specific about what we mean by the “major
arcs.” We shall use a small positive parameter δ < 1

3 , independent of B, which
we shall specify later, see (11). It will be convenient to write Q := Bδ. For
each positive integer q ≤ Q, and each non-negative integer a < q such that
(a, q) = 1, we proceed to define the interval

I(a, q) :=

[
a
q
− Q

Bd
,

a
q

+
Q

Bd

]
.

We now observe that these various intervals are disjoint providing that B is
large enough, as we henceforth assume. For if a/q � a′/q′ then∣∣∣∣∣aq − a′

q′

∣∣∣∣∣ ≥ 1
qq′

≥ 1
Q2

> 2
Q

Bd
.

With this in mind we define the set of “major arcs” as

M =
⋃
q≤Q

⋃
0≤a<q
(a,q)=1

I(a, q).

Strictly speaking we do not have M ⊆ [0, 1] since the left endpoint of I(0, 1)
is negative. Thus we will replace the range of integration in (5) by the interval
[−Q/Bd, 1− Q/Bd] to avoid this problem. We then define the “minor arcs” to
be the set

m =

[
− Q

Bd
, 1 − Q

Bd

]
\ M.

It should be pointed out at this stage that there is considerable flexibility in
choosing the major arc set, and for other applications a rather different choice

Lewis, 1969),  and in  (Birch, 1962) for
 general forms.
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may be appropriate. Indeed in some cases one chooses the major arcs so as
to comprise the entire interval [0, 1]. The key points to note about our choice
(indeed any choice) for the set M, are firstly that the intervals I(a, q) are
longer than B−d by a factor which tends to infinity; and secondly that one
uses all denominators up to a bound Q which also tends to infinity. The reader
will note that the description given in the first lecture fits neither of these
conditions!

We now face the crucial task of approximating S (α) = S (α; BR; m, a) on
the various intervals I(a, q). We will certainly need more precise estimates
than we obtained in the first lecture. It will be convenient to put θ = α − a/q.
Then if y ≡ x (mod q) we have

e
(
αF(y)

)
= e

(
a
q

F(y)

)
e
(
θF(y)

)
= e

(
a
q

F(x)

)
e
(
θF(y)

)
.

In fact we also have the congruence condition x ≡ a (mod m) to contend with.
The reader may prefer to take m = 1 in what follows, but we shall give the
details for the general case. We have

S (α; BR; m, a) =
∑

x (mod mq)
x≡a (mod m)

∑
y∈BR

y≡x (mod mq)

e
(
αF(y)

)

=
∑

x (mod mq)
x≡a (mod m)

e

(
a
q

F(x)

) ∑
y∈BR

y≡x (mod mq)

e
(
θF(y)

)
. (6)

(Here, and elsewhere in these notes, we shall follow the convention that
summations are over integers, and integer vectors, without explicitly writing
y ∈ Z

n ∩ BR, for example.) The inner sum above contains an exponential in
which θF(y) is relatively small, of order Q = Bδ, and smoothly varying. We
can therefore hope to approximate the sum fairly well by the corresponding
integral.

In fact we have∑
y∈BR

y≡x (mod mq)

e
(
θF(y)

)
= (mq)−nI(B; θ) + O(Bn−1+2δ), (7)

where

I(B; θ) :=
∫

BR
e
(
θF(z)

)
dz1 · · · dzn. (8)

We should stress at this point that, in writing the above error term, we have
taken the form F and the box R, along with m, a and the parameter δ, to be



148 D. R. HEATH-BROWN

fixed. Thus the error term is of the shape ρBn−1+2δ, where ρ is bounded in
terms of B, but not necessarily as a function of F,R,m, a and δ. This remark
will apply to all the error terms we shall meet henceforth.

The proof of (7) is somewhat technical, and might reasonably be skipped
on a first reading. All that is important is the form of the main term, and the
fact that the error term contains an exponent which is strictly less than n.
However we present below the necessary argument.

For each relevant integer point y we define

C(y) = {z ∈ R
n: yi < zi ≤ yi + mq, for 1 ≤ i ≤ n}.

Then if z ∈ C(y) we have F(z)−F(y) = O(qBd−1), since |zi−yi| ≤ mq ≤ mQ ≤
mB for each index i, and m is regarded as fixed. It follows that θ

(
F(z)− F(y)

)
= O(QB−d.qBd−1) = O(Q2B−1), whence e

(
θF(z) − θF(y)

)
= 1 + O(Q2B−1)

and thus
e
(
θF(z)

)
= e

(
θF(y)

)
+ O(B−1+2δ).

If we integrate over C(y) we may then deduce that
∫
C(y)

e
(
θF(z)

)
dz1 · · · dzn = (mq)ne

(
θF(y)

)
+ O((mq)nB−1+2δ),

so that

e
(
θF(y)

)
= (mq)−n

∫
C(y)

e
(
θF(z)

)
dz1 · · · dzn + O(B−1+2δ).

We have constructed the cubes C(y) so as to be disjoint. Moreover the box
BR contains O(Bn) integer points y. Hence, when we sum over the various
values of y we find that

∑
y∈BR

y≡x (mod mq)

e
(
θF(y)

)
= (mq)−n

∫
C

e
(
θF(z)

)
dz1 · · · dzn + O(Bn−1+2δ),

where C is the union of the cubes C(y). If we have a point z which belongs
to one of BR or C but not to the other, then z must lie at a distance at most
O(mq) = O(q) from the boundary of BR. Since q ≤ B it follows that

∫
C

e
(
θF(z)

)
dz1 · · · dzn =

∫
BR

e
(
θF(z)

)
dz1 · · · dzn + O(qBn−1).

On comparing our various estimates we therefore derive the required approx-
imation (7).
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We now return to the main thread of the argument by inserting (7) into (6)
to deduce that

S (α; BR; m, a) =
S q(a; m, a)

(mq)n I(B; θ) + O(qnBn−1+2δ),

where we have defined

S q(a; m, a) :=
∑

x mod(mq)
x≡a (mod m)

e

(
a
q

F(x)

)
.

We proceed to integrate over I(a, q), producing∫
I(a,q)

S (α; BR; m, a) dα =
S q(a; m, a)

(mq)n J(B) + O(Qn+1Bn−d−1+2δ)

with

J(B) :=
∫ QB−d

−QB−d
I(B, θ) dθ. (9)

We can then sum for a coprime to q and for q ≤ Q to yield∫
M

S (α; BR; m, a) dα = S (Q)J(B) + O(Qn+3Bn−d−1+2δ)

= S (Q)J(B) + O(Bn−d−1+(n+5)δ), (10)

where

S (Q) :=
∑
q≤Q

∑
0≤a<q
(a,q)=1

S q(a; m, a)

(mq)n .

The error term here is o(Bn−d), which is satisfactory for Theorem 1.1, provid-
ing that we choose

δ =
1

n + 6
, (11)

as we shall indeed do.
Thus to complete the treatment of the major arcs we need to say more

about the sum S (Q) and the integral J(B). We begin with the latter. By sub-
stituting z = Bw in (8) and θ = B−dφ in (9) we find that

J(B) = Bn−d
∫ Q

−Q

{∫
R

e
(
φF(w)

)
dw1 · · · dwn

}
dφ.

We now impose an additional technical requirement on the form F, namely
that

F1(w1, . . . ,wn) > 0 ∀w ∈ R, (12)
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where

F1(w1, . . . ,wn) :=
∂F(w1, . . . ,wn)

∂w1
.

(With a little more effort one can analyse J(B) satisfactorily under the more
natural assumption that F is non-singular in R.) We can then solve the equa-
tion u = F(w1, . . . ,wn) for w1, using the Implicit Function Theorem. This
produces a function w1 = f (u,w2, . . . ,wn), say. We proceed to define

g(u) :=
∫

dw2 · · · dwn

F1( f (u,w2, . . . ,wn),w2, . . . ,wn)
,

where the integration is subject to (w1, . . . ,wn) ∈ R. The function g is con-
tinuously differentiable, and has compact support. (The first of these two
assertions requires more than a moment’s thought.) With these definitions
we have ∫

R
e
(
φF(w)

)
dw1 · · · dwn =

∫ ∞

−∞
e(φu)g(u) du = ĝ(−φ),

where ĝ denotes the Fourier transform. It then follows that

lim
B→∞

∫ Bδ

−Bδ

{∫
R

e
(
φF(w)

)
dw1 · · · dwn

}
dφ = lim

T→∞

∫ T

−T
ĝ(−φ) dφ = g(0),

whence
J(B) ∼ Bn−dc∞ (B → ∞) (13)

where c∞ is the so called “singular integral,” given by

c∞ := g(0) =

∫
w∈R,F(w)=0

dw2 · · · dwn

F1(w1, . . . ,wn)
,

with a certain amount of abuse of notation. The singular integral is to be
regarded as the density of real points of F = 0 in the box R. In fact one can
show, subject only to the condition that F is non-singular in R, that

c∞ = lim
ε↓0

1
2ε

Meas{w ∈ R: |F(w)| < ε}.

We end our discussion of J(B) by remarking that (13) shows in particular that
J(B) = O(Bn−d).

We turn now to the sum S (Q). Just as J(B) reflects the behaviour of
F with respect to the real valuation |.|∞, we shall see that S (Q) contains
the corresponding p-adic information. Our treatment will require the follow-
ing lemma, which we will use to separate out the factors corresponding to
individual primes.
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LEMMA 2.1. Let q = rs and m = jk, with r j coprime to sk. Choose integers
r̄ and s̄ such that rr̄ ≡ 1 (mod sk) and ss̄ ≡ 1 (mod r j). Then

S q(a; m, a) = S r(as̄; j, a)S s(ar̄; k, a).

For the purposes of the proof we choose integers ̄ and k̄ with j ̄ ≡ 1 (mod sk)
and kk̄ ≡ 1 (mod r j). One can then verify that if u runs over vectors modulo
r j with u ≡ a (mod j), and v runs over vectors modulo sk with v ≡ a (mod k),
then

w := sks̄k̄u + r j r̄ ̄v

runs over vectors modulo qm with w ≡ a (mod m). Moreover we have

F(w) ≡ (sks̄k̄)dF(u) + (r j r̄ ̄)dF(v) ≡ ss̄F(u) + rr̄F(v) (mod q),

whence

e

(
a
q

F(w)

)
= e

(as̄
r

F(u)
)

e
(ar̄

s
F(v)

)
.

The lemma then follows on summing over u and v.
We now examine the sum

S (q,m, a) :=
∑

0≤a<q
(a,q)=1

S q(a; m, a)

occurring in the definition of S (Q). With the above notation we note that
if b and c run over distinct residue classes coprime to r and s respectively,
then a = sb + rc will run over distinct residue classes coprime to rs. Then
Lemma 2.1 implies that

S (q,m, a) =
∑

0≤b<r
(b,r)=1

∑
s0≤c<s
(c,s)=1

S q(sb + rc; m, a)

=
∑

0≤b<r
(b,r)=1

∑
0≤c<s
(c,s)=1

S r
(
(sb + rc)s̄; j, a

)
S s
(
(sb + rc)r̄; k, a

)

=
∑

0≤b<r
(b,r)=1

∑
0≤c<s
(c,s)=1

S r(b; j, a)S s(c; k, a)

= S (r, j, a)S (s, k, a).

It follows that if q =
∏

pe and m =
∏

p f then we have

S (q,m, a) =
∏

p

S (pe, p f , a). (14)
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Thus we can think of S (Q) as being a partial sum corresponding to an Euler
product. In what follows we shall follow the above notation, writing f =

νp(m) for each prime p, for example.
Our next goal will be to replace S (Q) by the corresponding infinite sum.

This will require estimates for the size of S (q,m, a) which may be derived by
the methods in the next lecture. Thus, for the time being we content ourselves
with working on the following hypothesis.

HYPOTHESIS. There is a real number η > 0, depending only on n and d,
such that

S q(a; m, a) � qn−2−η

whenever a and q are coprime.

We should remark that if q is prime, and if F is non-singular modulo q,
then one has

S q(a; m, a) � qn/2,

by Deligne’s Riemann Hypothesis for varieties over finite fields (Deligne,
1980). When n ≥ 5 this result yields good information for composite moduli
q which have no square factor, by Lemma 2.1. However there are serious
problems in extending such estimates to prime powers.

Under the hypothesis above we see that S (q,m, a) � qn−1−η, so that

∞∑
q=1

q−nS (q,m, a) (15)

is absolutely convergent. It then follows from (14) that

∞∑
q=1

q−nS (q,m, a) =
∏

p

cp,

where

cp :=
∞∑

e=0

p−enS (pe, p f , a)

with f = νp(m). Indeed we will have
∑
q>Q

q−n|S (q,m, a)| � Q−η,

whence
S (Q) = m−n

∏
p

cp + O(Q−η).
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We can now combine this with (10) and (13) to conclude that∫
M

S (α; BR; m, a) dα ∼ Bn−dm−nc∞
∏

p

cp (B → ∞), (16)

subject to the hypothesis above on the size of S q(a; m, a), and on our previous
assumption (12).

The sum (15) is known as the “singular series.” The original formulation
of the circle method used a function of a complex variable integrated around
a circle, and there was a singularity at each point e(a/q) with q ≤ Q. Thus the
series arose from the contributions of these various singularities.

We close this lecture by giving an important interpretation of the factors
cp, which depends on the following lemma.

LEMMA 2.2. Define

N(pe, p f , a) := #{x (mod pe+ f ): x ≡ a (mod p f ), pe|F(x)}.

Then
S (pe, p f , a) = peN(pe, p f , a) − pn+e−1N(pe−1, p f , a)

for e ≥ 1.

By definition we have

S (pe, p f , a) =

pe−1∑
a=0

S pe(a; p f , a) −
pe−1−1∑

a=0

S pe(ap; p f , a).

Moreover we have

S pe(ap; p f , a) = pnS pe−1 (a; p f , a),

since

e

(
ap
pe F(x)

)
= e

(
a

pe−1
F(y)

)

for every x such that x ≡ y (mod pe+ f−1). For the proof of the lemma it now
suffices to observe that

N(pe, p f , a) =

pe−1∑
a=0

S pe(a, p f , a),

since
q∑

a=0

e

(
a
q

w

)
=

{
q, q | w,
0, q � w.
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We proceed to consider the behaviour of N(pe, p f , a) as e tends to infinity.
An induction argument based on Lemma 2.2 shows that

E∑
e=0

p−enS (pe, p f , a) = p−E(n−1)N(pE , p f , a)

for every E ≥ 0, whence

cp = lim
e→∞

p−e(n−1)N(pe, p f , a).

We may therefore think of cp as being the density of points on F = 0 in
A

n(Zp), subject to the condition x ≡ a (mod m). Thus the product c∞
∏

p cp

in (16) can be interpreted as a product of local densities, one for each place
of Q. It can be shown that cp > 0 if and only if the variety F = 0 has a
non-singular p-adic point x with x ≡ a (mod m).

Now, suppose that the circle method succeeds in showing that

NR(B; m, a) ∼ Bn−dm−nc∞
∏

p

cp (B → ∞)

for every a and m. We can then show that the rational points on F = 0 are
dense in the adèlic points, providing that the non-singular adèlic points are
dense in the set of all adèlic solutions of F = 0. To see this, let N be an adèlic
neighbourhood containing a point on F = 0. According to our assumption,
N will contain a non-singular adèlic point a = (a∞, a2, a3, . . .) on F = 0. It
follows that there exists ε > 0 and p0 such that N contains the set of all adèles
(b∞,b2,b3, . . .) satisfying |b∞ − a∞| < ε and |bp − ap| < ε for p ≤ p0. Thus if
x ∈ Z

n we will have B−1x ∈ N providing that x ∈ BR and x ≡ Ba (mod m),
for a suitable box R and modulus m. Since a is non-singular, the circle method
provides an asymptotic formula for the number of relevant rational points of
the form B−1x, in which the constant c∞

∏
p cp is strictly positive. The claim

then follows.

3. The Minor Arcs in the Hardy–Littlewood Circle Method

In this third lecture we shall consider the minor arc integral∫
m

S (α; BR; m, a) dα.

Our primary goal is to show that this is o(Bn−d). However we also have a
secondary goal, which is to establish the hypothesis used in the previous
lecture to establish the convergence of the singular series. Up to now we have
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needed only mild conditions on the form F and its degree d, but unfortunately
we shall now impose rather severe restrictions.

We shall begin by assuming that F is a diagonal form, so that it is of the
shape

F(x) = c1xd
1 + · · · + cnxd

n

for certain non-zero integer coefficients c j. Under this assumption the gener-
ating function factorizes as

S (α; BR; m, a) =

n∏
j=1

S j(α; B; m, a j), (17)

where
S j(α; B; m, a j) :=

∑
x∈Z∩[Bκ j,Bλ j]
x≡a j (mod m)

e(αc jx
d).

For this factorisation to take place it is important that R is a box, as well as
having F diagonal.

We are now able to consider a one-variable exponential sum, rather than
an n-variable sum, and this produces a considerable simplification. We begin
by using Hölder’s inequality to show that∣∣∣∣∣
∫

m

S (α; BR; m, a) dα
∣∣∣∣∣

≤
∫

m

n∏
j=1

|S j(α; B; m, a j)| dα

≤ sup
α∈m

∏
j≤n−4

|S j(α; B; m, a j)|
∫

m

n∏
j=n−3

|S j(α; B; m, a j)| dα

≤ sup
α∈m

max
j≤n−4

|S j(α; B; m, a j)|n−4


n∏

j=n−3

∫
m

|S j(α; B; m, a j)|4 dα


1/4

≤ sup
α∈m

max
j≤n−4

|S j(α; B; m, a j)|n−4 max
n−3≤ j≤n

∫
m

|S j(α; B; m, a j)|4 dα

≤ sup
α∈m

max
j≤n−4

|S j(α; B; m, a j)|n−4 max
n−3≤ j≤n

∫ 1

0
|S j(α; B; m, a j)|4 dα.

It therefore follows that there are indices j and k for which∣∣∣∣∣
∫

m

S (α; BR; m, a) dα
∣∣∣∣∣ ≤ sup

α∈m
|S j(α; B; m, a j)|n−4

∫ 1

0
|S k(α; B; m, ak)|4 dα.

(18)
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We first examine the integral. We have

|S k(α; B; m, ak)|4 =
∑

x1,x2,x3,x4

e
(
αc j(xd

1 + xd
2 − xd

3 + xd
4)
)
,

where the variables are subject to xi ∈ [Bκk, Bλk] and xi ≡ ak (mod m). On
applying (1) we therefore find that

∫ 1

0
|S k(α; B; m, ak)|4 dα = #{(x1, x2, x3, x4): xd

1 + xd
2 = xd

3 + xd
4}, (19)

with the same constraints on the variables xi as before. Since −1 ≤ κk < λk ≤
1 we deduce that∫ 1

0
|S k(α; B; m, ak)|4dα ≤ #{(x1, x2, x3, x4) ∈ Z

4∩[−B, B]4: xd
1+xd

2 = xd
3+xd

4}.

We can estimate this quantity relatively easily, using the following well-
known bound.

LEMMA 3.1. For any ε > 0 there is a constant c(ε) such that

#{m ∈ N: m | N} ≤ c(ε)Nε

for every positive integer N.

When xd
1 > xd

3 we apply this to N = xd
1 − xd

3, observing that m = |x2 − x4| will
be a positive integer divisor of N. Moreover we may note that the values of
N = xd

4 − xd
2 and x4 − x2 determine at most d − 1 possible values of x2 and

x4. It follows that each pair x1, x3 with xd
1 > xd

3 leads to O(Bdε) quadruples
(x1, x2, x3, x4). The case xd

1 < xd
3 is of course similar, so that there are a total

of O(B2+dε) solutions with xd
1 � xd

3. Finally we observe that if xd
1 = xd

3 then
xd

2 = xd
4. Thus we get O(B2) solutions in total this way. It therefore follows

that ∫ 1

0
|S k(α; B; m, ak)|4 dα � B2+dε (20)

for any fixed ε > 0. One of the remarkable aspects of the circle method is
the way in which the proof of the asymptotic behaviour of NR(B) is made to
depend on the behaviour of the counting function for a completely different
variety, namely xd

1 + xd
2 = xd

3 + xd
4. Indeed for this latter variety a crude upper

bound is sufficient.
It remains to bound an individual value of S j(α; B; m, a j), so as to deal

with the supremum on the right hand-side of (18). Here we shall handle only
the case d = 2. Thus for the rest of this lecture we shall assume that d = 2,
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with the specific goal of proving Theorem 1.1. The procedure we use dates
back to the work of Weyl (Weyl, 1916). We shall give an exposition here that
is specific to our situation. For convenience of notation we put

β := αc j, κ := κ j, λ := λ j, and a := a j,

so that
S j(α; B; m, a j) =

∑
κB<x≤λB

x≡a (mod m)

e(βx2).

The argument begins with the expansion

|S j(α; B; m, a j)|2 =
∑
x,y

e(β(x2 − y2)).

We then set x = y + mz, so that z runs over integer values in the range
|z| ≤ (λ − κ)B/m. Thus in particular we have |z| ≤ 2B. For each value of z
the conditions on y become

y + mz ∈ (κB, λB], y ∈ (κB, λB], and y ≡ a (mod m). (21)

We now substitute y = a + mw and set

µ := {max(κB − mz, κB) − a}/m, ν := {min(λB − mz, λB) − a}/m,

so that the range (21) for y corresponds to the range µ < w ≤ ν for w. The
substitutions we have made yield

x2 − y2 = m2z2 + 2amz + 2m2zw,

whence

|S j(α; B; m, a j)|2 =
∑
|z|≤2B

e
(
β(m2z2 + 2amz)

) ∑
µ<w≤ν

e(2βm2zw)

≤
∑
|z|≤2B

∣∣∣∣∣∣∣
∑
µ<w≤ν

e(2βm2zw)

∣∣∣∣∣∣∣ .

Now in general, for any integers W1 < W2, and for any γ ∈ R \ Z, we have

∑
W1≤w≤W2

e(γw) =
e(γ(W2 + 1)) − e(γW1)

e(γ) − 1

=
e(γ(W2 + 1/2)) − e(γ(W1 − 1/2))

2i sin(πγ)
,
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whence ∣∣∣∣∣∣∣
∑

W1≤w≤W2

e(γw)

∣∣∣∣∣∣∣ ≤
1

| sin(πγ)| .

We also have the trivial bound W2 −W1 + 1. It follows, on writing ξ := 2βm2,
that ∑

µ<w≤ν
e(2βm2zw) � min

{
B,

1
| sin(πξz)|

}
,

and hence

|S j(α; B; m, a j)|2 �
∑
|z|≤2B

min
{
B,

1
| sin(πξz)|

}
.

It is convenient to introduce at this point the periodic “saw-tooth” function

θ: R →
[
− 1

2 ,
1
2

]
, θ(t) := t − max

{
n ∈ Z: n ≤ t + 1

2

}
.

This has the property that |θ(t)| � | sin πt| � |θ(t)|. We proceed to decompose
the available range for z into subsets

Zh :=

{
z ∈ Z: |z| ≤ 2B,

h
B
≤ θ(ξz) <

h + 1
B

}
,

where h runs over integers with |h| ≤ 1 + B/2. Then if |h| ≥ 2 we have

1
| sin(πξz)| �

1
|θ(ξz)| �

B
1 + |h|

for z ∈ Zh, while if |h| ≤ 1 we have

B � B
1 + |h| .

Thus in either case we find that

min

{
B,

1
| sin(πξz)|

}
� B

1 + |h| ,

whence

|S j(α; B; m, a j)|2 � (max
h

#Zh)
∑

|h|≤1+B/2

B
1 + |h| � (max

h
#Zh)B log B.

Now if z1, z2 ∈ Zh it follows that either z2 − z1 or z1 − z2 must be in Z0,
and hence that #Zh ≤ 1 + 2#Z0 for every value of h. Since 0 ∈ Z0 we have
1 + 2#Z0 ≤ 3#Z0. We may therefore summarise our findings as follows.
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LEMMA 3.2. With the notation above we have

|S j(α; B; m, a j)|2 � B(log B)#{z ∈ Z: |z| ≤ 2B, 0 ≤ θ(ξz) < B−1}.

Before proceeding further with our treatment of the minor arcs we pause
to deduce an important corollary of this lemma. If we choose

κ j = m, λ j = 2m, α =
a
q

and B = q

then we will have ξ = 2m2c ja/q and

S q(a; m, a) = S (α; BR; m, a).

Moreover we find that

S q(a; m, a) = S (α; BR; m, a) =

n∏
j=1

S j(α; B; m, a j),

by (17). Lemma 3.2 shows that

|S j(α; B; m, a j)|2 � q(log q)#{z ∈ Z: |z| ≤ 2q, 0 ≤ θ(2m2c jaz/q) < q−1}.

Since 2m2c jaz/q is a fraction with denominator q, the values of z we have
to consider are precisely those for which q | 2m2c jaz. However a and q are
coprime, so the condition reduces to q | 2m2c jz. Moreover m and the various
c j are fixed, so that there are at O(1) values of z in any range of length q. It
follow that

|S j(α; B; m, a j)|2 � q(log q)

and hence that
S q(a; m, a) � qn/2(log q)n/2.

This therefore verifies the hypothesis made in our second lecture, as soon as
n ≥ 5, with any η in the range 0 < η < 1

2 .
We must now complete our estimation of S j(α; B; m, a j) in the case in

which α lies in the minor arc set m. We should first recall that the major arcs
were the union of intervals

I(a, q) =

[
a
q
− Q

B2
,

a
q

+
Q

B2

]
, (q ≤ Q),

where Q = Bδ. We proceed to use Dirichlet’s approximation theorem to find
a rational approximation u/v to α satisfying∣∣∣∣∣α − u

v

∣∣∣∣∣ ≤ Q

B2v
, (u, v) = 1, v ≤ B2Q−1. (22)
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It follows from this that |α − u/v| ≤ QB−2, and since α �M we deduce that

v > Q. (23)

Now for |z| ≤ 2B we have∣∣∣∣∣∣ξz −
2m2c juz

v

∣∣∣∣∣∣ ≤
4m2|c j|Q

Bv
≤

4m2|c j|
B

,

by (23). Thus if 0 ≤ θ(ξz) ≤ B−1 we must have
∣∣∣∣∣∣θ
2m2c juz

v


∣∣∣∣∣∣ ≤

1 + 4m2|c j|
B

.

It follows that
2m2c juz ≡ l (mod v) (24)

for some integer l satisfying

|l| ≤ v
1 + 4m2|c j|

B
� vB−1.

The number of possible values for l is therefore O(1 + vB−1). Moreover for
each l the congruence (24) determines O(1) residue class modulo v, since u
and v are coprime and 2m2c j is a fixed non-zero integer. Finally the range
|z| ≤ 2B contains at most 1 + 4Bv−1 integers from each residue class modulo
v. On combining this information we find that

#{z ∈ Z: |z| ≤ 2B, 0 ≤ θ(ξz) < B−1} � (1 + vB−1)(1 + v−1B)

� 1 + vB−1 + v−1B � BQ−1,

in view of (22) and (23).
Finally we can apply Lemma 3.2 to deduce that

|S j(α; B; m, a j)|2 � B(log B).BQ−1,

whence
|S j(α; B; m, a j)| � B1−δ/2(log B)1/2. (25)

On combining this with (18) and (20) we deduce, in the case d = 2, that
∣∣∣∣∣
∫

m

S (α; BR; m, a) dα
∣∣∣∣∣ � {B1−δ/2(log B)1/2}n−4B2+2ε

for any fixed ε > 0. This gives us a satisfactory bound o(Bn−2) on choosing ε
small enough, providing that n ≥ 5. This completes the proof of Theorem 1.1.
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4. Combining Analytic and Geometric Methods

We have seen in the previous lectures that when the circle method succeeds
it actually proves that the rational points on the variety under consideration
are dense in the adèlic points. However there are many varieties which do
not have this latter property, because there is a non-empty “Brauer–Manin
obstruction.” Consequently the circle method is doomed to failure in such
cases. While it would be out of place in these lectures to give a full description
of the Brauer–Manin obstruction, it is hoped that the example below will
convey an idea of the general situation.

In this lecture we shall examine two cases in which analytic methods have
been successfully combined with a “descent” process to rescue the above
situation. The first of these is due to Heath-Brown and Skorobogatov (Heath-
Brown and Skorobogatov, 2002). Let K be an algebraic number field of de-
gree d ≥ 2, with integral basis ω1, . . . , ωd, and define a form of degree d by
setting

N(x) := N(x1, . . . , xd) := NK/Q(ω1x1 + · · · + ωd xd),

with the obvious abuse of notation. One is then interested in rational solutions
to the equation

ct(t − 1) = N(x) � 0, (26)

where c is a given non-zero integer, and where t and x are required to satisfy
certain local conditions. (More generally, one can study cta(t − 1)b = N(x) �
0 for arbitrary fixed integer exponents a and b.) These varieties provide a
number of examples in which the rational points fail to be equidistributed.

Let us examine the case in which K = Q
(

subfield of the cyclotomic field generated by the primitive 7th roots of unity.
It is an Abelian cubic field. We shall use in particular the fact that n ∈ N is a
norm from K if and only it is a product of prime powers pe such that pe ≡ ±1
(mod 7) whenever p � 7. We shall take c = 2. Then there are solutions to (26)
with t = 28, and also with t = 29. Thus there is a 2-adic solution (namely
t = 28) with |t|2 < 1, and a 7-adic solution (namely t = 29) with |t − 1|7 < 1.
This produces an adèlic solution satisfying both constraints simultaneously.

We proceed to show however that there is no rational solution satisfying
both constraints. To do this we write t = u/v with u, v being coprime integers.
We then see that 2u(u − v)v is a norm. It follows from the coprimality that
exactly one of u, u − v and v is even whence, using the coprimality condition
again, we may conclude that one of the triples u/4, u − v, v, or u, (u − v)/4,
v or u, u − v, v/4 consists entirely of integral norms. In each case this gives
rise to an equation of the type ±4N1 ± N2 ± N3 = 0, where each Ni is a norm.
Since we must have Ni ≡ 0 or ±1 (mod 7) we deduce that we must have 7|N1.
It follows that whichever one of u, u − v or v is even must also be a multiple

cos(2π/7)) . This is the real
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of 7. Hence if t = u/v satisfies |t|2 < 1 we must also have |t|7 < 1. Thus we
cannot have |t|2 < 1 and |t − 1|7 < 1 simultaneously.

We have therefore shown that, for this example, the rational points are
`

divisibility information to pass to a “descent variety” (which in this case was
±4N1 ± N2 ±N3 = 0), for which there are local constraints not implicit in the
original variety.

We proceed to examine the general situation. In homogeneous form the
equation (26) becomes

cT (T − U)Ud−2 = N(X) � 0, (27)

which involves d + 2 variables. In our preliminary discussion of the circle
method we saw that one generally requires more that 2d variables for the
method to succeed, so one cannot expect the circle method to work here.
Indeed it transpires that there is in general a non-empty Brauer–Manin ob-
struction for this variety.

One way to think of the descent process for the variety (27) is to introduce
a non-zero parameter λ, and to look for solutions in which

T = λN(y), U = wd

and
cλ2N(y) − N(z) = cλwd (28)

for suitable non-zero integral y, z and w. With the above choices we see that

cT (T − U)Ud−2 = wd(d−2)N(y)N(z) � 0,

and since the set of norms is closed under multiplication this provides us
with a solution to (27). It turns out that, if the local conditions on t and x are
acceptable for the Brauer–Manin condition, then one can always find a value
for λ for which (28) is locally solvable.

These manoeuvres have had two positive effects. Firstly they have re-
placed the original problem (27) with a new one (28), in which the number
of variables, namely 2d + 1, is now strictly greater than 2d. Thus there is at
least some prospect of the circle method working. The second point is a more
subtle one. It turns out that there is no Brauer–Manin obstruction for varieties
of the form (28), so again there is no a priori reason for the circle method to
fail.

We shall not give the full argument needed to handle (28) by the circle
method, but there is one point that does deserve to be discussed. It is far from
true that the circle method works precisely when the number of variables
satisfies n > 2d. In rare cases one can handle fewer variables; more frequently

not dense in the adelic points. Very roughly the argument consisted of  using
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success requires distinctly more variables. Thus it is worthwhile seeing how,
in this case, we can manage with as few as 2d + 1 variables.

We saw, in the second lecture, how the major arcs could be handled under
quite general conditions. The real difficulty lies with the minor arcs. For (28)
it is natural to use a generating function

∑
y,z,w

e(α{cλ2N(y) − N(z) − cλwd}),

with suitable summation conditions for the variables. This generating func-
tion will factor as

S 1(cλ2α)S 2(−α)S 3(−cλα),

where

S 1(β) =
∑

y

e
(
βN(y)

)
,

S 2(β) =
∑

z

e
(
βN(z)

)

and
S 3(β) =

∑
w

e(βwd).

The minor arc procedure which led to (18) now shows that

∣∣∣∣∣
∫

m

S 1(cλ2α)S 2(−α)S 3(−cλα) dα
∣∣∣∣∣ ≤ sup

α∈m
|S 3(−cλα)|max

k=1,2

∫ 1

0
|S k(ckα)|2 dα,

where c1 = cλ2 and c2 = −1.
The sum S 3 is the degree d version of the quadratic sum we investigated

in (25), and may be handled by an extension of Weyl’s method. It is the mean-
value of S k for k = 1 and 2, which interests us here. On expanding the square
and integrating termwise we find, in complete analogy to (19), that

∫ 1

0
|S k(ckα)|2 dα = #{y1, y2: N(y1) = N(y2)}

with the vectors y1, y2 in appropriate ranges. If we take, for illustrative pur-
poses, all coordinates of y1, y2 to lie in the range [1, B], we see that the trivial
bound for S k(ckα) is O(Bd). On the other hand, for each given y1 we claim
that the number of y2 with N(y1) = N(y2) is O(Bε), for any small fixed ε > 0.
It follows that ∫ 1

0
|S k(ckα)|2 dα � Bd+ε,
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so that we essentially have square-root cancellation. It is this remarkably
sharp mean-value bound which is the key to success.

To verify the claim above we consider the equation NK/Q(γ) = a with γ an
algebraic integer in K, whose various conjugates are all O(B). The number of
integral ideals of norm a is at most τ(a)d, where τ(a) is the number of divisors
of a. According to Lemma 3.1 this is O(adε) for any ε > 0. Allowing for
possible associates, each ideal of norm a corresponds to O

(
(log B)d) possible

integers γ, in view of the constraints on the conjugates of γ. The claimed
result then follows, on re-defining ε.

The remainder of this lecture is devoted to a second example in which
analytic methods must be combined with a “descent” argument. Full details
are in the author’s paper (Heath-Brown, 2003).

In this case we shall examine a variety defined by a pair of simultaneous
equations of the shape

V:


L1(x1, x2)L2(x1, x2) = x2

3 + x2
4

L3(x1, x2)L4(x1, x2) = x2
5 + x2

6

(29)

where L1, . . . , L4 are linear forms defined over Z, no two of which are pro-
portional. It is known that the variety V can fail to satisfy the Hasse Principle,
and that even if there are rational points, they may fail to be dense in the
adèlic points. Thus a direct application of the circle method is impossible.
Indeed for pairs of quadratic forms the best result in the literature is that of

least 9
variables.

We shall consider points on V (more precisely, on the affine cone over V),
for which x = (x1, x2) ∈ BR. Here R ⊂ R

2 is open, bounded and convex, with
a piecewise continuously differentiable boundary, and B is a large positive
parameter. Note that if x ∈ BR then the sizes of x3, . . . , x6 are all restricted to
be O(B). We further assume that Li(x) > 0 for 1 ≤ i ≤ 4, for all x ∈ R. One
further technical condition needs to be imposed, namely that

L1(x1, x2) ≡ L2(x1, x2) ≡ νx1 (mod 4)

and
L3(x1, x2) ≡ L4(x1, x2) ≡ ν′x1 (mod 4),

for appropriate ν, ν′ = ±1. It is then natural to impose a congruence restriction
on x and to work with

(BR)(2) := {x ∈ BR: x1 ≡ 1 (mod 2)}.

Introducing the arithmetic function

r(n) := #{(a, b) ∈ Z
2: a2 + b2 = n},

(Cook, 1971), which relates only to diagonal forms, and requires at
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we see that the number of solutions of (29) under consideration is given by

S (B) :=
∑

x∈(BR)(2)

r
(
L1(x)L2(x)

)
r
(
L3(x)L4(x)

)
.

The principle result of (Heath-Brown, 2003) is then the following.

THEOREM 4.1. Let σ∞ and σp be the local densities for the variety V with
equations (29), for the set (BR)(2). If σp = 0 for any prime p, then V has no
rational point with (x1, x2) ∈ (BR)(2). If σp � 0 for every prime p, then

S (B) = {1 + ε}σ∞
∏

p

σp + o(B2)

for a certain rational constant ε ∈ [−1, 1].
If ε = −1 then V has no rational point with (x1, x2) ∈ (BR)(2).

Note that σ∞ will be a positive constant multiple of B2, so that we have
a genuine asymptotic formula if the other local factors are positive, and if
ε � −1. In fact the constant ε is given explicitly. It is a finite product of
certain local factors. We therefore see how the Hardy–Littlewood asymptotic
formula holds with the additional factor 1 + ε, which reflects Brauer–Manin
considerations. Indeed, if all the σp are non-zero, one has 1 + ε = 0 precisely
when there is a Brauer–Manin obstruction.

Just as we saw how (27) led to (28), we may replace the variety (29) by
the system

L1(x) = d(y2
1 + y2

2), L2(x) = d(y2
3 + y2

4),

L3(x) = d′(y2
5 + y2

6), L4(x) = d′(y2
7 + y2

8),
(30)

for different choices d, d′ ∈ N. Here we use the fact that d(y2
1 +y2

2)×d(y2
3 +y2

4)
is a sum of two squares, x2

3 + x2
4, say. The underlying process can be expressed

more precisely using the identity

r(mn) =
1
4

∑
d|m,n

µ(d)χ(d)r(m/d)r(n/d),

where χ is the non-principal character modulo 4. This shows that

S (B) =
1
16

∑
d,d′

µ(d)µ(d′)χ(dd′)S (B; d, d′), (31)

with

S (B; d, d′) :=
∑

x∈(BR)(2)

r(L1(x)/d)r(L2(x)/d)r(L3(x)/d′)r(L4(x)/d′).



166 D. R. HEATH-BROWN

Here we set r(q) = 0 if q is not an integer. The inner sum on the right clearly
counts solutions to (30).

Just to check on progress, let us suppose one were to eliminate x =

(x1, x2) from the equations (30). This would produce a pair of diagonal quadr-
atic equations in the 8 variables y1, . . . , y8. Now we have noted already that
Cook’s work (Cook, 1971) would allow us to handle such a system via the
circle method, if only there were 9 or more variables. However it transpires
that although the circle method is not itself available for the varieties (30)
there is an alternative analytic method which one can use, based on the fact
that

r(m) = 4
∑
d|m

χ(d).

The argument is quite delicate, and produces a result of the form

S (B; d, d′) = Cd,d′B
2 + O(B2(log B)−δ) (32)

for some small positive constant δ, for any fixed d, d′ ∈ N. It should be ob-
served that our proof of Theorem 1.1 saves a positive power of the parameter
B, while in contrast the above estimate saves only a power of log B. This is a
reflection of the fact that we are working very much on the border of what is
currently feasible. Although the result does not come from the circle method,
the constant Cd,d′ is none the less the product of the local densities for the
equations (30). Thus we have exactly the result one would expect from the
circle method, even though the method of proof is different.

Once (32) has been established it is possible to sum up the various terms
in (31), using the asymptotic formula (32) for each pair d, d′. (There are
important issues concerning uniformity in d ,d′ which need to be dealt with,
but these can in fact be overcome.) This leads to a result of the form∑

x∈(BR)(2)

r
(
L1(x)L2(x)

)
r
(
L3(x)L4(x)

)
= CB2 + o(B2)

with

C =
1

16

∑
d,d′

µ(d)µ(d′)χ(dd′)Cd,d′ .

To complete the proof one then computes this sum, and relates it to the
product of local densities for (29).

We conclude with a numerical illustration, relating to the system

x1(x1 + 12x2) = x2
3 + x2

4, (x1 + 4x2)(x1 + 16x2) = x2
5 + x2

6.

In this case one can show that 0 < 1 + ε < 2 and that

{1 + ε}σ∞
∏

p

σp = 2



THE DISTRIBUTION OF RATIONAL POINTS 167

TABLE I.

B S (B) S (B)/2B2

1000 1993472 0.9967 . . .
2000 8030592 1.0038 . . .
4000 32057728 1.0018 . . .
8000 1276046726 0.9969 . . .

16000 511437824 0.9989 . . .
32000 2043518720 0.9978 . . .

for the region
R = {0 < x1, x1 + 16x2 < 1}.

(It would appear that the occurrence of an integer value for the overall density
is no more than a fluke!) One now has the numerical values of Table I.
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UNIVERSAL TORSORS OVER DEL PEZZO SURFACES AND

RATIONAL POINTS

Ulrich Derenthal and Yuri Tschinkel
Universität Göttingen

Abstract. We discuss Manin’s conjecture (with Peyre’s refinement) concerning the distrib-
ution of rational points of bounded height on Del Pezzo surfaces, by highlighting the use of
universal torsors in such counting problems. To illustrate the method, we provide a proof of
Manin’s conjecture for the unique split singular quartic Del Pezzo surface with a singularity
of type D4.

1. Introduction

Let f ∈ Z[x0, . . . , xn] be a non-singular form of degree d. By the circle
method,

N( f , B) := #
{
x ∈ Z

n+1/± | max
j

(|x j|) � B
}
∼ c · Bn+1−d

(where x ∈ Z
n+1/± means that we identify x with −x = (−x0, . . . ,−xn)) with

c ∈ R>0, provided that n � 2d · (d − 1), and f (x) = 0 has solutions over
all completions of Q (see (Birch, 1962)). Let X = X f ⊂ P

n be the smooth
hypersurface over Q, given by f (x) = 0. It follows that

N(X,−KX , B) = #{x ∈ X(Q) | H−KX (x) � B} ∼ C · B, (1)

as B → ∞. Here X(Q) is the set of rational points on X, represented by
primitive vectors x ∈ (Zn+1

prim \0)/± (i.e., x = (x0, . . . , xn) is identified with −x,
and there is no prime dividing all coordinates x0, . . . , xn), and

H−KX (x) := max
j

(|x j|)n+1−d, for x = (x0, . . . , xn) ∈ (Zn+1
prim \ 0)/ ± . (2)

is the anticanonical height of a primitive representative.
In 1989 Manin initiated a program towards understanding connections

between certain geometric invariants of algebraic varieties over number fields
and their arithmetic properties, in particular, the distribution of rational points
of bounded height, see (Franke et al., 1989) and (Batyrev and Manin, 1990).
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The main goal is an extension of the asymptotic formula (1) to other algebraic
varieties of small degree, called Fano varieties, which are not necessarily
isomorphic to hypersurfaces in projective space.

It became apparent that, in general, to obtain a geometric interpretation
of asymptotic results, it may be necessary to restrict to appropriate Zariski
open subsets of X. Otherwise, the number of rational points on a Zariski
closed subset of lower dimension may dominate the total number of rational
points; e.g., this phenomenon occurs for the surface (4) below where there
are many, in fact too many, rational points on lines on this surface. These
are easy to count, so to make things more interesting, we count the number
of rational points on the complement of these lines. It is often interesting to
count rational points in finite extensions of the rationals: while X(Q) might
be empty, X(k) could still contain infinitely many points for some number
field k.

Of particular interest are Del Pezzo surfaces (cf. (Manin, 1986)), e.g., cu-
bic surfaces S 3 ⊂ P

3 or degree 4 surfaces S 4 := Q1 ∩ Q2 ⊂ P
4, where Q1,Q2

are quadrics (defined by homogeneous equations of degree 2 in x0, . . . , x4).
Geometrically, smooth Del Pezzo surfaces are obtained by blowing up �
8 general points1 in P

2. Blowing up is a standard procedure in algebraic
geometry (cf. (Hartshorne, 1977, Section I.4)). The blow-up π: S ′ → S of
a surface S at a point p replaces p by a curve E in a particular way. We have
S \ {p} � S ′ \ E, so S and S ′ are birationally equivalent. In our situation, this
shows that Del Pezzo surfaces are birational to P

2, provided the ground field
is algebraically closed.

We can think of divisors on blow-ups S of P
2 as formal sums of curves on

S . Considering divisors up to a certain equivalence relation (see (Hartshorne,
1977, Section II.6)) leads to the Picard group Pic(S ) of divisor classes on S .

For two curves on S which intersect transversally,2 their intersection num-
ber is the number of intersection points. As explained in (Hartshorne, 1977,
Section V.1), this can be extended to arbitrary divisor classes (by defining the
non-degenerate intersection form (·, ·) on Pic(S )). In particular, this defines
the self intersection number (E, E) of (the class of) a curve E. Of special
interest are irreducible curves for which this number is negative, which are
called exceptional curves. Arithmetically, rational points tend to accumulate
on exceptional curves where they are easy to count. The main focus of this
paper is to count rational points on the complement of the exceptional curves.

1 no three points on a line, no six points on a curve of degree 2, no eight points with one of
them singular on a curve of degree 3

2 I.e., all intersections have multiplicity one.
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For smooth Del Pezzo surface of degree 3 and 4, the exceptional curves
are exactly the lines (in the standard embedding considered above), having
self intersection number −1.

The singular Del Pezzo surfaces are obtained as follows: we blow up P
2

in special configurations of points (e.g., three points on a line). This results
in a smooth surface S̃ containing exceptional curves with self intersection
number −2 (called (−2)-curves; we do not subsequently blow up points on
(−2)-curves). Contracting the (−2)-curves (which is the opposite of blowing
up) gives a singular Del Pezzo surface S whose minimal desingularization is
S̃ . For the surface (4) below, more details can be found in Section 2.

For number fields, we say that a Del Pezzo surface is split if all of the
exceptional curves are defined over that ground field, in which case the sur-
face is birational to P

2. There do exist non-split Del Pezzo surfaces which
are birational to P

2 over that ground field; however, the generic Del Pezzo
surface is non-split and is not birational to P

2 over the ground field.
From now on, we work over Q. Manin’s conjecture in the special case of

Del Pezzo surfaces can be formulated as follows.

CONJECTURE 1.1. Let S be a Del Pezzo surface with at most rational
double points3 over Q. Then there exists a subset S 0 ⊂ S which is dense
and open in the Zariski topology such that

N(S 0,−KS , B) ∼ cS ,H · B(log B)r−1, (3)

as B → ∞, where r is the rank of the Picard group of the minimal desingu-
larization S̃ of S , over Q.

The constant cS ,H has been defined by Peyre (Peyre, 1995); it should be
non-zero if S (Q) � ∅. It is analogous to the singular series and the singular
integral that you meet in the classical circle method (see Heath-Brown’s arti-
cle in this volume (Heath-Brown, 2006)). Note that a line defined over Q on
a Del Pezzo surface such as S 3 or S 4 contributes ∼ c ·B2 rational points to the
counting function (for some positive constant c). Thus it is expected that S 0

is the complement to all lines defined over Q (i.e., the exceptional curves).
Table I gives an overview of current results towards Conjecture 1.1 for

Del Pezzo surfaces. In Column 4 (“type of result”), “asymptotic” means that
the analog of (3) is established, including the predicted value of the constant;
“bounds” means that only upper and lower bounds of the expected order of
magnitude B(log B)r−1 are known.

3 These are “mild” singularities which can be dealt with. The technique is to “resolve”
these singularities by replacing each of them by a curve whose irreducible components are
isomorphic to P

1.
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TABLE I. Results for Del Pezzo surfaces

degree singularities (non-)split type of result reference

� 6 – split asymptotic (Batyrev and Tschinkel, 1998)

5 – split asymptotic (de la Bretèche, 2002)

5 – non-split asymptotic (de la Bretèche and Fouvry, 2004)

4 D5 split asymptotic (Chambert-Loir and Tschinkel, 2002),

(de la Bretèche and Browning, 2006)

4 D4 non-split asymptotic (de la Bretèche and Browning, 2005)

4 D4 split asymptotic this paper

4 3A1 split bounds (Browning, 2005)

3 3A2 split asymptotic (Batyrev and Tschinkel, 1998),

(de la Bretèche, 1998), . . .

3 4A1 split bounds (Heath-Brown, 2003)

3 D4 split bounds (Browning, 2004)

3 E6 split asymptotic (Derenthal, 2005),

(de la Bretèche et al., 2005)

The paper (Batyrev and Tschinkel, 1998) contains a proof of Manin’s
conjecture for toric Fano varieties, including all smooth Del Pezzo surfaces
of degree � 6 and the 3A2 cubic surface4. This result also covers:

− all singular surfaces of degree � 7 (i.e., A1 in degree 7 and 8),

− A1, 2A1, A2 + A1 in degree 6,

− 2A1, A2 + A1 in degree 5,

− 4A1, A2 + 2A1, A3 + 2A1 in degree 4.

Figure 1 shows all points of height � 50 on the Cayley cubic surface
(Example 7.3), which has four singularities of type A1 and was considered in
(Heath-Brown, 2003).

In Figure 2, we see points of height � 1000 on the E6 cubic surface
((Derenthal, 2005) and (de la Bretèche et al., 2005)).

4 Our study of rational points on Del Pezzo surfaces involves classification of their sin-
gularities. In algebraic geometry, it is a basic result that singularities on Del Pezzo surfaces
are labeled by Dynkin diagrams; the corresponding Dynkin diagram describes the number
and intersection behaviour of the (−2)-curves on S̃ . For further explanation of the notations
A1,A2,A3,D4,D5,E6, we refer the interested reader to (Coray and Tsfasman, 1988).



TORSORS AND RATIONAL POINTS 173

Figure 1. Points of height � 50 on the Cayley cubic surface x0 x1 x2 + x0 x1 x3 + x0 x2 x3 +

x1 x2 x3 = 0.

Figure 2. Points of height � 1000 on the E6 singular cubic surface x1 x2
2 + x2 x2

0 + x3
3 = 0 with

x0, x2 > 0.
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The proofs of Manin’s conjecture proceed either via the height zeta func-
tion

Z(s) :=
∑

x∈X◦(Q)

H−KX (x)−s,

whose analytic properties are related to the asymptotic (3) by Tauberian the-
orems, or via the lifting of the counting problem to the universal torsor—an
auxiliary variety parametrizing rational points. Experience shows that count-
ing points on the universal torsor is often easier. The torsor approach has been
developed by Colliot-Thélène and Sansuc in the context of the Brauer-Manin
obstruction (Colliot-Thélène and Sansuc, 1987) and applied to Manin’s con-
jecture by Peyre (Peyre, 1998) and Salberger (Salberger, 1998).

In the simplest case of hypersurfaces X = X f ⊂ P
n over Q, with n � 4,

this is exactly the passage from rational vectors x = (x0, . . . , xn), modulo the
diagonal action of Q

∗, to primitive lattice points (Zn+1
prim \0)/±. Geometrically,

we have

A
n+1 \ 0

Gm−−→ P
n and TX

Gm−−→ X.

Here, TX is the hypersurface in A
n+1 \0 defined by the form f , the 1-dimensi-

onal torus Gm is interpreted as the Néron-Severi torus TNS
5 Rational points

on the base surface X are lifted to integral points on the torsor, modulo the
action of the group of units TNS(Z) = {±1}. The height inequality H(x) � B
for x on the base X translates into the usual height inequality on the torsor (2).
In this case, it is possible to count the points on the torsor using the classical
circle method.

In general, a torsor under an algebraic torus T is determined by a homo-
morpism χ: X∗(T ) → Pic(X) to the Picard group of the underlying variety X;
the term universal is applied when χ is an isomorphism.

For hypersurfaces in P
3, or more generally for complete intersection sur-

faces (i.e., where S is the intersection of k hypersurfaces in P
k+2), the Picard

group may have higher rank. For example, for split smooth cubic surfaces S =

S 3 ⊂ P
3 the rank is 7, so that the dimension of the corresponding universal

torsor TS is 9; for quartic Del Pezzo surfaces these are 6 and 8, respectively.
Therefore, the counting problem is now reduced to a higher-dimensional
variety.

It is expected that the passage to universal torsors, which can be consid-
ered as natural descent varieties, will facilitate the proof of Manin’s conjec-
ture (Conjecture 1.1), at least for Del Pezzo surfaces. Rational points on S
are lifted to certain integral points on TS , modulo the action of TNS(Z) =

5 An algebraic torus whose characters X∗(TNS) are isomorphic to the Picard group (lattice)
of P

n, resp. X, and the map is the natural quotient by its (diagonal) action.
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(±1)r, where r is the rank of Pic(S ), and the height inequality on S trans-
lates into appropriate inequalities on TS . This explains the interest in the
projective geometry of torsors, and expecially, in their equations. The explicit
determination of these equations is an interesting algebro-geometric problem,
involving tools from invariant theory and toric geometry.

In this note, we illustrate the torsor approach to asymptotics of rational
points in the case of a particular singular surface S ⊂ P

4 of degree 4 given
by:

x0x3 − x1x4 = x0x1 + x1x3 + x2
2 = 0. (4)

This is a split Del Pezzo surface, with a singularity of type D4.

THEOREM 1.2. The number of Q-rational points of anticanonical height
bounded by B on the complement S 0 of the Q-rational lines on S (as defined
in (4)) satisfies

N(S 0,−KS , B) = cS ,H · B · Q(log B) + O(B(log B)3) as B → ∞,

where Q is a monic polynomial of degree 5, and

cS ,H =
1

34560
· ω∞ ·

∏
p

(1 − 1/p)6(1 + 6/p + 1/p2)

is the constant predicted by Peyre (Peyre, 1995), with p running through all
primes and

ω∞ = 3
�

{(t,u,v)∈R3 |0�v�1,|tv2 |,|v2u|,|v(tv+u2)|,|t(tv+u2)|�1}
1 dt du dv.

In (de la Bretèche and Browning, 2005), Manin’s conjecture is proved for
a non-split surface with a singularity of the same type. However, these results
do not follow from each other.

In Section 2, we collect some facts about the geometric structure of S . In
Section 3, we calculate the expected value of cS ,H and show that Theorem 1.2
agrees with Manin’s conjecture.

In our case, the universal torsor is an affine hypersurface. In Section 4,
we calculate its equation, stressing the relation with the geometry of S . We
make explicit the coprimality and the height conditions. The method is more
systematic than the derivation of torsor equations in (de la Bretèche and
Browning, 2006) and (de la Bretèche et al., 2005), and should bootstrap to
more complicated cases, e.g., other split Del Pezzo surfaces.

Note that our method gives coprimality conditions which are different
from the ones in (de la Bretèche and Browning, 2006) and (de la Bretèche
et al., 2005), but which are in a certain sense more natural: they are related
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to the set of points on TS which are stable with respect to the action of the
torus (in the sense of geometric invariant theory, cf., (Dolgachev,

2003) and (Hu and Keel, 2000)). Our conditions involve only coprimality
 of certain pairs  of variables, while  the other method produces a mix of
 square-free variables and coprimalities.

In Section 5, we estimate the number of integral points on the universal
torsor by iterating summations over the torsor variables and using results of
elementary analytic number theory. Finally we arrive at Lemma 5.3, which is
very similar in appearance to (de la Bretèche and Browning, 2006, Lemma
10) and (Derenthal, 2005, Lemma 12). In Section 6 we use familiar meth-
ods of height zeta functions to derive the exact asymptotic. We isolate the
expected constant cS ,H and finish the proof of Theorem 1.2. In Section 7 we
write down examples of universal torsors for other Del Pezzo surfaces and
discuss their geometry.

2. Geometric Background

In this section, we collect some geometric facts concerning the surface S . We
show that Manin’s conjecture for S is not a special case of available more
general results for Del Pezzo surfaces.

LEMMA 2.1. The surface S has the following properties:

1. It has exactly one singularity of type D4 at q = (0 : 0 : 0 : 0 : 1).

2. S contains exactly two lines:

E5 = {x0 = x1 = x2 = 0} and E6 = {x1 = x2 = x3 = 0},

which intersect in q.

3. The projection from the line E5 is a birational map

φ: S → P
2

x �→ (x0 : x2 : x1)

which is defined outside E5. It restricts to an isomorphism between

S 0 = S \ (E5∪E6) = {x ∈ S | x1 � 0} and A
2 � {(t : u : v) | v � 0} ⊂ P

2,

whose inverse is the restriction of

ψ: P
2 → S ,

(t : u : v) �→ (
tv2 : v3 : v2u : −v(tv + u2) : −t(tv + u2)

)
Similar results hold for the projection from E6.

Neron-Severi´



TORSORS AND RATIONAL POINTS 177

4. The process of resolving the singularity q gives four exceptional curves
E1, . . . , E4 and produces the minimal desingularization S̃ , which is also
the blow-up of P

2 in five points.
Proof. Direct computations.

It will be important to know the details of the sequence of five blow-ups
of P

2 giving S̃ as in Lemma 2.1(4):
In order to describe the points in P

2, we need the lines

E3 = {v = 0}, A1 = {u = 0}, A2 = {t = 0}

and the curve A3 = {tv + u2 = 0}.

LEMMA 2.2. The following five blow-ups of P
2 result in S̃ :

− Blow up the intersection of E3, A1, A3, giving E2.

− Blow up the intersection of E2, E3, A3, giving E1.

− Blow up the intersection of E1 and A3, giving E4.

− Blow up the intersection of E4 and A3, giving E6.

− Blow up the intersection of E3 and A2, giving E5.

Here, the order of the first four blow-ups is fixed, and the fifth blow-up can be
done at any time.

The Dynkin diagram in Figure 3 describes the final configuration of divi-
sors E1, . . . , E6, A1, A2, A3. Here, A1, A2, A3 intersect at one point.

The quartic Del Pezzo surface with a singularity of type D4 is not toric,
and Manin’s conjecture does not follow from the results of (Batyrev and
Tschinkel, 1998). The D5 example of (de la Bretèche and Browning, 2006)
is an equivariant compactification of G

2
a (i.e., S has a Zariski open subset

isomorphic to A
2, and the obvious action of G

2
a on this open subset extends

to S ), and thus a special case of (Chambert-Loir and Tschinkel, 2002).

A2

��
��

��
��

E5 E3

��
��

��
��

A1 E2 E1

A3

��������
E6 E4

��������

Figure 3. Extended Dynkin diagram.
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LEMMA 2.3. The quartic Del Pezzo surface with a singularity of type D4 is
a compactification of A

2, but not an equivariant compactification of G
2
a .

Proof. We follow the strategy of (Hassett and Tschinkel, 2004, Remark
3.3).

Consider the maps φ, ψ as in Lemma 2.1(3). As ψ restricts to an isomor-
phism between A

2 and the open set S 0 ⊂ S , the surface S is a compactifica-
tion of A

2.
If S were an equivariant compactification of G

2
a then the projection φ

from E5 would be a G
2
a-equivariant map, giving a G

2
a-action on P

2. The line
{v = 0} would be invariant under this action. The only such action is the
standard translation action

τ: P
2 → P

2,
(t : u : v) �→ (t + αv : u + βv : v).

However, this action does not leave the linear series(
tv2 : v3 : v2u : −v(tv + u2) : −t(tv + u2)

)
invariant, which can be seen after calculating

t(tv + u2) �→ (t + αv)
(
(t + αv)v + (u + βv)2)

= t(tv + u2) + 2βtuv + (β2 + α)tv2 + αv(tv + u2)

+ 2αβv2u + (αβ2 + α2)v3,

since the term tuv does not appear in the original linear series.

3. Manin’s Conjecture

LEMMA 3.1. Let S be the surface (4). Manin’s conjecture for S states that
the number of rational points of height � B outside the two lines is given by

N(S 0,−KS , B) ∼ cS ,H · B(log B)5,

where cS ,H = α(S ) · β(S ) · ωH(S ) with

α(S ) = (5! · 4 · 2 · 3 · 3 · 2 · 2)−1 = (34560)−1

β(S ) = 1

ωH(S ) = ω∞ ·
∏

p

(1 − 1/p)6(1 + 6/p + 1/p2)

and

ω∞ = 3
�

{(t,u,v)∈R3 |0�v�1,|tv2 |,|v2u|,|v(tv+u2)|,|t(tv+u2)|�1}
1 dt du dv
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Proof. Since S is split over Q, we have rk
(

Pic(S̃ )
)

= 6, and the expected
exponent of log B is 5. Further, β(S ) = 1. The computation of cS ,H is done
on the desingularization S̃ . For the computation of α(S ), observe that the
effective cone of S̃ in Pic(S̃ ) is simplicial (it is generated by the exceptional
curves E1, . . . , E6, and their number equals the rank of Pic(S̃ )), and

−KS̃ = 4E1 + 2E2 + 3E3 + 3E4 + 2E5 + 2E6.

The calculation is analog to (Derenthal, 2005, Lemma 2) (see (Derenthal,
2006a) for its calculation in general). The constant ωH(S ) is computed as
in (de la Bretèche and Browning, 2006, Lemma 1) and (Derenthal, 2005,
Lemma 2).

4. The Universal Torsor

As explained above, the problem of counting rational points of bounded height
on the surface S translates into a counting problem for certain integral points
on the universal torsor, subject to coprimality and height inequalities. In the
first part of this section, we describe these conditions in detail. They are
obtained by a process of introducing new variables which are the greatest
common divisors of other variables. Geometrically, this corresponds to the
realization of S̃ as a blow-up of P

2 in five points.
In the second part, we prove our claims.
The universal torsor TS of S is an open subset of the hypersurface in

A
9 = SpecZ[η1, . . . , η6, α1, α2, α3] defined by the equation

T (η,α) = α2
1η2 + α2η3η

2
5 + α3η4η

2
6 = 0. (5)

The projection Ψ : TS → S is defined by

(
Ψ∗(xi)

)
= (η(2,1,2,1,2,0)α2, η

(4,2,3,3,2,2), η(3,2,2,2,1,1)α1, η
(2,1,1,2,0,2)α3, α2α3),

(6)
where we use the notation η(n1,n2,n3,n4,n5,n6) = ηn1

1 η
n2
2 η

n3
3 η

n4
4 η

n5
5 η

n6
6 .

The coprimality conditions can be derived from the extended Dynkin di-
agram (see Figure 3). Two variables are allowed to have a common factor if
and only if the corresponding divisors (Ei for ηi and Ai for αi) intersect (i.e.,
are connected by an edge in the diagram). Furthermore, gcd(α1, α2, α3) > 1
is allowed (corresponding to the fact that A1, A2, A3 intersect in one point).

We will show below that there is a bijection between rational points on
S 0 ⊂ S and integral points on an open subset of TS , subject to these copri-
mality conditions.
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We will later refer to

coprimality between ηi as in Figure 3, (7)

gcd(α1, η1η3η4η5η6) = 1, (8)

gcd(α2, η1η2η3η4η6) = 1, (9)

gcd(α3, η1η2η3η4η5) = 1. (10)

To count the number of x ∈ S (Q) such that H(x) � B, we must lift this
condition to the universal torsor, i.e., H

(
Ψ(η,α)

) � B. This is the same as

|η(2,1,2,1,2,0)α2| � B, . . . , |α2α3| � B,

provided the coprimality conditions are fulfilled (direct verification).
It will be useful to write the height conditions as follows: let

X0 =

(
η(4,2,3,3,2,2)

B

)1/3

, X1 = (Bη(−1,−2,0,0,1,1))1/3, X2 = (Bη(2,1,0,3,−2,4))1/3.

Then

|X3
0 | � 1 (11)

|X2
0(α1/X1)| � 1 (12)

|X2
0(α2/X2)| � 1, |X0(X0(α2/X2) + (α1/X1)2)| � 1,

|(α2/X2)(X0(α2/X2) + (α1/X1)2)| � 1 (13)

are equivalent to the five height conditions. Here we have used the torsor
equation to eliminate α3 because in our counting argument we will also use
that α3 is determined by the other variables.

We now prove the above claims.

LEMMA 4.1. The map Ψ gives a bijection between the set of points x of
S 0(Q) such that H(x) � B and the set

T1 :=

(η,α) ∈ Z
6
>0 × Z

3

∣∣∣∣∣∣
equation (5),
coprimality (7), (8), (9), (10),
inequalities (11), (12), (10) hold


Proof. The map ψ of Lemma 2.1(3) induces a bijection

ψ0: (η3, α1, α2) �→ (η2
3α2, η

3
3, η

2
3α1, η3α3, α2α3),

where α3 := −(η3α2 + α2
1), i.e.,

T0 := α2
1 + η3α2 + α3 = 0,

using the five monomials occurring in (6). These have no common factors,
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TABLE II. Dictionary between gcd-process and blow-ups.

Variables, Equations Geometry
variables divisors
initial variables coordinate lines
η3, α1, α2 E3, A1, A2

taking gcd of two variables blowing up intersection of divisors
new gcd-variable exceptional curve
η2, η1, η4, η6, η5 E2, E1, E4, E6, E5

extra variable extra curve
α3 A3

starting relation starting description
α3 = −(η3α2 + α2

1) A3 = {η3α2 + α2
1 = 0}

final relation torsor equation
α3η4η

2
6 = −(α2η3η

2
5 + α2

1η2) α2
1η2 + α2η3η

2
5 + α3η4η

2
6 = 0

between

{(η3, α1, α2) ∈ Z>0 × Z
2 | gcd(η3, α1, α2) = 1} and S 0(Q) ⊂ S (Q).

The height function on S 0(Q) is given by

H
(
ψ0(η3, α1, α2)

)
=

max(|η2
3α2|, |η3

3|, |η
2
3α1|, |η3α3|, |α2α3|)

gcd(η2
3α2, η

3
3, η

2
3α1, η3α3, α2α3)

.

The derivation of the torsor equation from the map ψ0 together with the
coprimality conditions and the lifted height function is parallel to the blow-
up process described in Lemma 2.2. More precisely, each line E3, A1, A2

in P
2 corresponds to a coordinate function η3, α1, α2 vanishing in one of

the lines; the blow-up of the intersection of two divisors gives an exceptional
curve Ei, corresponding to the introduction of a new variable ηi as the greatest
common divisor of two old variables. Two divisors are disjoint if and only if
the corresponding variables are coprime. This is summarized in Table II.

This plan will now be implemented in five steps; at each step, the map

ψi: Z
i+1
>0 × Z

3 → S 0(Q)

gives a bijection between:

− the set of all (η j, α1, α2, α3) ∈ Z
i+
>0 × Z

3 satisfying certain coprimality
conditions (described by the extended Dynkin diagram corresponding
to the i-th blow-up of Lemma 2.2), an equation Ti,

H
(
ψi(η j, α j)

)
=

maxk(|ψi(η j, α j)k|)
gcd(ψi(η j, α j)k)

� B,
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− the set of all x ∈ S 0(Q) with H(x) � B.

The steps are as follows:

1. Let η2 := gcd(η3, α1) ∈ Z>0. Then

η3 = η2η
′
3, α1 = η2α

′
1, with gcd(η′3, α

′
1) = 1.

Since η2 | α3, we can write α3 = η2α
′
3. Then α′3 = −(η′3α2 + η2α

′2
1 ). After

renaming the variables, we have

T1 = η2α
2
1 + η3α2 + α3 = 0

and

ψ1: (η2, η3, α1, α2, α3) �→ (η2η
2
3α2 : η2

2η
3
3 : η2

2η
2
3α1 : η2η3α3 : α2α3).

Here, we have eliminated the common factor η2

components of the image. Below, we repeat the corresponding transfor-
mation at each step.

2. Let η1 := gcd(η2, η3) ∈ Z>0. Then

η2 = η1η
′
2, η3 = η1η

′
3, with gcd(η′2, η

′
3) = 1.

As η1 | α3, we write α3 = η1α
′
3, and we obtain:

T2 = η2α
2
1 + η3α2 + α3 = 0

and

ψ2: (η1, η2, η3, α1, α2, α3) �→
(η2

1η2η
2
3α2 : η4

1η
2
2η

3
3 : η3

1η
2
2η

2
3α1 : η2

1η2η3α3 : α2α3).

3. Let η4 := gcd(η1, α3) ∈ Z>0. Then

η1 = η4η
′
1, α3 = η4α

′
3, with gcd(η′1, α

′
3) = 1.

We get after removing ′ again:

T3 = η2α
2
1 + η3α2 + η4α3 = 0

and

ψ3: (η1, η2, η3, η4, α1, α2, α3) �→
(η2

1η2η
2
3η4α2 : η4

1η
2
2η

3
3η

3
4 : η3

1η
2
2η

2
3η

2
4α1 : η2

1η2η3η
2
4α3 : α2α3).

which occurred in all five
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4. Let η6 := gcd(η4, α3) ∈ Z>0. Then

η4 = η6η
′
4, α3 = η6α

′
3, with gcd(η′4, α

′
3) = 1.

We obtain
T4 = η2α

2
1 + η3α2 + η4η

2
6α3 = 0

and

ψ4: (η1, η2, η3, η4, η6, α1, α2, α3) �→
(η2

1η2η
2
3η4α2 : η4

1η
2
2η

3
3η

3
4η

2
6 : η3

1η
2
2η

2
3η

2
4η6α1 : η2

1η2η3η
2
4η

2
6α3 : α2α3).

5. The final step is η5 := gcd(η3, α2) ∈ Z>0, we could have done it earlier
(just as the blow-up of the intersection of E3, A2 in Lemma (6)). Then

3 = η5η
′
3, α2 = η5α

′
2, with gcd(η′3, α

′
2) = 1.

We get
T5 = η2α

2
1 + η3η5α2 + η4η

2
6α3 = 0

and

ψ5: (η1, η2, η3, η4, η5, η6, α1, α2, α3) �→
(η2

1η2η
2
3η4η

2
5α2 : η4

1η
2
2η

3
3η

3
4η

2
5η

2
6 : η3

1η
2
2η

2
3η

2
4η5η6α1 : η2

1η2η3η
2
4η

2
6α3 : α2α3)

We observe that at each stage the coprimality conditions correspond to inter-
section properties of the respective divisors. The final result is summarized in
Figure 3, which encodes data from (7), (8), (9), (10).

Note that ψ5 is Ψ from (6). As mentioned above, gcd(ψ5(η j, α j)k) (over
all five components of the image) is trivial by the coprimality conditions of
Figure 3. Therefore, H

(
ψ5(η,α)

) � B is equivalent to (11), (12), (13).
Finally, T5 is the torsor equation T (5).

5. Summations

In the first step, we estimate the number of (α1, α2, α3) ∈ Z
3 which fulfill

the torsor equation T (5) and the height and coprimality conditions. For fixed
(α1, α2), the torsor equation T has a solution α3 if and only if the congruence

α2
1η2 + α2η3η

2
5 ≡ 0 (mod η4η

2
6)

holds and the conditions on the height and coprimalities are fulfilled.
We have already written the height conditions so that they do not depend

on α3. For the coprimality, we must ensure that (9) and (10) are fulfilled.

η
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TABLE III. Coprimality conditions.

case p | . . . p | α1 p | α2 p | α3

0 − allowed allowed allowed
i η1 restriction restriction restriction
ii η2 allowed restriction automatically
iii η3 restriction restriction automatically
iv η4 restriction automatically restriction
v η5 restriction allowed automatically
vi η6 restriction automatically allowed
vii η1, η2 restriction restriction automatically
viii η1, η3 restriction restriction automatically
ix η1, η4 restriction automatically restriction
x η3, η5 restriction restriction automatically
xi η4, η6 restriction automatically restriction

As gcd(η3η
2
5, η4η

2
6) = 1, we can find the multiplicative inverse c1 of η3η

2
5

modulo η4η
2
6, so that

c1η3η
2
5 = 1 + c2η4η

2
6 (14)

for a suitable c2. Choosing

α2 = c3η4η
2
6 − c1α

2
1η2, (15)

α3 = c2α
2
1η2 − c3η3η

2
5 (16)

gives a solution of (5) for any c3 ∈ Z.
Without the coprimality conditions, the number of pairs (α2, α3) satisfy-

ing T and (13) would differ at most by O(1) from 1/η4η
2
6 of the length of

the interval described by (13). However, the coprimality conditions (9) and
(10) impose further restrictions on the choice of c3. A slight complication
arises from the fact that because of T , some of the conditions are fulfilled
automatically once η, α1 satisfy (7) and (8).

Conditions (7) imply that the possibilities for a prime p to divide more
than one of the ηi are very limited. We distinguish twelve cases, listed in
Column 2 of Table III.

In Columns 4 and 5, we have denoted the relevant information for the
divisibility of α2, α3 by primes p which are divisors of the ηi in Column 2,
but of no other η j:

− “allowed” means that αi may be divisible by p.

− “automatically” means that the conditions on the ηi and the other α j

imply that p � αi. These two cases do not impose conditions on c3

modulo p.
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− “restriction” means that c3 is not allowed to be in a certain congruence
class modulo p in order to fulfill the condition that p must not divide αi.

The information in the table is derived as follows:

− If p | η3, then p � c2 from (14), and p � α1η2 because of (7), (8), so by
(16), p � α3 independently of the choice of c3. Since p � η4η

2
6, we see

from (15) that p | α2 for one in p subsequent choices of c3 which we
must therefore exclude. This explains cases iii and viii.

− In case vii, the same is true for α2. More precisely, we see that we must
exclude c3 ≡ 0 (mod p). By (16), p � c3 implies that p � α3, so we do
not need another condition on c3.

− In case i, we see that p | α2 for one in p subsequent choices of c3, and
the same holds for α3. However, in this case, p cannot divide α2, α3 for
the same choice of c3, as we can see by considering T : since p � α2

1η2,
it is impossible that p | α2, α3. Therefore, we must exclude two out of p
subsequent choices of p in order to fulfill p � α2, α3.

− In the other cases, the arguments are similar.

The number of (α2, α3) ∈ Z
2 subject to T , (9), (10), (13) equals the

number of c3 such that α2, α3 as in (15), (16) satisfy these conditions. This
can be estimated as 1/η4η

2
6 of the interval described by (13), multiplied by a

Table III: the divisibility properties of ηi by p determine whether zero, one or
two out of p subsequent values of c3 have to be excluded. Different primes
can be considered separately, and we define

ϑ1,p :=


1 − 2/p, case i,
1 − 1/p, cases ii–iv, vi–xi,
1, case 0, v.

Let

ϑ1(η) =
∏

p

ϑ1,p

be the product of these local factors, and

g1(u, v) =

∫
{t∈R||tv2 |,|t(tv+u2)|,|v(tv+u2)|�1}

1 dt. (17)

Let ω(n) denote the number of primes dividing n.

LEMMA 5.1. For fixed (η, α1) ∈ Z
6
>0×Z as in (7), (8), (11), (12), the number

of (α2, α3) ∈ Z
2 satisfying T , (9), (10), (13) is

product of local factors whose values can be read off from Columns 2,4, 5 of
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N1(η, α1) =
ϑ1(η)X2

η4η
2
6

g1(α1/X1, X0) + O(2ω(η1η2η3η4η6)).

The sum of error terms for all possible values of (η, α1) is � B(log B)3.
Proof. The number of c3 such that the resulting α2, α3 satisfy (13) differs

from (X2/η4η
2
6)g1(α1/X1, X0) by at most O(1).

Each ϑ1,p � 1 corresponds to a congruence condition on c3 imposed by
one of the cases i–iv, vi–xi. For each congruence condition, the actual ratio
of allowed c3 can differ at most by O(1) from the ϑ1,p. The total number of
these primes p is

ω(η1η2η3η4η6) � 2ω(η1η2η3η4η6),

which is independent of η5 since any prime dividing only η5 contributes a
trivial factor (see case v).

Using the estimate (12) for α1 in the first step and ignoring (7) (8), which
can only increase the error term, we obtain:

∑
η

∑
α1

2ω(η1η2η3η4η6) �
∑
η

B · 2ω(η1η2η3η4η6)

η(3,2,2,2,1,1)
� B(log B)3.

Here, we use 2ω(n) �ε nε for the summations over η1, η2, η3, η4. For η6, we
employ ∑

n�x

2ω(n) � x(log x)

together with partial summation, contributing a factor (log B)2, while the
summation over η5 gives another factor log B.

Next, we sum over all α1 subject to the coprimality condition (8) and the
height condition (12). Let

g2(v) =

∫
{u∈R||v2u|�1}

g1(u, v) du (18)

Similar to our discussion for α2, α3, the number of possible values for α1 as
in (12), while ignoring (8) for the moment, is X1g2(X0) + O(1).

None of the coprimality conditions are fulfilled automatically, and only
common factors with η2 are allowed (see Column 3 of Table III). Therefore,
each prime factor of η1η3η4η5η6 reduces the number of allowed α1 by a factor
of ϑ2,p = 1 − 1/p with an error of at most O(1). For all other primes p, let
ϑ2,p = 1, and let

ϑ2(η) =
∏

p

ϑ2,p and ϑ(η) =

{
ϑ1(η) · ϑ2(η), (7) holds
0, otherwise.
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LEMMA 5.2. For fixed η ∈ Z
6
>0 as in (7), (11), the sum of N1(η, α1) over all

α1 ∈ Z satisfying (8), (12) is

N2(η) :=
ϑ(η)X1X2

η4η
2
6

g2(X0) + R2(η),

where the sum of error terms R2(η) over all possible η is � B log B.
Proof. Let

N(b1, b2) = ϑ1(η) · #{α1 ∈ [b1, b2] | gcd(α1, η1η3η4η5η6) = 1}.

Using Möbius inversion, this is estimated as

N(b1, b2) = ϑ1(η) · ϑ2(η) · (b2 − b1) + R(b1, b2)

with R(b1, b2) = O(2ω(η1η3η4η5η6)). By partial summation,

N2(η) =
ϑ(η)X1X2

η4η
2
6

g2(X0) + R2(η)

with

R2(η) =
−X2

η4η
2
6

∫
{u||X2

0u|�1}
(D1g1)(u, X0)R(−X1/X

2
0 , X1u) du

where D1g1 is the partial derivative of g1 with respect to the first variable.
Using the above bound for R(b1, b2), we obtain:

R2(η) � X2

η4η
2
6

2ω(η1η3η4η5η6).

Summing this over all η as in (11) while ignoring (7) which can only enlarge
the sum, we obtain:

∑
η

R2(η) �
∑
η

X2 · 2ω(η1η3η4η5η6)

η4η
2
6X2

0

=
∑
η

B · 2ω(η1η3η4η5η6)

η(2,1,2,2,2,2)
� B log B

In the first step, we use X0 � 1.

Let

∆(n) = B−2/3
∑

ηi,η(4,2,3,3,2,2)=n

ϑ(η)X1X2

η4η
2
6

=
∑

ηi,η(4,2,3,3,2,2)=n

ϑ(η)(η(4,2,3,3,2,2))1/3

η(1,1,1,1,1,1)
.

In view of Lemma 4.1, the number of rational points of bounded height
on S 0 can be estimated by summing the result of Lemma 5.2 over all suitable
η. The error term is the combination of the error terms in Lemmas 5.1 and
5.2.
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LEMMA 5.3. We have

N(S 0,−KS , B) = B2/3
∑
n�B

∆(n)g2
(
(n/B)1/3) + O(B(log B)3).

6. Completion of the Proof

We need an estimate for
M(t) :=

∑
n�t

Consider the Dirichlet series F(s) :=
∑∞

n=1 ∆(n)n−s. Using

F(s + 1/3) =
∑
η

ϑ(η)

η4s+1
1 η2s+1

2 η3s+1
3 η3s+1

4 η2s+1
5 η2s+1

6

,

we write F(s + 1/3) =
∏

p Fp(s + 1/3) as its Euler product. To obtain Fp(s +

1/3) for a prime p, we need to restrict this sum to the terms in which all ηi

are powers of p. Note that ϑ(η) is non-zero if and only if the divisibility of
ηi by p falls into one of the twelve cases described in Table III. The value of
ϑ(η) only depends on these cases.

Writing F (s + 1/3) =
∑11 Fp,i(s + 1/3), we have for example:

Fp,0(s + 1/3) = 1,

Fp,1(s + 1/3) =

∞∑
j=1

(1 − 1/p)(1 − 2/p)
p j(4s+1)

=
(1 − 1/p)(1 − 2/p)

p4s+1 − 1
,

Fp,7(s + 1/3) =

∞∑
j,k=1

(1 − 1/p)2

p j(4s+1) pk(2s+1)
=

(1 − 1/p)2

(p4s+1 − 1)(p2s+1 − 1)
.

Fp(s + 1/3) = 1 +
1 − 1/p

p4s+1 − 1

(
(1 − 2/p) +

1 − 1/p

p2s+1 − 1
+ 2

1 − 1/p

p3s+1 − 1

)

+
1 − 1/p

p2s+1 − 1
+ 2

(1 − 1/p)2

p3s+1 − 1
+ 2

1 − 1/p

p2s+1 − 1
+ 2

(1 − 1/p)2

(p2s+1 − 1)2
.

Defining

E(s) := ζ(4s + 1)ζ(3s + 1)2ζ(2s + 1)3 and G(s) := F(s + 1/3)/E(s),

we see as in (Derenthal, 2005) that the residue of F(s)ts/s at s = 1/3 is

Res(t) =
3G(0)t1/3Q1(log t)

5! · 4 · 2 · 3 · 3 · 2 · 2

∆(n).

p i=0

The other cases are similar, giving
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for a monic Q1 ∈ R[x] of degree 5. By Lemma 3.1, α(S ) = 1
5!·4·2·3·3·2·2 . By a

Tauberian argument as in (Derenthal, 2005, Lemma 13):

LEMMA 6.1. M(t) = Res(t) + O(t1/3−δ) for some δ > 0.

By partial summation,

∑
n�B

∆(n)g2((n/B)1/3) = α(S )G(0)B1/3Q(log B) · 3
∫ 1

0
g2(v) dv + O(B

1
3−δ)

for a monic polynomial Q of degree 5. We identify ωH(S ) from

G(0) =
∏

p

(
1 − 1

p

)6 (
1 +

6
p

+
1
p2

)
, and ω∞ = 3

∫ 1

0
g2(v) dv.

Together with Lemma 5.3, this completes the proof of Theorem 1.2.

7. Equations of Universal Torsors

The simplest universal torsors are those which can be realized as Zariski open
subsets of the affine space. This happens if and only if the Del Pezzo surface
is toric.

EXAMPLE 7.1. There are 20 types of singular Del Pezzo surfaces of degree
d � 3 whose universal torsor is an open subset of a hypersurface in A

13−d.
For one example of each type6, the equation defining the universal torsor is
listed in Table IV. More details can be found in (Derenthal, 2006d).

EXAMPLE 7.2 (Cubic surface with A1 + A3 singularities). This surface has
7 lines, 4 additional variables correspond to exceptional curves of the desin-
gularization. Its 9-dimensional universal torsor is a Zariski open subset of a
complete intersection in

A
11 = Spec Z[η0, . . . , η3, µ0, . . . , µ6]

given by

η1η2µ1µ2 + µ4µ6 + µ3µ5 = 0 and η0η1µ
2
2 + η3µ5µ6 + µ0µ1 = 0.

See (Derenthal, 2006c) for more details.

6 For the cubic D4 case, the universal torsor of a different example is calculated in (Hassett
and Tschinkel, 2004, Section 4).
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TABLE IV. Torsor equations.

degree singularities # of lines defining equation
6 A1 3 η2α1 + η3α2 + η4α3

6 A2 2 η2α
2
1 + η3α2 + η4α3

5 A1 7 η2η6 + η3η7 + η4η8

5 A2 4 η2η
2
5η6 + η3α1 + η4α2

5 A3 2 η1α
2
1 + η3η

2
4α2 + η5α3

5 A4 1 η2
1η2α

3
1 + η4α

2
2 + η5α3

4 3A1 6 η4η5 + η1η6η7 + η8η9

4 A2 + A1 6 η5η7 + η1η3η
2
9 + η6η8

4 A3 5 η5α + η1η
2
4η7 + η3η

2
6η8

4 A3 + A1 3 η6α2 + η7α1 + η1η3η
2
4η

3
5

4 A4 3 η5α1 + η1α
2
2 + η3η

2
4η

3
6η7

4 D4 2 η3η
2
5α2 + η4η

2
6α3 + η2α

2
1

4 D5 1 η3α
2
1 + η2η

2
6α3 + η4η

2
5α

3
2

3 D4 6 η2η
2
5η8 + η3η

2
6η9 + η4η

2
7η10

3 A3 + 2A1 5 η4η
2
6η10 + η1η2η

2
7 + η8η9

3 2A2 + A1 5 η3η5η
2
7 + η1η6η8 + η9η10

3 A4 + A1 4 η1η5η
2
8 + η3η

2
4η

3
6η9 + η7α

3 D5 3 η2η
2
6α2 + η4η

2
5η

3
7η8 + η3α

2
1

3 A5 + A1 2 η3
1η

2
2η3η

4
7η8 + η5α

2
1 + η6α2

3 E6 1 η2
4η5η

3
7α3 + η2α

2
2 + η2

1η3α
3
1

There are examples of universal torsors which are not complete intersec-
tions, but have still been successfully used in the context of Manin’s conjec-
ture:

EXAMPLE 7.3 (Cayley cubic). The Cayley cubic surface

x0x1x2 + x0x1x3 + x0x2x3 + x1x2x3 = 0

(Figure 1) is a split singular cubic surface with four singularities q1, . . . , q4 of
type A1 and nine lines. It is the blow-up of P

2 in the 6 intersection points of
4 lines in general position. The universal torsor is an open subvariety of the
variety in

A
13 = SpecZ[v12, v13, v14, y1, y2, y3, y4, z12, z13, z14, z23, z24, z25]

defined by six equations of the form

zikzily j + z jkz jlyi = zi jvi j

and three equations of the form

vi jvik = z2
ily jyk − z2

jkyiyl,
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where {i, j, k, l} = {1, 2, 3, 4} and

zi j = z ji, vi j = v ji, and vi j = −vkl.

See (Derenthal, 2006c) for a proof. The variables yi correspond to the four
exceptional curves Ei obtained by blowing up qi, zi j correspond to the six
lines mi j through two of the singularities, and vi j correspond to the other
three lines �i j. The first six equations can be interpreted in connection with
the projection from mi j, and the other three equations are connected to the
projection from �i j.

Upper and lower bounds of the expected order of magnitude have been
established in (Heath-Brown, 2003).

EXAMPLE 7.4 (Smooth degree 5 Del Pezzo surface). The blow-up of P
2 in

(1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1), (1 : 1 : 1)

is a split smooth Del Pezzo surface of degree 5. Its universal torsor is an open
subset of the variety defined by the following five equations in ten variables:

λ12η2 − λ13η3 + λ14η4 = 0

λ12η1 − λ23η3 + λ24η4 = 0

λ13η1 − λ23η2 + λ34η4 = 0

λ14η1 − λ24η2 + λ34η3 = 0

λ12λ34 − λ13λ24 + λ14λ23 = 0

The asymptotic formula (3) has been established in (de la Bretèche, 2002).

To illustrate some of the difficulties in proving Conjecture 1.1 for a smooth
split cubic surface, we now write down equations for its universal torsor (up
to radical).

EXAMPLE 7.5 (Smooth cubic surfaces). Let S be the blow-up of P
2 in

(1 : 0 : 0), (0 : 1 : 0), (0 : 0 : 1), (1 : 1 : 1), (1 : a : b), (1 : c : d),

in general position. Conjecturally, the universal torsor is an open subset of the
intersection of 81 quadrics in 27-dimensional space Spec Z[ηi, µi, j, λi], where

− η1, . . . , η6 correspond to the preimages of the points,

− µi, j (i < j ∈ {1, . . . , 6}) correspond to the 15 lines mi, j through two of
the points,

− λ1, . . . , λ6 correspond to the conics Qi through five of the six points,
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and relations arise from conic bundle structures on S . Batyrev and Popov
proved that the above variables are indeed generators and that the relations
give the universal torsor, up to radical (Batyrev and Popov, 2004).

We now write down these equations explicitly (see (Derenthal, 2006b) for
more details). The 81 defining quadrics occur in sets of three. These 27 triples
correspond to projections from the 27 lines on S . We use

E := (b − 1)(c − 1) − (a − 1)(d − 1) and F := bc − ad

to simplify the equations.

qQ1,1 = −η2µ1,2 − η3µ1,3 + η4µ1,4

qQ1,2 = −aη2µ1,2 − bη3µ1,3 + η5µ1,5

qQ1,2 = −cη2µ1,2 − dη3µ1,3 + η6µ1,6

qQ2,1 = η1µ1,2 − η3µ2,3 + η4µ2,4

qQ2,2 = η1µ1,2 − bη3µ2,3 + η5µ2,5

qQ2,3 = η1µ1,2 − dη3µ2,3 + η6µ2,6

qQ3,1 = η1µ1,3 + η2µ2,3 + η4µ3,4

qQ3,2 = η1µ1,3 + aη2µ2,3 + η5µ3,5

qQ3,3 = η1µ1,3 + cη2µ2,3 + η6µ3,6

qQ4,1 = η1µ1,4 + η2µ2,4 + η3µ3,4

qQ4,2 = (1 − b)η1µ1,4 + (a − b)η2µ2,4 + η5µ4,5

qQ4,3 = (1 − d)η1µ1,4 + (c − d)η2µ2,4 + η6µ4,6

qQ5,1 = 1/bη1µ1,5 + a/bη2µ2,5 + η3µ3,5

qQ5,2 = (1 − b)/bη1µ1,5 + (a − b)/bη2µ2,5 + η4µ4,5

qQ5,3 = (b − d)/bη1µ1,5 + F/bη2µ2,5 + η6µ5,6

qQ6,1 = 1/dη1µ1,6 + c/dη2µ2,6 + η3µ3,6

qQ6,2 = (1 − d)/dη1µ1,6 + (c − d)/dη2µ2,6 + η4µ4,6

qQ6,3 = (b − d)/dη1µ1,6 + F/dη2µ2,6 + η5µ5,6

qm1,2,1 = µ4,5µ3,6 − µ3,5µ4,6 + µ3,4µ5,6

qm1,2,2 = (b − d)µ3,5µ4,6 + (d − 1)µ3,4µ5,6 + η2λ1

qm1,2,3 = Fµ3,5µ4,6 + a(d − c)µ3,4µ5,6 + η1λ2

qm1,3,1 = µ4,5µ2,6 − µ2,5µ4,6 + µ2,4µ5,6

qm1,3,2 = (c − a)µ2,5µ4,6 + (1 − c)µ2,4µ5,6 + η3λ1
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qm1,3,3 = −Fµ2,5µ4,6 + b(c − d)µ2,4µ5,6 + η1λ3

qm2,3,1 = µ4,5µ1,6 − µ1,5µ4,6 + µ1,4µ5,6

qm2,3,2 = (a − c)µ1,5µ4,6 + a(c − 1)µ1,4µ5,6 + η3λ2

qm2,3,3 = (b − d)µ1,5µ4,6 + b(d − 1)µ1,4µ5,6 + η2λ3

qm1,4,1 = µ3,5µ2,6 − µ2,5µ3,6 + µ2,3µ5,6

qm1,4,2 = −Eµ2,5µ3,6 + (b − 1)(c − 1)µ2,3µ5,6 + η4λ1

qm1,4,3 = −Fµ2,5µ3,6 + bcµ2,3µ5,6 + η1λ4

qm2,4,1 = µ3,5µ1,6 − µ1,5µ3,6 + µ1,3µ5,6

qm2,4,2 = Eµ1,5µ3,6 + (a − b)(c − 1)µ1,3µ5,6 + η4λ2

qm2,4,3 = (b − d)µ1,5µ3,6 − bµ1,3µ5,6 + η2λ4

qm3,4,1 = µ2,5µ1,6 − µ1,5µ2,6 + µ1,2µ5,6

qm3,4,2 = −Eµ1,5µ2,6 + (a − b)(1 − d)µ1,2µ5,6 + η4λ3

qm3,4,3 = (c − a)µ1,5µ2,6 + aµ1,2µ5,6 + η3λ4

qm1,5,1 = µ3,4µ2,6 − µ2,4µ3,6 + µ2,3µ4,6

qm1,5,2 = −Eµ2,4µ3,6 + (a − c)(1 − b)µ2,3µ4,6 + η5λ1

qm1,5,3 = (d − c)µ2,4µ3,6 + cµ2,3µ4,6 + η1λ5

qm2,5,1 = µ3,4µ1,6 − µ1,4µ3,6 + µ1,3µ4,6

qm2,5,2 = aEµ1,4µ3,6 + (a − b)(c − a)µ1,3µ4,6 + η5λ2

qm2,5,3 = (1 − d)µ1,4µ3,6 − µ1,3µ4,6 + η2λ5

qm3,5,1 = µ2,4µ1,6 − µ1,4µ2,6 + µ1,2µ4,6

qm3,5,2 = −bEµ1,4µ2,6 + (a − b)(b − d)µ1,2µ4,6 + η5λ3

qm3,5,3 = (c − 1)µ1,4µ2,6 + µ1,2µ4,6 + η3λ5

qm4,5,1 = µ2,3µ1,6 − µ1,3µ2,6 + µ1,2µ3,6

qm4,5,2 = b(c − a)µ1,3µ2,6 + a(b − d)µ1,2µ3,6 + η5λ4

qm4,5,3 = (c − 1)µ1,3µ2,6 + (1 − d)µ1,2µ3,6 + η4λ5

qm1,6,1 = µ3,4µ2,5 − µ2,4µ3,5 + µ2,3µ4,5

qm1,6,2 = −Eµ2,4µ3,5 + (a − c)(1 − d)µ2,3µ4,5 + η6λ1

qm1,6,3 = (b − a)µ2,4µ3,5 + aµ2,3µ4,5 + η1λ6

qm2,6,1 = µ3,4µ1,5 − µ1,4µ3,5 + µ1,3µ4,5

qm2,6,2 = cEµ1,4µ3,5 + (a − c)(d − c)µ1,3µ4,5 + η6λ2
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qm2,6,3 = (1 − b)µ1,4µ3,5 − µ1,3µ4,5 + η2λ6

qm3,6,1 = µ2,4µ1,5 − µ1,4µ2,5 + µ1,2µ4,5

qm3,6,2 = −dEµ1,4µ2,5 + (d − b)(d − c)µ1,2µ4,5 + η6λ3

qm3,6,3 = (a − 1)µ1,4µ2,5 + µ1,2µ4,5 + η3λ6

qm4,6,1 = µ2,3µ1,5 − µ1,3µ2,5 + µ1,2µ3,5

qm4,6,2 = d(c − a)µ1,3µ2,5 + c(b − d)µ1,2µ3,5 + η6λ4

qm4,6,3 = (a − 1)µ1,3µ2,5 + (1 − b)µ1,2µ3,5 + η4λ6

qm5,6,1 = µ2,3µ1,4 − µ1,3µ2,4 + µ1,2µ3,4

qm5,6,2 = d(c − 1)µ1,3µ2,4 + c(1 − d)µ1,2µ3,4 + η6λ5

qm5,6,3 = b(a − 1)µ1,3µ2,4 + a(1 − b)µ1,2µ3,4 + η5λ6

qE1,1 = (d − b)/Eµ1,2λ2 + (c − a)/Eµ1,3λ3 + µ1,4λ4

qE1,2 = (d − 1)/Eµ1,2λ2 + (c − 1)/Eµ1,3λ3 + µ1,5λ5

qE1,3 = (b − 1)/Eµ1,2λ2 + (a − 1)/Eµ1,3λ3 + µ1,6λ6

qE2,1 = F/Eµ1,2λ1 + (c − a)/Eµ2,3λ3 + µ2,4λ4

qE2,2 = (c − d)/Eµ1,2λ1 + (c − 1)/Eµ2,3λ3 + µ2,5λ5

qE2,3 = (a − b)/Eµ1,2λ1 + (a − 1)/Eµ2,3λ3 + µ2,6λ6

qE3,1 = F/Eµ1,3λ1 + (b − d)/Eµ2,3λ2 + µ3,4λ4

qE3,2 = (c − d)/Eµ1,3λ1 + (1 − d)/Eµ2,3λ2 + µ3,5λ5

qE3,3 = (a − b)/Eµ1,3λ1 + (1 − b)/Eµ2,3λ2 + µ3,6λ6

qE4,1 = F/(a − c)µ1,4λ1 + (b − d)/(a − c)µ2,4λ2 + µ3,4λ3

qE4,2 = c/(a − c)µ1,4λ1 + 1/(a − c)µ2,4λ2 + µ4,5λ5

qE4,3 = a/(a − c)µ1,4λ1 + 1/(a − c)µ2,4λ2 + µ4,6λ6

qE5,1 = (d − c)/(c − 1)µ1,5λ1 + (d − 1)/(c − 1)µ2,5λ2 + µ3,5λ3

qE5,2 = −c/(c − 1)µ1,5λ1 − 1/(c − 1)µ2,5λ2 + µ4,5λ4

qE5,3 = −1/(c − 1)µ1,5λ1 − 1/(c − 1)µ2,5λ2 + µ5,6λ6

qE6,1 = (b − a)/(a − 1)µ1,6λ1 + (b − 1)/(a − 1)µ2,6λ2 + µ3,6λ3

qE6,2 = −a/(a − 1)µ1,6λ1 − 1/(a − 1)µ2,6λ2 + µ4,6λ4

qE6,3 = −1/(a − 1)µ1,6λ1 − 1/(a − 1)µ2,6λ2 + µ5,6λ5

In general, the dimension k of the ambient space A
k of the universal torsor

is at least as large as the number of lines on the surface plus the number of
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exceptional curves of its desingularization, while the dimension of the uni-
versal torsor only depends on the degree of the surface, so that the number of
equations must grow with k.

Heuristically, the complexity of universal torsors should be dictated by
the following considerations:

− The dimension of the universal torsor of split Del Pezzo surfaces S is
12 − d, where d is the degree of S .

− For smooth Del Pezzo surfaces, the number of lines is bigger in smaller
degrees (e.g., 10 lines in degree 5, and 27 lines in degree 3).

− Singular surfaces have less lines than smooth surfaces.

− The number of lines is higher in cases with “few mild” singularities (e.g.,
for cubics: A1 with 21 lines, A2 with 15 lines), while it is low for “bad”
singularities (e.g., 1 for the E6 cubic, 2 for the A5 + A1 cubic).

Therefore, we expect universal torsors over surfaces which have low degree,
are smooth or have mild singularities to be more complex than torsors over
surfaces in large degree, or with complicated singularities.

Acknowledgements

Part of this work was done while the authors were visiting the CRM at the
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de la Bretèche, R. (2002) Nombre de points de hauteur bornée sur les surfaces de del Pezzo
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AN INTRODUCTION TO THE LINNIK PROBLEMS

W. Duke
UCLA

Abstract. This paper is a slightly enlarged version of a series of lectures on the Linnik
problems given at the SMS–NATO ASI 2005 Summer School on Equidistribution in Number
Theory.

Key words: Linnik problem, half-integral weight, CM points

1. Introduction

bution of lattice points on a sphere and analogous hyperbolic problems asso-
ciated to binary quadratic forms. These problems were introduced by Linnik

1968), Linnik applied an intricate ergodic  method  to solve them subject to 
a made a breakthrough in
the theory of modular forms of half-integral weight that allowed the Linnik
problems to be solved unconditionally using more traditional modular forms
methods (Duke, 1988). These methods have since been much further devel-
oped in the more general context of subconvexity estimates for L-functions,

give an exposition of the original modular forms approach emphasizing the

connection with L-functions. Recently there has been striking progress by a
number of mathematicians in the analytic theory of L-functions in connection
with various equidistribution problems. Hopefully, these lectures will provide

those interested in pursuing details. An excellent exposition of many of the
topics treated here is (Sarnak, 1990).

197

A. Granville and Z. Rudnick (eds.), Equidistribution in Number Theory, an Introduction, 197–216.
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In these lectures I will discuss the classical Linnik problems about the distri-

where they have far-ranging implications/applications. My main purpose is to

some background for these developments, and serve as a rough guide to help

original ideas, which have an intuitive appeal. I will only introduce briefly the

and are discussed in his book Ergodic Properties of Algebraic Fields. In (Linnik,

certain condition. In (Iwaniec, 1987), Iwaniec
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2. The Linnik Problems

2.1. THE SPHERE

Consider the lattice points α ∈ Z
3 with |α|2 = x2

1 + x2
2 + x2

3, for α = (x1, x2, x3).
The set Ωn = {x = α/|α|;α ∈ Z

3; |α|2 = n} for n ∈ Z
+ lies on the unit sphere

S 2. By a classical result of Legendre Ωn is non-empty iff n � 4a(8b + 7) for a
and b integers, a non-negative. Linnik asked whether the set Ωn subject to the
condition that n ≡ 1, 2, 3, 5, 6 (mod 8) is uniformly distributed with respect to
(normalized) Lebesgue measure dσ on S 2; is it the case given a reasonable
subset of S 2 that the proportion of points in it from Ωn approaches the mea-
sure of the set as n → ∞? Linnik was able to prove this using his “ergodic
method” but subject to the condition required by the method that the Legendre
symbol (n/p) = 1 for a fixed odd prime p. An advance made by Iwaniec in
the estimation of Fourier coefficients of cusp forms of half-integral weight
later allowed this condition to be removed. To state this, it is convenient to
couch the uniform distribution property in terms of the approximation of the
integral of a test function by “Riemann sums.” For simplicity I will restrict
attention here to the most interesting case where n is square-free.

THEOREM A. Suppose that f ∈ C∞(S 2). Then, as n → ∞ with n square-
free and n � 7 (mod 8),

1
#Ωn

∑
x∈Ωn

f (x) →
∫

S 2
f dσ.

I will spend most of the lectures explaining, modulo many technical details,
the proof of this result. It should be pointed out that one may ask the same
question about the lattice points on a ellipsoid given by a positive definite in-
tegral ternary quadratic form. Then, most of the interest shifts to the question
of characterizing by mean of congruences those integers n that are repre-
sented by the form. For square-free n, the analytic techniques used to prove
Theorem A apply directly, but for general n the issue becomes quite delicate
(see e.g. (Duke and Schulze-Pillot, 1990; Duke, 1997)).

2.2. CM POINTS

Another problem introduced by Linnik concerns the distribution of roots of
integral quadratic equations with a large negative discriminant. Here the ap-
propriate setting is ±Γ\H , where H is the upper half-plane and Γ = SL(2,Z)
is the modular group. The quadratic equations are best introduced via positive
definite binary quadratic forms

Q = Q(x, y) = ax2 + bxy + cy2, d = b2 − 4ac = disc Q < 0
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with a, b, c ∈ Z, a > 0. After Gauss, there are only finitely many Γ-equi-
valence classes of such forms with a given d (see (Cox, 1989)).

For a given Q = ax2+bxy+cy2 with disc Q = d, the root of ax2+bx+c = 0

zQ =
−b +

√
d

2a
∈ H

associated to Q is called a CM point. It is readily shown that the orbit γzQ

runs over the roots of the forms equivalent to Q, where γ ∈ Γ acts as a linear
fractional map. Let F denote the standard fundamental domain for Γ:

F =
{
z ∈ H ;−1

2 ≤ Re z ≤ 0 and |z| ≥ 1 or 0 < Re z < 1
2 and |z| > 1

}
.

We shall write Λd = {zQ ∈ F ; disc Q = d}. For every d ≡ 0, 1(mod 4) we can
find a (principal) Q with disc Q = d and associated zQ ∈ F :

d ≡ 0(4) : x2 − d
4

y2, zd =

√
d

2
,

d ≡ 1(4) : x2 + xy − d − 1
y

y2, zd =
−1 +

√
d

2
.

It is convenient to define by convention a sum over Λd to mean that a sum-
mand should be weighted by 1

2 if Q = a(x2+y2) and by 1
3 if Q = a(x2+xy+y2)

to account for the automorphs in Γ. In particular, H(d) =
∑

Λd
1 is called the

Hurwitz class number. Recall that d is said to be fundamental when it equals
the discriminant of Q(

√
d). In this case, when d < −4, H(d) equals to the class

number h(d) of Q(
√

d) Generally I will only be concerned with fundamental
discriminants.

A PSL(2,R)-invariant measure for H is given by dx dy/y2 and�
F

dx dy/y2 = π/3.

Let us denote by dµ = (3/π) dx dy/y2 the normalized invariant measure. The
second Linnik problem concerns the distribution of the zQ ∈ F as d → −∞.

THEOREM B. Suppose that f ∈ C∞(H) is Γ-invariant and bounded on H .
Then, as d → −∞ with d a fundamental discriminant,

1
#Λd

∑
z∈Λd

f (z) →
∫

Γ\H
f dµ.

The proof of this result is quite analogous to that of Theorem A but re-
quires more machinery. The main reason for this is the fact that Γ\H is
non-compact.



200 W. DUKE

There is a parallel result one can obtain for indefinite forms as d → +∞,
namely the uniform distribution of closed geodesics on ±Γ\H when grouped
by discriminant. In fact, the proof of Theorem B yields this result as well.
This problem is in fact a revealing paradigm for more general situations in
which infinite unit groups exist (see. e.g. (Cohen, 2005) and references given
there).

3. Holomorphic Modular Forms of Half-Integral Weight

This subject is based on the properties of the Jacobi theta series

θ(z) =
∑
n∈Z

e(n2z),

which has a product representation via the Jacobi triple product formula:
write q = e(z)

θ(z) =

∞∏
n=1

(1 − q2n)(1 + q2n−1)2.

This remarkable function satisfies for γ∈Γ0(4), where Γ0(N) = {γ ∈ SL(2,Z):
c ≡ 0(N)}, the transformation formula

θ(γz) = j(γ, z)θ(z),

where j(γ, z) = (c/d)ε−1
d (cz + d)1/2, with (c/d) the (extended) Legendre sym-

bol, εd =

{
1, d ≡ 1(4)
i, d ≡ 3(4)

and z1/2 = |z|1/2 exp( 1
2 i arg z), with −π < arg z ≤ π,

(see (Shimura, 1973)). Actually, Jacobi studied θ(z/2), whose relevant group
is conjugate to Γ0(4), namely Γ(2).

For k ∈ 1
2Z

+ and N ≡ 0(4) if 2k is odd, a holomorphic modular form of
weight k for Γ0(N) is a holomorphic function on H sit for γ ∈ Γ0(N)

f (γz) = j(γz)2k f (z),

together with the condition that f be holomorphic in the cusps of Γ0(N). The
usual way to do this is to define the Fourier expansion of f in each cusp and
require that no negative terms occur. This is easily done at i∞, where the
Fourier expansion must look like

f (z) =
∑
n≥0

a(n)e(nz). (1)

For other cusps and 2k odd this is a little bit trickier and is best done using
a cover of SL(2,R) (see (Shimura, 1973) or (Koblitz, 1984)). For our pur-
poses it is enough to impose the equivalent growth condition on the invariant
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function yk/2| f (z)| = F(z) that

F(z) � yA + y−A for some A ≥ 0 (2)

and all z ∈ H . Let Mk(N) denote the space of all such functions; it is known
to be finite dimensional. The subspace of cusp forms S k(N) consists of these
F ∈ Mk(N) whose zeroth Fourier coefficient in every cusp vanishes. For k > 0
this is equivalent to having (2) with A = 0.

The proof of Theorem A relies heavily on non-trivial estimates for the
Fourier coefficients of cusp forms. This turns out to be rather harder when 2k
is odd, which is the case needed. Let us recall the trivial bound of Hecke for
a cusp form f and any k:

|a(n)| �
f

nk/2. (3)

The proof is easy. For any y > 0

a(n)e−2πny =

∫ 1

0
e(−nx) f (x + iy) dx

and so using (2) with A = 0 gives

|a(n)| ≤ e2πnyy−k/2
∫ 1

0
F(x + iy) dx

� e2πnyy−k/2.

Taking y = 1/n gives (3).
Hecke’s bound certainly can fail for non-cusp forms; consider the easiest

example when weight k = 4 of the Eisenstein series

E4(z) = c4

∑
γ∈Γ∞\Γ

(cz + d)−4 = 1 + 240
∞∑

n=1

σ3(n)e(nz), (4)

which has σ3(n) =
∑

d|n d3 and cannot be bounded by a constant times n2.
It is an important fact that one can make enough modular forms via

Eisenstein series to subtract off the growth of an arbitrary modular form in
the cusps, leaving a cusp form. This is harder for k = 1

2 , 1,
3
2 , and 2 since then

the Eisenstein series do not converge absolutely. In fact, in these cases one is
stuck dealing with non-holomorphic modular forms. This turns out to be the
main difference between Theorems A and B.



202 W. DUKE

4. Theta Series with Harmonic Polynomials

The relevance of modular forms to the Linnik problems is through the concept
of a Weyl sum. Recall that for a finite set of points Xn on S 1 = R/Z, the
Weyl criterion for equidistribution of Xn with respect to Lebesgue measure as
n → ∞ is that for each m ∈ Z, m � 0,

1
#Xn

∑
θ∈Xn

e(nθ) → 0

as n → ∞. The situation for our points Ωn on S 2 is very similar. Observe that
( x + iy
|x + iy|

)m

= e(mθ)

and ( x − iy
|x − iy|

)m

= e(−mθ)

if θ = arg(x+ iy)/2π, for m > 0. Now (x+ iy)m and (x− iy)m are homogeneous
harmonic polynomials on R

2. This example generalizes beautifully to R
n.

In particular for R
3 it can be shown that any f ∈ C2(S 2) can be uniformly

approximated by a finite sum of homogeneous harmonic polynomials in R
3

restricted to S 2 (for a proof see Stein (Stein and Weiss, 1971, Corollary 2.3,
p. 141)). Thus the Weyl criteria for uniform distribution of the lattice points
on S 2 requires that we prove that for any homogeneous harmonic polynomial
P(x) on R

3 of degree � > 0

1
#Ωn

∑
X∈Ωn

P(X) → 0 as n → ∞,

as in Theorem A. Equivalently, we require
∑
α∈Z

3

|α|2=n

P
(
α

|α|

)
= O

(
r3(n)

)

where r3(n) = #{α ∈ Z
3: |α|2 = n}.

PROPOSITION 4.1. The theta series

θ(z, P) =
∑
α∈Z3

P(α)e(|α|2z) =
∑

n

r(n; P)e(nz)

is a holomorphic modular form of weight 3
2 +� for Γ0(4), which is a cusp form

if � > 0. Also, θ(z, P) = 0 unless � is even.
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Proof. See (Shimura, 1973). �

When � = deg P = 0 we have

θ(z, 1) = θ3(z) =
∑
n≥0

r3(n)e(nz).

To prove Theorem A, we need two ingredients:

(L) r3(n)�ε n1/2−ε for n as in Theorem A and all ε > 0,

(U) |r(n, P)| � nk/2−1/4−δ for n square-free and some fixed δ > 0, when � > 0.

To see this, note
∑

|α|2=n P(α/|α|) = n−�/2r(n; P) and k/2− 1
4 = �/2 + 1

2 , so (U)
says equivalently

∑
|α|2=n P(α/|α|) � n1/2−δ = O

(
r3(n)

)
. As we shall review

below, (L) follows from classical results of Gauss and Siegel, but with an
ineffective constant.

5. Linnik Problem for Squares and the Shimura Lift

At this point we see how far from (U) Hecke’s exponent k/2 is. Before turning
to this problem in earnest, let us treat a related problem that leads to integral
weights, namely the distribution of rational points on S 2. These points are in
one-one correspondence with the primitive (α1, α2, α3) ∈ Z

3 with |α|2 = m2

via α �→ (1/m)α, m > 0. Here m is the height of the point. This easily leads
us to consider the Linnik problem on S 2 for n = m2.

Building an earlier results of Stieltjes, Hurwitz showed that

∞∑
n=1

r3(n2)n−s = 6(1 − 21−s)
ζ(s)ζ(s − 1)

L(s, χ−4)
,

where χ−4(·) = (−4
· ) is the Kronecker symbol. One easily derives from this

that for odd n
r3(n2) � n, (5)

which is even better than (L). This phenomenon was generalized by Shimura
and is called the Shimura lift. In our case we can infer for � > 0 that there is
a cusp form F(z) = Σa(n)e(nz) of weight 2� + 2 for Γ0(2) such that

∞∑
n=1

r(n2, P)n−s =

∑∞
1 a(n)n−s

L(s − �, χ−4)
.

(see (Niwa, 1975)).
Thus

r(n2, P) =
∑
d|n

a(d)µ
( n

d

)
χ−4

( n
d

)( n
d

)�
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and so in place of (U) we need a bound for a(n) of the form

|a(n)| � n�+1−δ as k − 1
2 = � + 1,

in order to beat the lower bound r3(n2) � n. Thus any non-trivial bound for
weight 2� + 2 cusp forms gives Theorem A for squares. It is then an easy
matter to restrict to primitive points and derive the uniform distribution of
rational points of a given height on S 2 as the height tends to infinity.

6. Nontrivial Estimates for Fourier Coefficients

At first look, the methods we shall apply to establish non-trivial estimates
for the Fourier coefficients of cusp forms of integral and half-integral weights
appear to be the same. However, there is a striking difference. Roughly speak-
ing, one must overcome the bound given by Weil’s bound for Kloosterman
sums in the half-integral weight case. In fact, this bound is more appropriately
called “trivial,” as we will see.

The story about obtaining non-trivial bounds in the integral weight case
has a complex plot. Here I will describe the Kloosterman sums approach. It
will be observed that the role of Hecke operators has been ignored so far.
Such an omission becomes a serious liability in the integral weight case but,
since their role in the half-integral weight case is less central, at least for our
purposes here, we will continue to not emphasize them.

Historically speaking, the first approach to obtaining non-trivial estimates
for Fourier coefficients was via the circle method. Kloosterman produced his
sums in this context and by non-trivially estimating them solved an impor-
tant problem on the representations of integers by positive definite integral
quadratic forms in four variables. Later it was found by Petersson and Selberg
that one could take direct advantage of automorphy by constructing Poincaré
series.

Consider for Γ = Γ0(N) and m ≥ 0 the function

Pm(z, k) =
∑

γ∈Γ∞\Γ
j(γ, z)−2ke(mγz),

which converges absolutely and uniformly on compact subsets of H , pro-
vided that k > 2. It is not hard to show that Pm ∈ S k(N) for m > 0 and in fact
they span S k. Consider that for f ∈ S k(N) with f (z) =

∑∞
1 a(n)e(nz)

〈Pm, f 〉 =

∫
Γ\H

Pm(z) f̄ (z)yk dx dy

y2

=

∫
Γ\H

∑
γ∈Γ∞\Γ

(
j(γ, z)

)−2ke(mγz) f̄ (z)yk−2 dx dy
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=

∫ ∞

0

∫ 1

0
e(mz) f̄ (z)yk−2 dx dy

= ā(m)(4πm)−k+1Γ(k − 1). (6)

Thus 〈Pm, f 〉 = 0 for all m ≥ 1 ⇒ a(m) = 0 ⇒ f ≡ 0. It follows that it is
enough for us to estimate the Fourier coefficients of Pm.

A nice calculation (see (Sarnak, 1990) or (Iwaniec, 1997)) shows that if
we write

Pm(z, k) =
∑
n>0

P̂m(n)e(nz)

then

P̂m(n) = 2(n/m)(k−1)/2


δm,n + 2πi−k

∑
c≡0(N)

c>0

Jk−1

(4π
√

mn
c

)
K(m, n; c)c−1


(7)

where

Jk−1(z) =
∑
�≥0

(−1)�

�!Γ(� + k)

( z
2

)k−1+2�

is the J-Bessel function and

K(m, n; c) =
∑

d(mod c)
(d,c)=1

( c
d

)2k

ε̄2k
d e

(
md̄ + nd

c

)

is a Kloosterman sum of weight k, a kind of finite analogue of Jk−1 (via an
integral representation).

6.1. SUPPOSE K > 2 IS EVEN

This is enough to handle the Linnik problem for squares above, since the cusp
form there was weight 2�+ 2. We shall ignore the case of odd integral k, even
though in general this is very interesting.

For even k the Kloosterman sum is

K(m, n; c) =
∑
d(c)

(d,c)=1

e
(md̄ + nd

c

)

and satisfies the famous Weil bound

|K(m, n; c)| �ε c1/2+ε.
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The J-Bessel function satisfies for x > 0

Jk−1(x) � min
{
xk−1,

1
√

x

}

so we may conclude from (7) that

P̂m(n) �ε n(k−1)/2


∑

c≥4π
√

mn

( √n
c

)k−1

c−1/2+ε



+n(k−1)/2


∑

c<4π
√

mn

( c
√

n

)1/2

c−1/2+ε


� nk−1

∑
c≥4π

√
mn

c1/2−k+ε + nk/2−3/4
∑

c<4π
√

mn

cε

� nk/2−1/4+ε.

This gives the following result, hence the Linnik problem A for squares.

PROPOSITION 6.1. For k > 2 even and f ∈ S k(N) with f = Σa(n)e(nz) we
have

a(n) �
ε

nk/2−1/4+ε.

REMARKS.

1. Any non-trivial bound for K(m, n; c) yields a non-trivial bound for a(n).
This is what Kloosterman accomplished.

2. Another way to obtain a non-trivial estimate is the Rankin–Selberg
method. This works well for integral weights but falls short of Weil’s
bound.

For general k > 2 and f j = Σa j(n)e(nz) an ortho-normal basis for S k(N),
(6) gives

Pm(z, k) =

J∑
j=1

〈Pm, f j〉 f j

=
Γ(k − 1)

(4πm)k−1

J∑
j=1

ā j(m) f j(z)

and so

P̂m(n, k) =
Γ(k − 1)

(4πm)k−1

J∑
j=1

ā j(m)a j(n).
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Writing (7) for P̂m(n, k) yields the Petersson formula. It is especially useful
for estimations when n = m:

Γ(k − 1)

(4πn)k−1

J∑
j=1

|a j(n)|2 = 1 + 2πi−k
∑

c≡0(N)

c−1Jk−1

(4πn
c

)
K(n, n; c). (8)

It is easily checked that this yields the estimate of Proposition 6.1 again.
For integral k this method reaches its limit here. One must introduce

Hecke operators and interpret the Fourier coefficients of Hecke eigenforms al-
gebraically. This led to Deligne’s proof of the Ramanujan conjecture (Eichler
proved the case k = 2).

THEOREM 6.2 (Deligne). For k ∈ Z
+ and f ∈ S k(N) we have

a(n) � n(k−1)/2+ε.

7. Salié Sums

When 2k is odd the Kloosterman sum still satisfies

|K(m, n; c)| �
ε

c1/2+ε

and Proposition 6.1 still holds, but now it is insufficient to get the Linnik
problem since we needed to obtain for δ > 0 and k ≥ 5/2 the bound

|r(n, P)| � nk/2−1/4−δ. (U)

Perhaps it is appropriate that the exponent k/2 − 1
4 is in fact “trivial” in the

sense that Weil’s bound in this case is entirely elementary. This is due to the
fact that the Kloosterman sum can be evaluated, a fact observed in special
cases by Salié. This evaluation is one of the keys behind Iwaniec’s result. In
this section we give a recent proof of Salié’s result found by Árpád Tóth via
Gauss sums (Tóth, 2005).

For the case k = 3
2 + �, � even, the Kloosterman sum is

K(m, n; c) =
∑
d(c)

εd

( c
d

)
e
(md + nd̄

c

)
.

This sum can be evaluated in a simpler form. By (8) we only need the case
m = n.
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An application of the Chinese reminder theorem and quadratic reciprocity
puts the main behaviour on the Salié sum for q > 0 odd (factor out the even
part)

S (m, n; q) =
∑

a(mod q)

(a
q

)
e
(ma + nā

q

)
.

The Jacobi symbol makes the Salié sum a finite analogue of Jk−1 for 2k odd,
which is elementary; for instance,

J1/2(z) =

√
2
πz

sin z. (9)

By changing variables when (n, q) = 1 we have

S (n, n, q) =

(n
q

)
S (n2, 1, q).

The analogue of (9) is

PROPOSITION 7.1.

S (n2, 1, q) = εq
√

q
∑

x2≡1(q)

e
(2xn

q

)
.

Tóth’s proof. We use the Gauss sum

G(a, b; q) =
∑
x(q)

e
(ax2 + bx

q

)

with evaluation

G(a, 0; q) = εq
√

q
(a
q

)
.

Now let A =
∑

x2≡n2(q) e(2x/q) so that we must show

S (n2, 1; q) = εq
√

qA.

Now

A =
1
q

∑
x(q)

e
(2x

q

)∑
a(q)

e
(a(x2 − n2)

q

)

=
1
q

∑
a(q)

G(a, 2; q) e
(−an2

q

)

=
1
q

∑
(a,q)=1

G(a, 2; q) e
(−an2

q

)
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since G(a, b; q) = 0 if (a, q) � 2 and q is odd (exercise). But for (a, q) = 1

G(a, 2; q) = e
(−ā

q

)
G(a, 0; q)

= e
(−ā

q

)(a
c

)
εq

√
q

so

A =
εq√

q

∑(a
c

)
e
(−an2 − ā

q

)
,

which gives the result since A = Ā. �

8. An Estimate of Iwaniec

In 1987 Iwaniec (Iwaniec, 1987) proved

THEOREM 8.1. Let f ∈ S k(N) with 2k ≥ 5 odd. Then, for n square-free,

|a(n)| �
ε

nk/2−1/4−1/28+ε.

REMARK. By the Shimura lift this holds for all n. It also holds for forms
with k = 1

2 , 3
2 but now the square-free condition is needed.

Iwaniec’s estimate makes use of an equivalent form of Proposition 7.1,
namely that for q odd and (n, q) = 1

S (n, n; q) =

(n
q

)
εq

√
q

∑
ab=q

(a,b)=1

e
(
2n
( ā
b
− b̄

a

))
. (10)

He uses a lovely embedding idea in conjunction with the Petersson for-
mula; cusp forms for Γ0(N) are also cusp forms for Γ0(M), if N|M. This,
together with positivity leads to

(log P)−1 |a(n)|2

nk−1
� P

log P
+

∑
P≤p≤2

∣∣∣∣∣∣∣∣
∑

c≡(mod pN)

K(n, n; c)
c

Jk−1

(4πn
c

)∣∣∣∣∣∣∣∣ . (11)

By exploiting the bilinear form of (10) he was able to give eventually the
bound

P
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PROPOSITION 8.2.∑
P≤p≤2P

|KNP(x)| �
ε

[xP−1/2+xn−1/2+(x+n)5/8(x1/4P3/8+n1/8x1/8P1/4)](xnp)ε,

where

KQ(x) =
∑
c≤x

c≡0(Q)

c−1/2K(n, n; c)e
(2nv

c

)
for v = 0, 1,−1.

When combined with (11), this eventually leads to Theorem 8.1. Of
course, this brief description hardly does justice to Iwaniec’s argument. Sar-
nak has given an excellent treatment of the essential ideas in (Sarnak, 1990)
and for full details the best reference is Iwaniec’s original paper. Iwaniec later
gave a different and in some ways simpler proof of theorem (with a weaker
exponent) in (Iwaniec, 1997).

9. Theorems of Gauss and Siegel

In order to complete the proof of Theorem A we must now prove (L), since
(U) follows from Iwaniec’s estimate with any δ < 1/28. In the Disquisitiones,
Gauss proved that r3(n) is related to a class number. Suppose n is square-free.
Then for d = disc Q(

√
−n) Gauss’s formula can be put in the simple form

r3(n) = 12H(d)
(
1 −

(d
2

))
,

where (d/2) is the Kronecker symbol. But Siegel proved (see (Iwaniec and
Kowalski, 2004)) that

H(d)�
ε
|d|1/2−ε

for any ε > 0, but with an ineffective constant. Nonetheless, this gives
(L), but it should be observed that we are forced to obtain (U) with a power
savings—nothing less suffices. On the other hand, any δ > 0 is enough.

The proof of Siegel’s theorem is based on the class number formula of
Dirichlet. Consider the Eisenstein series for Γ = SL(2,Z)

E(z, s) =
∑

γ∈Γ∞\Γ
(Im γz)s, Res > 1,

for which ζ(2s)E(z, s) has an analytic continuation with a simple pole at s =

1. Now

ζ(2s)
∑

ZQ∈Λd

E(zQ, s) =

( |d|
4

)s/2

L(s, χd)ζ(s), (12)
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and taking residues at s = 1 gives the class number formula

H(d) = c|d|1/2L(1, χd).

Siegel’s theorem is based on properties of L(1, χd).

10. The Nonholomorphic Case (Duke, 1988)

The proof of Theorem B follows along similar lines as the proof of
Theorem A, but now we are forced to consider non-holomorphic modular
forms. The first step, the identification of the Weyl sums, is accomplished
via the spectral decomposition of the hyperbolic Laplacian on ±Γ\H for
Γ = SL(2,Z).

We are lead naturally to consider the following two types of sums

(E)
∑

zQ∈Λd
E(zQ, s) for Res = 1

2 .

(C)
∑

zQ∈Λd
ϕ(zQ) for ϕ a Maass cusp form with ∆ϕ = λϕ, ∆ = −y2(∂2

x + ∂2
y).

We just saw that (E) at s = 1 leads to the class number formula which
indeed gives the same lower bound via Siegel’s theorem that we must over-
come. On Res = 1

2 the problem becomes by (12) to estimate in terms of |d|
for some δ > 0

L( 1
2 + it, χd) � |d|1/4−δ. (13)

This is precisely what Burgess (Burgess, 1963) accomplished in 1963, when
he applied the RH for curves to get any δ < 1

16 . Note that we also use the
estimate |ζ(1 + 2it)| � log(|t| + 2)−1 of de la Vallée Poussin.

To treat (C), we must generalize the theta function construction of Theo-
rem A. This entails using a theta series for indefinite ternary forms, originally
constructed by Siegel. A “theta lift” found in this context by Maass allows
one to write (C) in terms of the dth Fourier coefficient of a Maass cusp form
of weight 1

2 . An important refinement of the Maass construction was given
by Katok and Sarnak (Katok and Sarnak, 1993) that identifies explicitly the
eigenvalue dependence.

Although this is technically quite involved, conceptually it is not much
different than the holomorphic case. One must replace the Petersson formula
with a Kuznetsov formula that relates sums of Kloorterman sums to the whole
(weight 1

2 ) spectrum. This leads, with an appropriate choice of test functions,
to the needed general version of Iwaniec’s estimate (Proposition 8.2).

The Linnik problem for closed geodesics on ±Γ\H mentioned before is
proven at the same time since the needed Weyl integrals occur as the dth
coefficients of the same half-integral weight form, where now d > 0. One
starts as before by considering the role of the Eisenstein series in the Dirichlet
class number formula for real quadratic fields.
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11. Transition to Subconvexity Bounds for L-Functions

The appearance of Burgess’s bound (13) strongly hints that the problem of
estimating non-trivially the Fourier coefficients of 1

2 -integral weight forms
can be converted to the problem of bounding L-functions on the critical line.
This is the case, with the paradigm being provided by Waldspurger’s theorem.
It turns out that in order to obtain non-trivial estimates in this way one must
go beyond the convexity estimate of the Phragmen–Lindelöf Theorem, hence
the name subconvexity bounds (see (Iwaniec and Sarnak, 2000)). This has
led to a number of recent developments in the analytic theory of L-functions,
which is currently an extremely active area.

After a series of papers by Friedlander and Iwaniec on GL(2)
L-functions (see (Duke et al., 2002) for references), various convolution L-
functions have been considered with associated equidistribution problems.
For subconvexity estimates other important new contributions have been made
by, among others, Bernstein, Blomer, Conrey, Harcos, Kowalski, Liu, Michel,
Reznikov, Sarnak, Vanderkam, Venkatesh, Ye, (see e.g. (Michel, 2004)) for
some recent references). The mixture of ergodic methods with topics around
subconvexity is an exciting new direction being pursued by Lindenstrauss and
Venkatesh.

12. An Application to Traces of Singular Moduli

I will end by describing a recent application of Theorem B to the asymptotics
of traces of singular moduli (Duke, 2006).

Recall the classical j-function on H

j(z) =
(1 + 240

∑∞
n=1 σ3(n)qn)3

q II∞n=1(1 − qn)24
= q−1 + 744 + 196884q + . . .

where q = e(z) = e2niz. Now j(γz) = j(z) for γ ∈ Γ and j(z) = j(E) is
the j-invariant of the elliptic curve E/C determinant by C/L, where L =

{m + nz; m, n ∈ Z}. For a negative discriminant d a point zQ ∈ Λd is called a
CM point since j(zQ) is the j-invariant of the elliptic curve E which has CM
by the order Z[zd]. In fact, all such curves occur this way. The values j(zQ)
are called singular moduli and are known to be conjugate algebraic integers
for zQ ∈ Λd. Let K = Q(

√
d) have discriminant −D. The field: K

(
j(zd)

)
is

Abelian over K and unramified outside of (m) where d = −Dm2, called a ring
class field. If d = −D is fundamental then K

(
j(zd)

)
is the Hilbert class field

of K, that is the maximal unramified Abelian extension of K whose degree
is the class number h(d) of K (see (Cox, 1989)). Let us restrict to the case of
fundamental d. Here is a table of the first few values of j(zd) (see Table I).

Duke,



AN INTRODUCTION TO THE LINNIK PROBLEMS 213

Consider Tr
(
j(zd)

)
=
∑

Λd
j(zQ), which for d < −4 fundamental is the

sum of the conjugates of j(zd). Clearly Tr
(
j(zd)

) ∈ Z. We shall apply Theo-
rem B to get a precise asymptotic for Tr

(
j(zd)

)
. A crude asymptotic is

Tr j(zd) = (−1)deπ
√
|d| + O(eαπ

√
|d|)

for any fixed α > 1
2 . This comes from an easy examination of the height of

the other zQ’s in the sum and an estimation of their number. To state a much
more refined result, consider the exponential sum for c > 0 (later alias–Salié
sum)

S d(c) =
∑

x2≡d(c)

e(2x/c).

Note that 1
2 S d(4) = (−1)d. The refinement is

COROLLARY. As d → −∞ through fundamental discriminants

1
h(d)


Tr j(zd) − 1

2

∑
0<c<2

√
d

c≡0(4)

S d(c)e4π
√
|d|/c


→ 720.

An equivalent form of this result was conjectured recently by Bruinier, Jenk-
ins and Ono. It is remarkable that the constant 720 is an integer!

To see that this result is a consequence of Theorem B, fix ε > 0 and
consider for a smooth (C∞) test function ψ: R

+ → [0, 1] that is 0 on [0, 1] and
1 on [1 + ε,∞), the Γ-invariant Poincaré series

hε(z) =
∑

γ∈Γ∞\Γ
ψ(Im γz)e(−γz).

Here Γ∞ consists of those γ ∈ Γ that act as translations. Clearly for Im z >
1 + ε we have

hε(z) = e(−z)

TABLE I.

d j(zd)
−3 0
−4 123

−7 −153

−8 203

−11 −323

−15 1
2 (−191025 − 85995

√
5), the first irrational value



214 W. DUKE

and so f (z) = j(z) − hε(z) is C∞, Γ-invariant and bounded on H . By Theo-
rem B we have that as d → −∞

1
h(d)


∑
z∈Λd

j(z) −
∑
z∈Λd

hε(z)

 →
∫
F

j(z) − hε(z) dµ.

Now, ∑
z∈Λd

hε(z) =
∑

Im zQ>1

e(−zQ) + O
(
εh(−d)

)
,

after applying again Theorem B to a suitable function.
Also, ∑

Im zQ>1

e(−zQ) = 1
2

∑
0<c<2

√
|d|

c≡0(4)

S d(c)e4π
√
|d|/c

comes from the well known Gauss parametrization of roots of x2 ≡ d(c).
Next we need to evaluate∫

Γ\H
j(z) − hε(z) dµ = lim

y→∞

∫
FY

j(z) dµ

where FY = {z ∈ F ; Im z < Y} since
∫
FY

hε(z) dµ = 0. Lerche, Schellenkens,
and Warner showed how to evaluate such an integral using Stokes’s theorem
(see (Borcherds, 1998)). One uses the Eisenstein series of weight 2: E2(z) =

1 − 24
∑∞

1 σ1(n)qn and its non-holomorphic modular version

Ẽ2(z) = E2(z) − 3
π

y−1.

Since

∂Ẽ2/∂z̄ =
1
2

(
∂

∂x
+ i

∂

∂y

)(−3
πy

)
=

3i

2πy2

and dz̄ dz = 2i dx dy we get by Stokes’s theorem

3
π

∫
FY

j(z)
dx dy

y2
=

∫ 1/2+iY

−1/2+iY
j(x + iY)Ẽ2(x + iY) dx

= constant term of jẼ2(x + iY)

= 744 − 2Y − 3
π

Y−1 → 720, as Y → ∞.

To see that
∫
FY

hε(z) dµ = 0, simply integrate the cut-off Poincaré series

hε,Y (z) =
∑

γ∈Γ∞\Γ
ψY (Im γz)e(−γz)
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where ψY (y) =

{
ψ(y), y ≤ Y
0, y > Y

, which coincides with hε on FY . Thus,

∫
FY

hε dµ =

∫
F

hε,Y dµ = 0.
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DISTRIBUTION MODULO ONE AND RATNER’S THEOREM

Jens Marklof
University of Bristol

1. Introduction

Measure rigidity is a branch of ergodic theory that has recently contributed to
the solution of some fundamental problems in number theory and mathemat-
ical physics. Examples are proofs of quantitative versions of the Oppenheim
conjecture (Eskin et al., 1998), related questions on the spacings between the
values of quadratic forms (Eskin et al., 2005; Marklof, 2003; Marklof, 2002),
a proof of quantum unique ergodicity for certain classes of hyperbolic sur-
faces (Lindenstrauss, 2006), and an approach to the Littlewood conjecture on
the nonexistence of multiplicatively badly approximable numbers (Einsiedler
et al., 2006).

In these lectures we discuss a few simple applications of one of the cen-
tral results in measure rigidity: Ratner’s theorem. We shall investigate the
statistical properties of certain number theoretic sequences, specifically the
fractional parts of mα, m = 1, 2, 3, . . ., (a classical, well understood problem)
and of

√
mα (as recently studied in (Elkies and McMullen, 2004)). By ex-

ploiting equidistribution results on a certain homogeneous space Γ\G, we will
show that the statistical properties of these sequences can exhibit significant
deviations from those of independent random variables. The “randomness” of
other, more generic sequences such as m2α and 2mα mod 1 has been studied
extensively. We refer the interested reader to the review (Marklof, 2006), and
recommend the papers (Rudnick and Sarnak, 1998; Rudnick and Zaharescu,
2002) as a first read.

These notes are based on lectures presented at the Institute Henri Poincaré
Paris, June 2005, and at the summer school ‘Equidistribution in number the-
ory’, CRM Montréal, July 2005. The author gratefully acknowledges support
by an EPSRC Advanced Research Fellowship.
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2. Randomness of Point Sequences mod 1

Consider an infinite triangular array of numbers on the circle T = R/Z (which
we represent as the unit interval [0, 1) with its endpoints identified),

ξ11

ξ21 ξ22
...

...
. . .

ξN1 ξN2 . . . ξNN
...

...
. . .

(1)

We assume that each row is ordered, i.e., ξN j ≤ ξN( j+1), and are interested
in quantifying statistical properties of the Nth row as N → ∞. To simplify
notation we will from now on drop the index N, and simply write ξ j instead
of ξN j.

As we shall see later, many interesting statistical properties of a sequence
on T can be derived from the knowledge of the number of elements in small
subintervals of T. Let χ denote the characteristic function of the interval
[− 1

2 ,
1
2 ) ⊂ R. That is, χ(x) = 1 if −1

2 ≤ x < 1
2 and = 0 otherwise. The

characteristic function of the interval [x0 − �/2, x0 + �/2) + Z ⊂ T (� ≤ 1) can
be represented as

χ�(x) =
∑
n∈Z

χ
( x − x0 + n

�

)
. (2)

The sum over n makes sure χ� is periodic. The number of elements ξ j in the
interval are therefore

S N(�) =

N∑
j=1

χ�(ξ j). (3)

We will always assume that the rows in our triangular array become
uniformly distributed mod 1. This means that for every x0, �,

lim
N→∞

1
N

S N(�) = �, (4)

i.e., the proportion of elements in any given interval is asymptotic to the
interval length �.1

1 If a sequence {ξ j} fails to be uniformly distributed but still has a resonable limiting density
ρ, we may rescale the ξ j to obtain a uniformly distributed sequence. This is done as follows.

Suppose for every x0, � limN→∞(1/N)S N(�) =
∫ x0+�/2

x0−�/2
ρ(x) dx, where the integrated density

N(x) =
∫ x

0
ρ(x′) dx′ is continuous and strictly increasing. We rescale the sequence {ξ j} by

setting ξ̃ j := N(ξ j). Note that N(ξ j) ∈ [0, 1) for ξ j ∈ [0, 1). The new sequence {ξ̃ j} is indeed
uniformly distributed modulo one (exercise).
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The aim is now to characterize the different degrees of “randomness” of
the deterministic sequence {ξ j} in terms of their distribution in very small
intervals with random center x0. A convenient length scale is the average
spacing between elements, which is (1/N). We set

L = N�. (5)

We assume x0 is a random variable uniformly distributed on T with respect
to Lebesgue measure dx0. We will denote expectation values by

〈· · ·〉 =

∫ 1

0
· · · dx0. (6)

It is easy to work out the expectation value for the number of elements in a
random interval of size �,

〈S N(�)〉 = L. (7)

The variance is much less trivial. Let us begin by deriving a convenient repre-
sentation in terms of the pair correlation density. We have for the mean square
(the “number variance”)

Σ2
N(L) := 〈[S N(�) − L]2〉 = 〈S N(�)2〉 − L2 (8)

and

〈S N(�)2〉 =

N∑
i, j=1

∑
m,n∈Z

∫ 1

0
χ
(
ξi − x0 + m

�

)
χ

(
ξ j − x0 + n

�

)
dx0

=

N∑
i, j=1

∑
m∈Z

∫
R

χ
(
ξi − x0 + m

�

)
χ

(
ξ j − x0

�

)
dx0

= �

N∑
i, j=1

∑
m∈Z

∆

(
ξi − ξ j + m

�

)
(9)

where

∆(x) =

∫
R

χ(x − x0)χ(x0) dx0 = max{1 − |x|, 0}. (10)

Now the diagonal terms i = j in the above double sum can be easily evaluated.
We have

�

N∑
i= j=1

∑
m∈Z

∆

(m
�

)
= �∆(0) = � (11)

for � < 1.
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The pair correlation function (also called two-point correlation function)
for the sequence {ξ j} is defined by

R2
N(L, ψ) =

1
N

N∑
i� j=1

∑
m∈Z

ψ

(
ξi − ξ j + m

�

)
, (12)

where ψ is taken from a class of sufficiently nice test functions (e.g. continu-
ous with compact support such as ∆). With the above calculation we therefore
have the identity

Σ2
N(L) = L − L2 + LR2

N(L,∆). (13)

This says that the asymptotic analysis of the pair correlation density will give
us information on the number variance.

Note that by the Poisson summation formula∑
m∈Z

f (m) =
∑
n∈Z

f̂ (n), (14)

where

f̂ (y) =

∫
R

f (x)e(xy) dy, e(x) := exp 2πix, (15)

we have

R2
N(L, ψ) =

L

N2

N∑
i� j=1

∑
n∈Z

ψ̂
(Ln

N

)
e
(
n(ξi − ξ j)

)
. (16)

Here ψ can be any function with absolutely convergent Fourier series (e.g.
∆).

2.1. DISTRIBUTION OF GAPS

A popular statistical measure is the distribution of gaps

s j = N(ξ j+1 − ξ j) ( j = 1, . . . ,N, ξN+1 := ξ1 + 1) (17)

between consecutive elements (recall the ξ j form an ordered sequence on
T). We have multiplied the actual gap ξ j+1 − ξ j by N, which means we are
measuring spacings in units of the average gap (1/N).

The gap distribution of the sequence ξ1, . . . , ξN is defined as

PN(s) =
1
N

N∑
j=1

δ(s − s j) (18)

where δ is a Dirac mass at the origin. The question we will investigate is
whether PN(s) has a limiting distribution P(s). That is, does there exist a
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probability density P(s) such that for every bounded continuous function
g: R → R,

lim
N→∞

∫ ∞

0
g(s)PN(s) ds =

∫ ∞

0
g(s)P(s) ds. (19)

The first question in convergence of probability measures is the problem
of tightness.

LEMMA 2.1. The sequence of probability measures {PN(s) ds} is tight on
R. That is, for every ε > 0 there is a K > 0 such that for all N

∫
|s|>K

PN(s) ds < ε. (20)

Proof. We have
∫
|s|>K

PN(s) ds =
1
N

#{ j ≤ N : s j ≥ K}

≤ 1
N

N∑
j=1

s j

K
χ[K,∞)(s j) ≤

1
N

N∑
j=1

s j

K

=
1
K

N∑
j=1

(ξ j+1 − ξ j) =
1
K
. (21)

Denote by EN(k, L) the probability of finding k elements in the randomly
shifted interval [x0, x0 + L/N), i.e.,

EN(k, L) := meas{x0 ∈ T : S N(�) = k}. (22)

The following theorem explains the relation between P(s) and the probability
E(0, L).

THEOREM 2.2. Given a probability density P(s), the following statements
are equivalent:

(i) PN(s) →w P(s).

(ii) limN→∞ EN(0, L) = E(0, L) for all L > 0, where E(0, L) is defined by

d2E(0, L)
dL2

= P(L), lim
L→0

E(0, L) = 1, lim
L→∞

dE(0, L)
dL

= 0. (23)

Proof. We have

EN(0, L) = meas
{
x0 ∈ T

2 : #
{

j : ξ j ∈
[
x0, x0 +

L
N

)
+ Z

}
= 0

}
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=

N∑
j=1

meas
{
x0 ∈ [ξ j, ξ j+1) : #

{
j : ξ j ∈

[
x0, x0 +

L
N

)
+ Z

}
= 0

}

=

N∑
j=1

(
ξ j+1 − ξ j −

L
N

)
χ[L,∞)

(
N(ξ j+1 − ξ j)

)

=

N∑
j=1

(ξ j+1 − ξ j) −
N∑

j=1

(ξ j+1 − ξ j)χ[0,L)
(
N(ξ j+1 − ξ j)

)

− L
N

N∑
j=1

χ[L,∞)(N(ξ j+1 − ξ j)])

= 1 − 1
N

N∑
j=1

g(s j) (24)

where
g(x) = max{0, x, L} (25)

is a bounded continuous function.
(i) ⇒ (ii). With the above choice of test function g, (i) implies

lim
N→∞

EN(0, L) = F(L) := 1 −
∫ L

0
sP(s) ds − L

∫ ∞

L
P(s) ds. (26)

Now
dF(L)

dL
= −

∫ ∞

L
P(s) ds,

d2F(L)
dL2

= P(L), (27)

and

lim
L→0

F(L) = 1, lim
L→∞

dF(L)
dL

= 0. (28)

(ii) ⇒ (i). Since the sequence of probability measures PN(s) is tight, it is
relatively compact by the Helly–Prokhorov theorem (also often called Helly’s
theorem). That is, every subsequence of N contains a convergent subsequence
Ni for which PNi(s) →w P(s) as i → ∞. This implies (recall the first part of
the proof) that ENi(0, L) → E(0, L) for all L > 0. Hence every convergent
subsequence has the limit E(0, L), and thus every subsequence convergences.

2.2. INDEPENDENT RANDOM VARIABLES

In order to understand which statistical behaviour we should expect for the
deterministic sequences we will study later, let us assume the vector ξ =
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(ξ1, . . . , ξN) is a uniformly distributed random vector on T
N with respect to

Lebesgue measure dξ = dξ1, . . . , dξN . (This means the ξ j are independent
uniformly distributed random variables.) We can ignore the issue of ordering
the ξ j here because of the symmetry of the measure dx under permutation
of coordinates. Expectation values and associated probabilities of a random
variable X = X(ξ) will be defined as

EX =

∫
TN

X dξ, (29)

Prob(X > R) = meas{ξ ∈ T
N : X > R}. (30)

THEOREM 2.3. There is a constant C > 0 such that, for all ε > 0, N, L,

Prob(|R2
N(L, ψ) − Lψ̂(0)| > ε) ≤ C

L

ε2N
. (31)

Proof. First of all, we have for the expectation (the n = 0 term in (16))

ER2
N(L, ψ) =

L(N − 1)
N

ψ̂(0) = Lψ̂(0)
(
1 + O(N−1)

)
. (32)

Secondly, for the variance of R2
N(L, ψ),

E|R2
N(L, ψ) − ER2

N(L, ψ)|2

=
L2

N4

∑
i� j

i′� j′

∑
n,n′∈Z

ψ̂
(Ln

N

)
ψ̂

(
Ln′

N

)
E
[
e
(
n(ξi − ξ j) − n′(ξi′ − ξ j′)

)]
.(33)

Now

E
[
e
(
n(ξi − ξ j) − n′(ξi′ − ξ j′)

)]
=


1 if n = n′, i = i′, j = j′

or if n = −n′, i = j′, j = i′

0 otherwise.
(34)

This implies that

E|R2
N(L, ψ) − ER2

N(L, ψ)|2 =
L2

N4
O(N3/L) = O

( L
N

)
. (35)

The above theorem implies that for a “generic” choice of the triangular
array (1), we have

R2
N(L, ψ) = Lψ̂(0) + o(1) (36)

in the limit N → ∞, � = L/N → 0. This implies for the variance
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Σ2
N(L) = L + o(L) (37)

almost surely in the above limit.
Using standard techniques from probability theory, one can extend these

results on the variance to the full distribution of a generic realization of the
random sequence in a small randomly shifted interval. There are two scaling
regimes.

Regime I. (Central limit theorem). In the limit L → ∞, N → ∞, � = L/N →
0 we have

meas

x0 ∈ T :
S N(�) − L√

Σ2
N(L)

> R

 → 1
√

2π

∫ ∞

R
e−t2/2 dt (38)

almost surely.

Regime II. (Poisson limit theorem). For L fixed, N → ∞, we have

EN(k, L) → Lk

k!
e−L. (39)

almost surely.

3. mαmod One

We will now consider the statistical properties of the sequence given by the
fractional parts of mα, m = 1, 2, 3, . . . for some α. This problem was studied
by Berry–Tabor, Pandey et al., Bleher, Mazel–Sinai and Greenman using con-
tinued fractions (see (Marklof, 2000) for detailed references). In particular, it
is a classical result that there are at most three distinct values for the gaps
occurring in mαmod 1 which already indicates a rather non-generic behavior
of the sequence, see e.g. (Slater, 1967).

Here we will use the approach introduced in (Marklof, 2000) that has the
advantage of avoiding continued fractions and thus allowing higher-dimensi-
onal generalizations, such as the analysis of the distribution of linear forms
modulo one. It is also very close to the work of Elkies and McMullen on√

m mod 1 which we will discuss in the next section.
We will be interested in the regime where L = N� is fixed (Poisson scaling

regime). The number (3) of elements in an interval of size � and centered at
x0 is then

S N(�) =

N∑
m=1

∑
n∈Z

χ
(N

L
(mα + n − x0)

)
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=
∑

(m,n)∈Z2

χ(0,1]

(m
N

)
χ[−L/2,L/2]

(
N(mα + n − x0)

)

=
∑

(m,n)∈Z2

ψ

(
(m, n − x0)

(
1 α
0 1

) (
N−1 0

0 N

))
(40)

where χI denotes the characteristic function of the interval I ⊂ R and

ψ(x, y) = χ(0,1](x)χ[−L/2,L/2](y) (41)

is the characteristic function of a rectangle.
Define the Lie Group G by the semidirect product SL(2,R) � R

2 with
multiplication law

(M, ξ)(M′, ξ′) = (MM′, ξM′ + ξ′), (42)

where ξ, ξ′ ∈ R
2 are viewed as row vectors. This group has the matrix

representation

(M, ξ) �→
(

M 0
ξ 1

)
∈ SL(3,R). (43)

The function
F(M, ξ) =

∑
m∈Z2

ψ(mM + ξ) (44)

defines a function on G. Note that, with ψ as above, the sum in (44) is always
finite, and hence F is a piecewise constant function. Furthermore,

S N(�) = F(M, ξ) (45)

for the special choice

M =

(
1 α
0 1

) (
N−1 0

0 N

)
, ξ = (0,−x0)M. (46)

The crucial observation is now that F is left-invariant under the discrete
subgroup Γ = SL(2, ) � , and hence F may be viewed as a piecewise
constant function on the homogeneous space Γ\G.

PROPOSITION 3.1. F(γ̂g) = F(g) for all γ̂ ∈ Γ.
Proof. We have the decomposition

γ̂ = (γ, n) = (γ, 0)(1, n) (47)

Z
2

Z
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for some γ ∈ SL(2,Z), n ∈ Z
2. It is therefore sufficient to check the statement

for elements of the form (γ, 0) and (1, n) separately. We have

F
(
(1, n)(M, ξ)

)
= F(M, nM + ξ)

=
∑

m∈Z2

ψ
(
(m + n)M + ξ

)

=
∑

m∈Z2

ψ(mM + ξ)

= F(M, ξ) (48)

which proves one case, and

F
(
(γ, 0)(M, ξ)

)
= F(γM, ξ)

=
∑

m∈Z2

ψ(mγM + ξ)

=
∑

m∈Z2

ψ(mM + ξ)

= F(M, ξ) (49)

since γZ
2 = Z

2.

Alternatively, F may be expressed as

F(g) =
∑

γ̂∈π(Γ)\Γ
ψ
(
π(γ̂g)

)
(50)

with the projection

π: G → R
2

(M, ξ) �→ ξ. (51)

From (50) the invariance under Γ is directly evident.

3.1. GEOMETRY OF Γ\G

The aim is to find a good coordinate system for G. Since parametrizing R
2 is

obvious, we need to mainly worry about SL(2,R). The Iwasawa decomposi-
tion of an element M ∈ SL(2,R) is

M =

(
1 u
0 1

) (
v1/2 0

0 v−1/2

) (
cos(φ/2) sin(φ/2)

− sin(φ/2) cos(φ/2)

)
(52)
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where τ = u + iv ∈ H := {τ ∈ C : Im τ > 0} (the complex upper halfplane)
and φ ∈ [0, 4π). This yields a 1 − 1 map SL(2,R) → H × [0, 4π). Left-
multiplication becomes now an action of SL(2,R) on H× [0, 4π) given by the
formula (

a b
c d

)
=

(
aτ + b
cτ + d

, φ − 2 arg(cτ + d)

)
(53)

(this can be checked by a straightforward calculation). The fractional lin-
ear transformation of the τ component defines an (orientation preserving)
isometry with respect to the Riemannian line element

ds2 =
du2 + dv2

v2
(54)

and the transformation property of φ is identical to the direction of a tan-
gent vector at τ ∈ H. Thus the group PSL(2,R) := SL(2,R)/{±1} � H ×
[0, 2π) can be identified with the unit tangent bundle T1

H of H. Similarly,
SL(2,Z)\ SL(2,R) � PSL(2,Z)\ PSL(2,R) can be identified with the unit
tangent bundle of the modular surface SL(2,Z)\H. A fundamental domain F
for the action of SL(2,Z) on H is shown in Figure 1. We have

F =
{
τ ∈ H : |τ| > 1, |Re τ| < 1

2

}
∪{τ ∈ H : |τ| ≥ 1, Re τ = −1

2

}
∪{τ ∈ H : |τ| = 1, − 1

2 ≤ Re τ ≤ 0
}
. (55)

Note that the modular surface is not compact, there is one cusp at i∞. It has
however finite measure with respect to the Riemannian volume v−2du dv.

In order to understand the geometry of all of Γ\G, write

g = (1, ξ)(M, 0) (56)

which gives a particular parametrization in terms of R
2 and SL(2,R). Since Γ

contains the subgroup 1�Z
2, ξ can be parametrized by T

2 = Z
2\R2 � [0, 1)2.

This concludes our analysis: we have found a 1 − 1 parametrization of G in
terms of

T1(SL(2,R)\H) × T
2 � F × [0, 2π) × [0, 1)2. (57)

That is, Γ\G is a (non-trivial) bundle over T1(SL(2,Z)\H) with fibre T
2.

3.2. DYNAMICS ON Γ\G

Consider the one-parameter subgroup ΦR := {Φt}t∈R where

Φt =

((
e−t/2 0

0 et/2

)
, 0

)
. (58)



228 JENS MARKLOF

10−1 x

y

Figure 1. Fundamental domain of the modular group SL(2,Z) in the complex upper half
plane

ΦR defines a flow on Γ\G by right multiplication,

Γg �→ ΓgΦt. (59)

The remarkable observation is that our object of interest, S N(�), is related to
a function F on Γ\G evaluated along an orbit of this flow:

S N(�) = F(g0Φt) (60)

with t = 2 log N and initial condition

g0 =

((
1 α
0 1

)
, (0,−x0)

)
. (61)

Let us define

n−(α, y) =

((
1 α
0 1

)
, (0, y)

)
. (62)

The subgroup H = {n−(α, y)}(α,y)∈R2 is Abelian and isomorphic to R
2. Notice

that
Γ ∩ H = {n−(α, y)}(α,y)∈Z2 (63)

is a subgroup of H isomorphic to Z
2. Therefore, for every fixed t, the set

Γ\ΓHΦt (64)
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describes a torus � T
2 embedded in Γ\G; t parametrizes a continuous family

of such tori.
We will now show that H parametrizes the unstable directions of the flow

Φt. We employ the following parametrization of G. Write

g = n−(α, y)Φsn+(β, x), (65)

where

n+(β, x) =

((
1 0
β 1

)
, (x, 0)

)
. (66)

We will write for short g = (α, y, s, β, x). The advantage of these coordinates
is that the time evolution under Φt can be worked out very simply. We have
the relation

(α, y, s, β, x)Φt = Φt(etα, et/2y, s, e−tβ, e−t/2x). (67)

Distances on Γ\G are measured by a left-G-invariant (since Γ acts on the left)
Riemannian metric d(g, g′) on G. If g = (α, y, 0, 0, 0) and g′ = (α′, y′, 0, 0, 0)
are two initially close points, we have under the flow Φt (use the above
formula and left-invariance of the metric)

d(gΦt, g′Φt) = d
(
(et(α − α′), et/2(y − y′), 0, 0, 0), (0, 0, 0, 0, 0)

)
≈ (e2t|α − α′|2 + et|y − y′|2)1/2. (68)

Hence (α, y) describe exponentially unstable directions of the flow, and by
the same argument it is easy to see that (β, y) are the exponentially stable
directions and s is of course the neutral flow direction. In particular we have
the bound

d
(
(α, y, s, β, x)Φt, (α, y, 0, 0, 0)Φt) = O(|s| + |β|e−t + |x|e−t/2) (69)

for s, β, x bounded and t > 0. This follows directly from (67).

3.3. MIXING AND UNIFORM DISTRIBUTION

Recall that we are interested in the behaviour of the distribution of S N(�) for
x0 random and N large. At this point it will be convenient to also take α to
be random, say, uniformly distributed in the interval [a, b]. We will see later
that for fixed α there is no universal limiting distribution (an observation that
is well known and related to the three gap theorem (Slater, 1967)).

We will use equidistribution on Γ\G to prove the following limit theorem,
which asserts a limiting distribution different from Poissonian, cf. (39).

We will use the notation ḡ = Γg.
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THEOREM 3.2. For any L > 0,

lim
N→∞

1
b − a

meas{(α, x0) ∈ [a, b] × [0, 1] : S N(�) = k} = E(k, L), (70)

where

E(k, L) =
1

µ(Γ\G)
µ
(
ḡ ∈ Γ\G : F(g) = k

)
. (71)

Here F is the function defined in (44), and µ the Haar measure on G. An
explicit formula for dµ in the Iwasawa coordinates is

dµ =
du dv

v2
dφ dx dy. (72)

It is possible to derive more explicit formulas for E(k, L) from (71), but
this requires some involved calculations which we will not pursue her. See
(Strömbergsson and Venkatesh, 2005, Section 8), for details.

The key to the proof is the following equidistribution theorem.

THEOREM 3.3. For any bounded, piecewise continuous2 f : Γ\G → R

lim
t→∞

1
b − a

∫ b

a

∫ 1

0
f
(
n−(α, y)Φt) dα dy =

1
µ(Γ\G)

∫
Γ\G

f dµ. (73)

Proof. It is well known that the flow Φt is mixing,3 that is for any f ,
h ∈ L2(Γ\G)

lim
t→∞

∫
Γ\G

f (gΦt)h(g) dµ =
1

µ(Γ\G)

∫
Γ\G

f dµ
∫

Γ\G
h dµ. (74)

Take f to be continuous an of compact support, and h the characteristic
function of the set

S ε = Γ{(α, y, s, β, y) : α ∈ [a, b], y ∈ [0, 1], s, β, x ∈ [−ε, ε]}, (75)

which forms an ε-neighbourhood of the embedded closed torus S 0. By the
uniform continuity of f and (69), given any δ > 0 there is an ε > 0 such that

sup
g∈S ε
t>0

| f (gΦt) − f
(
n−(α, y)Φt)| < δ. (76)

Haar measure in the local coordinates (α, y, s, β, y) reads (up to normalization)

dµ = e3s/2 ds dα dβ dx dy. (77)

2 i.e. the discontinuities are contained in a set of µ measure zero.
3 This is guaranteed by a general theorem by Moore for semisimple Lie groups, which can

be extended to the non-semisimple G considered here, cf. (Kleinbock, 1999).
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We conclude that

lim inf
t→∞

1
b − a

∫ b

a

∫ 1

0
f
(
n−(α, y)Φt) dα dy =

1
µ(Γ\G)

∫
Γ\G

f dµ + O(δ) (78)

and

lim sup
t→∞

1
b − a

∫ b

a

∫ 1

0
f
(
n−(α, y)Φt) dα dy =

1
µ(Γ\G)

∫
Γ\G

f dµ+O(δ), (79)

where the implied constants are independent of ε. This works for any δ > 0,
and hence the limit must exist and equal 1/

(
µ(Γ\G)

) ∫
Γ\G f dµ.

To extend the statement of the theorem to bounded continuous functions,
we observe that it holds (trivially) for constant f , and therefore also for
continuous functions f that are constant outside some compact set.

Let f be a bounded piecewise continuous function. Given any ε > 0 we
can find continuous functions f±, constant outside some constant set, such
that

f− ≤ f ≤ f+ (80)

and
1

µ(Γ\G)

∫
Γ\G

( f+ − f−) dµ < ε. (81)

This implies

lim inf
t→∞

1
b − a

∫ b

a

∫ 1

0
f
(
n−(α, y)Φt) dα dy

≥ lim inf
t→∞

1
b − a

∫ b

a

∫ 1

0
f−
(
n−(α, y)Φt) dα dy

=
1

µ(Γ\G)

∫
Γ\G

f−dµ

>
1

µ(Γ\G)

∫
Γ\G

f dµ − 2ε. (82)

The analogous argument shows

lim sup
t→∞

1
b − a

∫ b

a

∫ 1

0
f
(
n−(α, y)Φt) dα dy <

1
µ(Γ\G)

∫
Γ\G

f dµ + 2ε. (83)

Taking ε > 0 arbitrarily small proves the theorem.

REMARK 3.4. An alternative proof of Theorem 3.3 follows from Ratner’s
theorem, since the subgroup {n−(α, y)}α,y∈R is generated by unipotent ele-
ments. We will get back to this later.
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Proof. [Proof of Theorem 3.2] Apply Theorem 3.3 to the characteristic
function of the set of ḡ ∈ Γ\G for which F(g) = k (to make sure the charac-
teristic function is piecewise continuous, check that the set has a boundary of
µ measure zero).

REMARK 3.5. As we had mentioned earlier, there is no limiting distribution
as in Theorem 3.2 if α is fixed, since there is no analog of the equidistribution
result, Theorem 3.3. One can show, however, that if α is irrational we have
for any continuous, compactly supported function

∫
T

f (n−(α, y)Φt) dy = f̄

(
1 α
0 1

) (
e−t/2 0

0 et/2

)
+ o(1) (t → ∞) (84)

where f̄ is a (non-constant!) continuous, compactly supported function on
SL(2,Z)\ SL(2,R) defined by

f̄ (M) =

∫
T2

f
(
(1, ξ)(M, 0)

)
dξ. (85)

REMARK 3.6. If one however fixes y = −x0 � Q and keeps α random, Rat-
ner’s theorem implies the following equidistribution result. For any bounded
piecewise continuous f : Γ\G → R

lim
t→∞

∫
T

f
(
n−(α, y)Φt) dα =

1
µ(Γ\G)

∫
Γ\G

f dµ. (86)

Hence the limiting distribution is universal (i.e. independent of y as long as
y is irrational) and the same as for random y. Thus the probability of finding
k points in the interval x0 − �/2, x0 + �/2) with fixed center x0 � Q has the
limiting distribution

lim
N→∞

meas{α ∈ T
2 : S N(�) = k} = E(k, L), (87)

the same as for random center. We will prove (3.3) in Section 5.

4.
√

mαmod One

The problem of the statistics of
√

mαmod 1 has been understood by Elkies
and McMullen (Elkies and McMullen, 2004) in the case α = 1 (and in prin-
ciple also for all other rational α). The uniform distribution of

√
mαmod 1

may be shown by using the fact that
√

n + m −
√

n → 0 for n → ∞, m
fixed (we leave this as an exercise). As in the last section, the key idea is the
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reduce the problem to equidistribution on a homogeneous space. Lucky for
us, this homogeneous space will turn out to be Γ\G with the same G, Γ as
encountered earlier.

We are as in the previous section interested in the “Poisson scaling limit”,
i.e. L is fixed. Now (we swap m and n in our notation)

S N(�) =

N∑
n=1

∑
m∈Z

χ
(N

L
(
√

nα − x0 + m)
)
. (88)

The condition imposed on the summation can be re-written as

(
x0 − m − L

2N

)2

≤ nα <
(
x0 − m +

L
2N

)2

(89)

which amounts to

− L
N

(x0 − m) ≤ nα − (x0 − m)2 −
( L
2N

)2

<
L
N

(x0 − m). (90)

Notice also that

|
√

nα − (x0 − m)| ≤ L
2N

. (91)

This yields

S N(�) =
∑

(m,n)∈Z2

χ(0,1]

(
x0 − m + O(L/2N)

√
Nα

)

χ[−L,L)

(
N1/2[nα − (x0 − m)2 − (L/2N)2]

N−1/2(x0 − m)

)
. (92)

A more convenient object would be

S̃ N,ε,δ(�) =
∑

(m,n)∈Z2

χ(−ε,1+ε]

(
x0 − m
√

Nα

)
χ[−L,L)

(
N1/2[nα − (x0 − m)2] + δ

N−1/2(x0 − m)

)
.

(93)
For the right choices of ε (positive/negative) we obtain upper/lower bounds
for S N(�) which would eventually allow us to infer the limiting distribution of
S N(�) from S̃ N,ε,δ(�) by taking δ → 0, ε → ±0. We will ignore this technical
point here and simply take

S N(�) ≈ S̃ N,0,0(�) =
∑

(m,n)∈Z2

χ(0,1]

(
x0 − m
√

Nα

)
χ[−L,L)

(
N1/2[nα − (x0 − m)2]

N−1/2(x0 − m)

)
.

(94)
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The manipulations we will now perform on the r.h.s. of (94) can be adapted
step by step for more general values of δ, ε � 0 (recommended exercise). We
will use the shorthand S̃ N(�) := S̃ N,0,0(�) in the following.

4.1. THE CASE α = 1

We have, after substituting (m, n) → (−m,−n),

S̃ N(�) =
∑

(m,n)∈Z2

χ(0,1]

(
x0 + m
√

N

)
χ(−L,L]

(
N1/2[n + (x0 + m)2]

N−1/2(x0 + m)

)
, (95)

an thus, after substituting n �→ n + m2 in the sum over n,

S̃ N(�) =
∑

(m,n)∈Z2

χ(0,1]

(
x0 + m
√

N

)
χ(−L,L]

N1/2(n + x2
0 + 2mx0)

N−1/2(x0 + m)

 . (96)

We will now show that, in analogy with the previous section, we can find a
function F: Γ\G → R of the form

F(M, ξ) =
∑

m∈Z2

ψ(mM + ξ) (97)

so that
S̃ N(�) = F(g) (98)

for a suitable choice of g ∈ G and a piecewise continuous ψ: R
2 → R with

compact support. To this end define

ψ(x, y) = χ(0,1](x)χ(−L,L]

( y
x

)
(99)

(which indeed has compact support: it is the characteristic function of a tri-
angle). Now consider the one parameter subgroup {n1(x)}x∈R with

n1(x) =

(
1 2x
0 1

, (x, x2)

)
(100)

(check that this indeed yields a one parameter group). Then the choice (set
t = log N, x = x0)

(M, ξ) = n1(x0)Φt

=

(
N−1/2 2x0N1/2

0 N1/2 , (N−1/2x0,N
1/2x2

0)

)
(101)

yields
(m, n)M + ξ =

(
N−1/2(x0 + m),N1/2(2mx0 + n + x2

0)
)
. (102)
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Using this result in the definition (97) then confirms the desired (98).
We now follow the same steps as in the previous Section 3 to derive the

limiting distribution for S N(�) from equidistribution on Γ\G. We first state
the limit theorem.

THEOREM 4.1. For any L > 0,

lim
N→∞

meas{x0 ∈ T : S N(�) = k} = E(k, L), (103)

where

E(k, L) =
1

µ(Γ\G)
µ
(
ḡ ∈ Γ\G : F(g) = k

)
, (104)

with F as defined in (97).

An explicit formula for E(0, L) and the corresponding gap distribution
P(s) (recall Theorem 2.2) is worked out in (Elkies and McMullen, 2004).

The relevant equidistribution theorem needed to prove Theorem 4.1 is the
following. Note that Γ ∩ {n1(x)}x∈R = {n1(x)}x∈Z and hence

Γ{n1(x)}x∈TΦt (105)

represents a family (parametrized by t) of closed orbits embedded in Γ\G.

THEOREM 4.2. For any bounded piecewise continuous f : Γ\G → R

lim
t→∞

∫
T

f
(
n1(x)Φt) dx =

1
µ(Γ\G)

∫
Γ\G

f dµ. (106)

Since n1(x) generates a unipotent flow, Ratner’s theorem can be employed.
We will explain the general strategy of proof for statements of this type in
Section 5.

4.2. SOME HEURISTICS IN THE CASE α =
√

2

We return to generic α, such as α =
√

2, and rewrite S̃ N(�) as

S̃ N(�) =
∑

(m,n)∈Z2

χ(0,1]

( x0 + m
M

)
χ(−L,L]

(
M[α−1(x0 + m)2 + n]

M−1(x0 + m)

)
(107)

where M =
√

Nα. For x0 ∈ [0, 1] we can ignore terms of the form x0/M,

S̃ N(�) ≈
∑

(m,n)∈Z2

χ(0,1]

( m
M

)
χ(−L,L]

(
M[α−1(x0 + m)2 + n]

M−1m

)
. (108)
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Now note that for most values of m, we have m/M � 1, and it is natural to
assume that, for random x0, the probability of finding k elements of the set

{α−1(x0 + m)2 : m = 1, . . . , M} + Z (109)

in an interval of size 1/M around the origin is given by the Poisson distrib-
ution (we must assume here that α is badly approximable by rationals, e.g.
α =

√
2 would be a good choice). Hence we may assert that the limiting

distribution of S N(�) is the same as that of the random variable

X =
∑

(m,n)∈Z2

χ(0,1]

( m
M

)
χ(−L,L]

(
M(ηm + n)

M−1m

)
(110)

where ηm are independent uniformly distributed random variables on [−1
2 ,

1
2 ).

With this choice of interval the only contribution comes from the n = 0 term
(assume M � L), so

X =

M∑
m=1

Xm (111)

where

Xm = χ(−L,L]

(
M2ηm

m

)
(112)

is a sequence of independent random variables with kth moment

EXk
m =

∫ 1/2

−1/2
χ(−L,L]

(
M2ηm

m

)
dηm =

2Lm

M2
, (113)

and hence

E(eitXm − 1) =
2Lm

M2
(eit − 1). (114)

The characteristic function of the random variable X is therefore

EeitX =

M∏
m=1

[
1 +

2Lm

M2
(eit − 1)

]

= exp


M∑

m=1

log

[
1 +

2Lm

M2
(eit − 1)

]
= exp


M∑

m=1

[
2Lm

M2
(eit − 1) + O

(
m2

M4

)]
= exp

[
L(eit − 1) + O

(
1
M

)]
. (115)
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The expression eL(eit−1) is the characteristic function of the Poisson law

E(k, L) =
Lk

k!
e−L. (116)

Hence this should be our prediction for the limiting distribution of S N(�),
which in turn implies that we expect the exponential distribution for gaps in√

mαmod 1. This is in good agreement with our Maple experiment, Figure 2.

5. Ratner’s Theorem

An excellent introduction to Ratner’s theory is Dave W. Morris’ recent text-
book (Morris, 2005). Let G be a Lie group (e.g. SL(2,R) × R

2) and Γ be
a discrete subgroup (e.g. SL(2,Z) × Z

2). It is at this point not necessary to
assume that Γ is a lattice in G, i.e., that Γ\G has finite volume with respect
to Haar measure µ on G. Ratner’s measure classification theorem gives a
complete geometric description of all measures that are invariant and ergodic
under the a unipotent one parameter subgroup U (or, more generally, invariant
and ergodic under a subgroup generated by unipotent subgroups) acting on
Γ\G by right multiplication. Examples of unipotent subgroups that appeared
in the previous sections are {n−(α, 0)}α∈R, {n−(0, y)}α∈R and {n1(x)}x∈R.

THEOREM 5.1 (Ratner’s theorem). Let ν be an ergodic, U-invariant proba-
bility measure on Γ\G. Then there is a closed, connected subgroup H ⊂ G,
and a point ḡ ∈ Γ\G such that

1. ν is H-invariant,

2. ν is supported on the orbit ḡH.

REMARK 5.2. Let g ∈ G be a representative of the coset ḡ = Γg, and define
the subgroup ΓH = (g−1Γg)∩H. Then the orbit ḡH may be identified with the
homogeneous space ΓH\H and ν with the Haar measure on H. Furthermore
one can deduce (since ν is a probability measure) that ΓH is a lattice in H,
i.e., ν(ḡH) < ∞, and that the orbit ḡH is closed in Γ\G.

In simple words, measures ν invariant and ergodic under unipotent sub-
groups are supported on nice embedded closed subvarieties, of which there
can be only countably many (modulo translations of course). We will now
discuss two corollaries of Ratner’s theorem that are relevant to the equidistri-
bution theorems discussed earlier.

5.1. LIMIT DISTRIBUTIONS OF TRANSLATES

The following is special case of Shah’s extremely useful theorem, (Shah,
1996, Theorem 1.4).
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> alpha:=sqrt(2); N:=6001;

α :=
√

2

N := 6001
> L:=sort([seq(evalf[12](frac(sqrt(n*alpha))), n=1..N)]):

> alist:=seq(evalf[12](N*(L[i+1]-L[i])),i=1..N-1):
> data:=stats[transform,tallyinto[’outliers’]]([alist],[seq((i-1)*
> i*0.2,i=0..35)]):

> outliers;

[7.0547245915, 7.0674227075, 7.1105849000, 7.1693268887, 7.2093775627,
7.3219323187, 7.3381866273, 7.4195061783, 7.5000233956, 7.6451419780,
7.7497418084, 7.9388213164, 8.0221013941, 8.1512135092, 8.4582030656]

> data1:=stats[transform,scaleweight[1/nops([alist])]](data):

> g1:=stats[statplots,histogram](data1):

> g2:=plot(exp(-s), s=0..6):

> plots[display](g1,g2);

Figure 2. Maple worksheet for calculating the gap distribution of the fractional parts of√
m
√

2, m = 1, . . . , 6001.
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THEOREM 5.3. Suppose G contains a Lie subgroup H isomorphic to
SL(2,R) (we denote the corresponding embedding by ϕ: SL(2,R) → G), such
that the set Γ\ΓH is dense in Γ\G. Then, for any bounded, piecewise contin-
uous f : Γ\G → R and any piecewise continuous h: R → R with compact
support

lim
t→∞

∫
R

f

(
ϕ

((
1 x
0 1

) (
e−t/2 0

0 et/2

)))
h(x) dx

=
1

µ(Γ\G)

∫
Γ\G

f dµ
∫

R

h(x) dx(117)

where µ is the Haar measure of G.

The general strategy of proof for statements of the above type is as fol-
lows.

1. Normalize h such that it defines a probability density.

2. Show that the sequences of probability measures νt defined by

νt( f ) =

∫
R

f

(
ϕ

(
1 x
0 1

(
e−t/2 0

0 et/2

)))
h(x) dx (118)

is tight. Then, by the Helly–Prokhorov theorem, it is relatively compact,
i.e., every sequence of νt contains a convergent subsequence with weak
limit ν, say.

3. Show that ν is invariant under a unipotent subgroup U; in the present
case,

U =

{
ϕ

(
1 x
0 1

)}
x∈R

. (119)

4. Use a density argument to rule out measures concentrated on subvarieties
(exploit the assumption that Γ\ΓH is dense in Γ\G).

As an application of Shah’s theorem we give a proof of the statement in
Remark 3.6, in fact a slightly more general version allowing for non-constant
h. Recall that here G = SL(2,R) × R

2 and Γ = SL(2,Z) × Z
2.

COROLLARY 5.4. Let y � Q. For any bounded piecewise continuous
f : Γ\G → R and piecewise continuous h: R → R with compact support

lim
t→∞

∫
R

f
(
n−(α, y)Φt)h(α) dα =

1
µ(Γ\G)

∫
Γ\G

f dµ
∫

R

h(α) dα. (120)
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Proof. We define the embedding ϕ: SL(2,R) → G by

M �→ (
1, (0, y)

)
(M, 0)

(
1, (0, y)

)−1
. (121)

We need to show that

(γ, n)
(
1, (0, y)

)
(M, 0)

(
1, (0, y)

)−1 (122)

is dense in G as γ, n, M vary over SL(2,Z), Z
2, SL(2,R), respectively. It is

obviously sufficient to show this for

(γ, n)
(
1, (0, y)

)
(M, 0) =

(
γM,

(
n1, (y + n2)

)
M
)
, (123)

and thus for
(
M, (n1, (y + n2)

)
γ−1M). It is however easy to see, using the

irrationality of y, that
(
n1, (y+n2)

)
γ−1 is dense in R

2 (exercise). The completes
the proof of the density.

Shah’s theorem says now that

lim
t→∞

∫
R

f̃
(
n−(α, y)Φtn−(0, y)−1)h(α) dα =

1
µ(Γ\G)

∫
Γ\G

f̃ dµ
∫

R

h(α) dα.

(124)
for all bounded, piecewise continuous f̃ . Choosing the test function

f̃ (g) = f
(
gn−(0, y)

)
(125)

which is left-Γ-invariant and bounded, piecewise continuous, if f is (as as-
sumed). This yields (120).

5.2. EQUIDISTRIBUTION, UNBOUNDED TEST FUNCTIONS AND
DIOPHANTINE CONDITIONS

In some applications of Ratner’s theorem, e.g., in questions of value distri-
bution of quadratic forms (Eskin et al., 1998; Eskin et al., 2005; Marklof,
2003; Marklof, 2002), the test functions f in the equidistribution theorems
are no longer bounded. Under such circumstances the convergence of the
integral can only be assured by assuming certain diophantine conditions.
Without going into the intricate details for general Γ\G, we will illustrate this
phenomenon in the distribution of mα on T, which indeed may be viewed as
a unipotent orbit on the homogeneous space Z\R. As mentioned earlier, it is
well known that for α � Q the sequence is uniformly distributed mod 1. That
is, for any bounded continuous function f : T → R we have

lim
N→∞

1
N

N∑
m=1

f (mα) =

∫
T

f (x) dx. (126)
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Let us now formulate the analogous statement for test functions with a
possible singularity at x = 0.

It is convenient to identify T with [−1
2 ,

1
2 ). For any β ≥ 0 we define the

class Kβ(T) of functions continuous on T − {0}, with the property that there
is a constant C > 0 such that

| f (x)| ≤ C|x|−β, for all x ∈ [− 1
2 ,

1
2 ). (127)

We say α ∈ R is diophantine of type κ if there exists a constant c > 0 such
that ∣∣∣∣∣α − p

q

∣∣∣∣∣ > c
qκ

for all p, q ∈ Z, q > 0. The smallest possible value of κ is κ = 2 (achieved for
quadratic surds, e.g., α =

√
2), and it is well known that for any κ > 2 there

is a set of full Lebesgue measure of α that have type κ.

THEOREM 5.5. Let α be diophantine of type κ. Then, for any f ∈ Kβ(T)
with 0 ≤ β < 1/(κ − 1),

lim
N→∞

1
N

N∑
m=1

f (mα) =

∫
T

f (x) dx. (128)

Proof. We split f = f+ − f− into positive and negative part, such that
f± ≥ 0. Then f± ∈ Kβ(T) and we may prove (128) for both f± separately. In
the following we will thus assume that f ≥ 0.

For any ε > 0 let us define

fε(x) =

{
f (x) if |x| > ε
min{ f (x), f (ε)} if |x| ≤ ε

(129)

and gε = f − fε. Note that fε ≤ f . By assumption,

gε(x)

{
≤ C|x|−β if |x| ≤ ε
= 0 if |x| ≥ ε.

(130)

The function fε is bounded continuous, and hence by uniform distribution

lim
N→∞

1
N

N∑
m=1

fε(mα) =

∫
T

fε(x) dx =

∫
T

f (x) dx − O(ε1−β). (131)

Since fε ≤ f , this implies the lower bound

lim inf
N→∞

1
N

N∑
m=1

f (mα) ≥
∫

T

f (x) dx − O(ε1−β). (132)
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As to the upper bound,

1
N

N∑
m=1

gε(mα) ≤ C
N

N∑
m=1

χ(0,ε](‖mα‖)
‖mα‖β

(133)

where ‖ · ‖ denotes the distance to the nearest integer. Using the dyadic
decomposition of the unit interval, we find

1
N

N∑
m=1

χ(0,ε](‖mα‖)
‖mα‖β

=
1
N

∞∑
j=0

N∑
m=1

χ(ε2−( j+1),ε2− j](‖mα‖)
‖mα‖β

<
1

Nεβ

∞∑
j=0

2β( j+1)
N∑

m=1

χ(ε2−( j+1),ε2− j](‖mα‖)

≤ 2B

εβ

∞∑
j=0

2β( j+1)(ε2−( j+1))1/κ−1 (for some B > 0)

= O(ε(1/κ−1)−β). (134)

The inequality before the last follows from Lemma 5.6 below. We conclude
that

1
N

N∑
m=1

gε(mα) = O(ε(1/κ−1)−β) (135)

Therefore

lim sup
N→∞

1
N

N∑
m=1

f (mα) = lim sup
N→∞

1
N

N∑
m=1

[ fε(mα) + gε(mα)]

≤
∫

T

f (x) dx + O(ε1−β) + O(ε(1/κ−1)−β), (136)

in view of (131) and (135).
Since ε > 0 can be arbitrarily small, the limsup and liminf must coincide.

The following lemma is used in the preceding proof.

LEMMA 5.6. Let α be diophantine of type κ. Then there is a constant B > 0
such that, for any interval [x0, x0 + �],

#{m = 1, . . . ,N : mα ∈ [x0, x0+�]+Z} ≤
{

0 if Nκ−1� < c
BN�1/(κ−1) otherwise.

(137)
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Proof. Define T = 1/�. Let us divide the counting into blocks of the form

#{m0 < m ≤ m0 + T 1/(κ−1) : mα ∈ [x0, x0 + �] + Z}, (138)

The number of such blocks contributing to (137) is less than O(NT−1/(κ−1) +

1).
The gaps between elements of the sequence mαmod 1, m0 < m ≤ m0 +

T 1/(κ−1), are of the form nαmod 1, with |n| < 2T 1/(κ−1). By the diophantine
condition, the gaps therefore have seize at least

‖nα‖ ≥ c

|n|κ−1
>

c

2κ−1T
. (139)

An interval of size � = 1/T can hence at most contain a bounded number of
elements. Hence

#{m0 < m ≤ m0 + T 1/(κ−1) : mα ∈ [x0, x0 + �] + Z} ≤ B′ (140)

for some constant B′ > 0 independent of m0, x0, �. Recall that there were at
most NT−1/(κ−1)+1 such blocks, and this yields the upper bound in the second
alternative.

The first alternative is easily proven since the minimum gap size for the
full sequence m = 1, . . . ,N is at least c/(2N)κ−1.
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SPECTRAL THEORY OF AUTOMORPHIC FORMS:

A VERY BRIEF INTRODUCTION

A. Venkatesh
Courant Institute

These are the notes to accompany some lectures delivered at the 2005
NATO ASI summer school in Montréal. They constitute an introduction to the
spectral theory of automorphic forms. The viewpoint is slightly nonstandard,
in that we present first the “group representation” viewpoint and later descend
to the upper-half plane.

The notes reflect quite faithfully the content of the lectures. However I
have added references for proofs, which are almost entirely omitted. A major
omission is of any form of trace formula: we cover neither the Selberg trace
formula, nor the Kuznetsov or Petersson formulae.

1. (Iwaniec, 2002) is the standard introduction to the spectral theory of
automorphic forms on the upper half-plane. Includes both Selberg and
Kuznetsov formulae.

2. (Borel, 1997) Less oriented to applications in analytic number theory
than (Iwaniec, 1987), but perhaps closer to the flavour of these lectures
(more representation-theoretic).

3. (Sarnak, 1990) Gives many interesting applications of the spectral theory.

4. (Witte, 2003) An introduction to Ratner’s theorems.

1. What Is a Homogeneous Space?

This section is mainly a teaser trailer for other people’s talks!

1.1. DEFINITION AND EXAMPLES OF HOMOGENEOUS SPACES

The general setting we will be concerned with is the following: G will be a
locally compact topological group, Γ ⊂ G a lattice, i.e., a discrete subgroup
such that the quotient X := Γ\G carries a G-invariant measure of finite vol-
ume. The basic question one asks is: if H ⊂ G is a subgroup, how are H-orbits
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x0H, for x0 ∈ X, distributed? One can ask this either in a topological setting
(are they dense?) or in a measure setting (are they equidistributed?) Nowadays
the strongest results about density are derived from proving equidistribution
results!

Some examples:

1. The simplest example is X := Z\R. In this case the dynamics of the
R-action on X is the study of circle rotations, which is well-understood.

2. A nilmanifold of depth 2: take

U =


1 � �
0 1 �
0 0 1

 , Γ = U(Z), G = U(R).

The space X is called a nilmanifold. Recently a remarkable link has been
made between the study of the dynamics of the G-action on nilmanifolds,
and finding arithmetic progressions in dense sets of integers (Szemeredi-
type theorems) on the other hand: (Host and Kra, 2005; Ziegler, 2006).
We do not discuss this further here.

3. A third example, closest to the flavour of what we discuss, is X :=
SLn(Z)\ SLn(R). In this case the group G = SLn(R) is semisimple, and
X is not compact, but it nevertheless has finite G-invariant measure. X is
identified with the space of rank n unimodular lattices inside R

n.

A common theme of the above examples is that we have started with an
algebraic group G defined over Q, and taken for G the real points G(R), and
for Γ the “integral points” G(Z). 1 The homogeneous spaces of most relevance
to number theory arise in this way: the “number theory” enters through the
arithmetic nature of Γ.

1.2. SOME APPLICATIONS TO NUMBER THEORY

Here are some remarkable results of an arithmetic nature that have been
derived from equidistribution or density results on homogeneous spaces:

1. A ternary quadratic form represents all sufficiently large squarefree inte-
gers that are everywhere locally represented by it. (Duke and Schulze–
Pillot (Duke and Schulze-Pillot, 1990), using also some ideas of Iwaniec
(Iwaniec, 1987))

2. The Oppenheim conjecture: the values of the quadratic form x2 + y2 −√
2z2 at (x, y, z) ∈ Z

3 are dense. (Margulis (Margulis, 1987))

1 The latter notion is not defined if G is not defined over Z; one instead embeds G into
SLM over Q, and takes the intersection G(Q) ∩ SLM(Z).
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3. Mazur’s conjecture on ranks of elliptic curves over Zp-extensions: Vatsal
(Vatsal, 2002).

Let’s briefly explain the connection to homogeneous spaces for the second
application. G = SL(n,R), Γ = SL(n,Z). It may be verified that Γ is a lattice
in G. Moreover, the quotient X is identified with the space of unimodular
lattices L ⊂ R

n via the map Γg �→ Z
n · g. Let Q be a quadratic form on R

n.
The set of values taken by Q on Z

n and Z
n.h is identical, if h belongs to the

isometry group H := SO(Q). Therefore, if one can prove that the orbit Z
n.H is

dense in the space of unimodular lattices, one verifies the Oppenheim conjec-
ture for Q. Nowadays this would be deduced from a suitable equidistribution
statement on X, namely, Ratner’s theorem (Ratner, 1991); it was originally
proved by Margulis by a direct argument.

1.3. THESE LECTURES: HARMONIC ANALYSIS

Ratner’s theorem is proved by ergodic methods. In these lectures I will dis-
cuss the harmonic-analysis approach to equidistribution questions on such
spaces. Indeed, in the case of X = Z\R one has a particularly convenient
basis for L2(X), namely the characters en: x �→ e2πinx. They are convenient in
the following sense: they behave in a very simple way under the R-action.

Our main goal is to construct and discuss the analogous bases for more
general homogeneous spaces, i.e., construct a basis for L2(Γ\G) such that the
basis functions behave very simply with respect to the G-action. This is pos-
sible, at least in part: one does not obtain a basis, but at least a decomposition
into much smaller subspaces, which in many ways substitutes for a basis.
These subspaces are now indexed by the irreducible representations of G.
The study of this will lead us into some basic nonabelian harmonic analysis.

There is a second (perhaps much more important) reason to be inter-
ested in the bases we construct: according to Langlands’ global reciprocity
conjectures, they should parameterize arithmetic objects (e.g., Galois repre-
sentations). We do not touch on this latter interpretation here.

2. Spectral Theory: Compact Case

2.1. GENERALITIES ON SPECTRAL DECOMPOSITION

In this section I will discuss the case of Γ a cocompact lattice in G :=
PSL(2,R). Then G acts by linear fractional transformations on H, the upper
half plane. We endow H with the standard Riemannian metric (dx2 + dy2)/y2,
with respect to which G acts by isometries. Set K to be the stabilizer in G of
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i ∈ H. Then K is the image in PSL(2,R) of the subgroup(
cos θ − sin θ
sin θ cos θ

)
⊂ SL(2,R). (1)

Put Y := Γ\H. Then Y = X/K. Moreover one can identify X to the unit
tangent bundle of Y via Γg �→ g(i, ↑). Here ↑ is the unit tangent vector at i that
corresponds to the direction of the curve parameterized by t �→ i(1 + t), t ∈ R

at t = 0.
We are trying to generalize the “Fourier decomposition” L2(Z\R) = ⊕Cen.

The really critical property of the ens is that they are eigenfunctions of trans-
lation. Namely, if one translates en by t (i.e., considers the function x �→
en(x + t)) one obtains simply e2πinten(x). One might really hope for the same
for L2(Γ\G), i.e., is there a basis fn of this so that fn(xg) = fn(x)χn(g) for
all x ∈ X, g ∈ G and some suitable functions χn? Unfortunately not: the χn

would have to be characters, and:

EXERCISE 2.1. Prove that the group G has no nontrivial characters, i.e.,
there do not exist nontrivial homomorphisms from G into the circle group.

To obtain a suitable generalization, we must replace characters of G by
higher-dimensional representations.

A unitary representation of G is a continuous isometric action of G on a
Hilbert space H, that is to say, a homomorphism ρ of G into the isometries
of H with the property that the map G × H → H given by (g, v) �→ ρ(g)v
is continuous. Such a representation is irreducible if any closed G-invariant
subspace of H is either trivial, or coincides with H.

Given representations πi = (Hi, ρi), one can form in an evident way
the direct sum ⊕iρi. There is an evident notion of isomorphism for unitary
representations.

EXERCISE 2.2. Show that the representation of G on L2(X) by right trans-
lations, i.e., ρ(g) f (x) = f (xg), defines a unitary representation of G which is
not irreducible.

EXERCISE 2.3. Let P be the Lie group of invertible affine transformations
{x �→ ax + b} of the real line, and let P act on L2(R) via f �→ |a|−1/2 f (ax + b).
Show that this is an irreducible unitary representation.

Let P+ be the subgroup of P corresponding to elements with a > 0. Show
that L2(R) is not irreducible as a P+-representation, but splits as the sum of
two irreducible P+-representations.

Hint for both parts: consider the Fourier transforms. (To avoid topological
technicalities, you might like to prove the first assertion first with R replaced
by Z/pZ).
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Let Ĝ be the set of isomorphism classes of irreducible unitary representa-
tions of the group G.

THEOREM 2.4 (Spectral theorem, compact case). The representation of G
on L2(X) is isomorphic to a discrete direct sum of irreducible representations,
i.e., there are closed subspaces Vi ⊂ L2(X) such that

L2(X) = ⊕̂Vi

where ⊕̂ denotes a Hilbert space direct sum, and each Vi is stable under G
and defines an irreducible unitary representation of G.

Moreover, this is discrete in the sense that given any bounded subset Ω ⊂
Ĝ, there are only finitely many Vi whose isomorphism class belongs to Ω.

Proof. See (Borel, 1997, Theorem 16.2), which is a proof in the general
case of Γ\G possibly noncompact.

To make use of this (and to explain the word bounded) we need to under-
stand Ĝ. Actually, this is not really critically important: one can work out a
good (and elegant) theory without having a complete classification like that
given below. The point is that it is rare that one needs to know something
very explicit about Vi; by and large we only need to know certain properties
of the representation (e.g., the asymptotic behavior of matrix coefficients
〈ρ(g)v1, v2〉 as g varies) and these properties can often be verified without
explicit knowledge of Vi.

But for concreteness here we just give the classification, which may seem
a little ugly at first sight.

2.2. THE CLASSIFICATION OF IRREDUCIBLE REPRESENTATIONS OF
PSL2(R)

A complete treatment of the representation theory of SL2(R) may be found
in (Knapp, 2001) (see especially Chapter II) and (Howe and Tan, 1992). It
is also contained in Borel’s book, (Borel, 1997, Section 15). Note: in this
section we present the representation theory of G = PSL2(R), i.e., only those
representations which are trivial on the center.

A slogan: representations of Lie groups over finite and local fields are to
be found in functions on their flag varieties (interpreted liberally, including
sections of line bundles over flag varieties). For better slogans see (Vogan,
1998).

In the case of G, the flag variety is the space of lines in R
2 and we shall

construct representations in a suitable line bundle over this space.
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Let ν ∈ C and let U(ν) be the space of smooth functions on R
2 − {0} that

satisfy f (λx) = |λ|−1−ν f (x) for x ∈ R
2, λ ∈ R

∗. Then g · f (x) = f (xg) defines
an action of G on U(ν).

If Σ is any nice smooth curve in R
2 − {0} which winds once around the

origin, we consider the measure dµΣ on Σ that corresponds to area swept out.
Then f �→

∫
Σ

dµΣ is a G-invariant functional on U(1) which is, in fact, inde-
pendent of the choice of Σ. (Why?) In particular, the rule 〈 f , g〉 =

∫
Σ

f ḡ dµΣ

defines a G-invariant inner product on U(ν) whenever ν ∈ iR. This may be
expressed in either of the more concrete forms:

〈 f , g〉 = 1
2

∫
S 1 f (θ)g(θ) dθ =

∫
t∈R

f (1, t)g(1, t) dt,

where S 1 is the unit circle in R
2, endowed with the angle measure.

Completing U(ν) w.r.t. this inner product (for ν ∈ iR) gives a unitary
representation V(ν) of G.

EXERCISE 2.5. Prove that V(ν) is isomorphic to the representation of G on
L2(R) defined by

(
a b
c d

)
· f (x) = f

(
b + dx
a + cx

)
|a + cx|−1−ν.

Show that V(ν) is an irreducible unitary representation. (Hint: the restriction
of V to upper triangular matrices is closely related to the P+-representation

defined earlier). Note, in particular, that the action of the subgroup

(
1 t
0 1

)
is

equivalent to the action of R on L2(R) by right translation.

This does not exhaust Ĝ. In fact, one has the following classes of unitary
representations:

1. V(ν), for ν ∈ iR.

2. The trivial representation of G.

3. The complementary series: The representations U(ν) for ν ∈ R, 0 < ν < 1
admit a (non-obvious) G-invariant inner product, and completing leads to
the so-called “complementary series” V(ν).

4. The discrete series: For ν an odd integer, each homogeneous polynomial
on R

2 of degree ν−1 belongs to U(−ν) and so induces a linear functional
on U(ν), via the pairing

U(−ν) × U(ν)
( f ,g)�→ f .g
−−−−−−−→ U(1)

f �→
∫
Σ

f dµΣ

−−−−−−−−→ C.
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The common kernel of these functionals admits a (non-obvious)
G-invariant inner product, and completing leads to a representation V(ν)
which decomposes as a sum V+(ν) ⊕ V−(ν).

For simplicity, in these lectures I will only really discuss V(ν) for ν ∈ iR,
but for a complete theory one really needs to treat all of Ĝ.

THEOREM 2.6. The representations {V(ν)}ν∈iR (principal series),
{V(ν)}ν∈(0,1) (complementary series), V±(ν) for ν an odd integer (discrete se-
ries), and the trivial representation, are pair-wise nonisomorphic and exhaust
Ĝ.

2.3. THE SPECTRAL THEOREM ON THE UPPER-HALF PLANE

What is the utility of all the above? We are now capable of reducing ques-
tions about the G-action on L2(X) (which might, a priori, depend in some
complicated fashion on the lattice Γ) to questions about certain explicit rep-
resentations that do not know about Γ. A good application of this type of
approach will be the proof of mixing of the horocycle and geodesic flows
given in Theorem 3.1.

LEMMA 2.7. Let π be an irreducible representation of G. The space of K-
invariant vectors in π is one-dimensional if π is trivial, principal series, or
complementary series, and trivial otherwise.

Proof. The K-invariant vectors in U(ν) correspond to rotation-invariant
functions. In particular, there is a unique K-invariant vector up to scaling,
which corresponds in polar coordinates to the function r−1−ν. It is not too
hard to pass to the completion and check that V(ν) has a unique K-invariant
vector up to scaling for ν ∈ (0, 1) ∪ iR. On the other hand, one canverify that
none of the discrete seriesV±(ν) has a K-invariant vector.

Since Y = X/K, we can and will identify K-invariant functions on X with
functions on Y . Taking K-invariants in the spectral theorem now yields the
spectral theorem in its “upper-half-plane” incarnation.

THEOREM 2.8 (Spectral theorem, compact version, classical form). Then

L2(Y) = L2(X)K = ⊕Vi not discrete seriesCϕi

where ϕi is a non-zero K-invariant vector in Vi (unique up to scaling). More-
over, if Vi is isomorphic to V(νi), then ϕi is an eigenfunction of the Laplacian
operator ∆ := −y2(∂xx + ∂yy) with eigenvalue 1

4 (1 − ν2); and the eigenvalues
of the ϕi approach ∞ as i → ∞.
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Moreover, for ν ∈ iR ∪ (0, 1), the (1 − ν2)/4-eigenspace of ∆ is naturally
isomorphic to HomG

(
V(ν), L2(X)

)
.

We will discuss how some of the details of this theorem are established
in a moment; see also (Iwaniec, 2002, Theorem 4.7), which gives a statement
(without the representation-theoretic language) for general—not necessar-
ily cocompact—Γ. For now, note that we have “proved” the (non-obvious)
fact that L2(Y) has an orthonormal basis consisting of eigenfunctions of ∆.
Moreover, the eigenspaces exactly parameterize the principal series and com-
plementary series part of L2(X). To get a corresponding “interpretation” for
Hom

(
V±(ν), L2(X)

)
when ν is an odd integer, one considers Laplacian eigen-

functions on suitable line bundles over Y . In this case, the condition of being
an eigenfunction is essentially equivalent to being holomorphic, and we are
led to the usual theory of holomorphic modular forms.

The main point of Theorem 2.8 is that each ϕi is a Laplacian eigenfunc-
tion.

One way to see this is to pass from the action of G to an action of its Lie
algebra g, and thereby to the universal enveloping algebra U(g). These do not
act on L2(X) but they do act on C∞(X). Glossing over this point, each Vi is
an irreducible representation of G, and by an appropriate version of Schur’s
lemma the center Z of U(g) acts by a scalar on each Vi. Now this center is
generated as a C-algebra by a single element, the Casimir, and explicating
everything shows that the fact the Casimir element acts on Vi by a scalar
implies that ϕi is a Laplacian eigenfunction.

We sketch another proof that does not require to pass to the Lie algebra
and is perhaps more geometrically illuminating. Fix r ≥ 0. Let Avr be the
operator on functions on the upper half-plane defined by “averaging around
circles of radius r”, i.e., Avr f (z0), for a function f on H, is the average value
of f on an r-circle around z0 ∈ H. (Here average is taken w.r.t. the length
measure on this circle). We claim that, if ϕi is a K-invariant vector in Vi, then
Avrϕi is a scalar multiple of ϕi. To see this, we note that the function Avrϕi

corresponds to the function

x �→
∫

k∈K
ϕi

(
xk

(
er/2 0
0 e−r/2

))
dk

on X; this function belongs to Vi and is K-invariant, so must be a scalar
multiple of ϕi by Lemma 2.7.

Thus ϕi have the following beautiful properties: they are eigenfunctions of
averaging along circles. (Compare: a harmonic function is one whose average
along any circle is zero).
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In any case, one can express the Laplacian operator as a limit of the
operators Avr, indeed:

∆ϕi = 4 lim
r→0

Avrϕi − ϕi

r2

from where it follows that ϕi is also a ∆-eigenfunction (after taking care of
suitable issues involving taking the limit).

These two theorems—Theorems 2.4 and Theorem 2.8—give natural bases
for L2(X) and L2(Y). Actually, we don’t have a natural basis for L2(X), just a
canonical decomposition of it into infinitely many subspaces, each of which
are infinite dimensional; but this suggests, at the very least, one might try to
test the Weyl criterion subspace by subspace.

3. Dynamics

We recall that a one-parameter group T (t) of a probability space (B, µ) is
mixing if, for any f , g ∈ L∞(µ), one has 〈T (t) f , g〉L2(µ) →

∫
f
∫

g as |t| → ∞.
Mixing implies ergodicity (i.e., the property that any T (R)-invariant set is
either zero measure, or has a complement of zero measure). To see this im-
plication, let S be a T (R)-invariant set and set f = g = 1S , the characteristic
function of S .

THEOREM 3.1. Let a(t) be the transformation x �→ x

(
et 0
0 e−t

)
of X, and

u(t) the transformation x �→ x

(
1 t
0 1

)
. Then a(t) and u(t) are mixing (and so

ergodic).
Proof. We sketch part of the proof for u(t), leaving the other case to the

reader. By Theorem 2.4, the unitary G-representation L2(X) decomposes as
a direct sum ⊕iVi. It is easy to see that exactly one of the Vis must consist
of the constant functions; say this is i = 1. It then suffices to check that, for
f , g ∈ V j with j ≥ 2, one has 〈u(t) f , g〉L2(X) → 0 as t → ∞.

We verify this for those j such that V j is isomorphic to a principal series
representation V(ν). We have seen in Exercise 2.5 that the action of u(t) on
V(ν) is equivalent to translation on L2(R). The result then follows from the
following elementary fact: for h1, h2 ∈ L2(R), we have

∫
R

h1(x)h2(x + t) dx → 0

as t → ∞.
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To give a complete proof along these lines, one needs to do a correspond-
ing computation for the complementary series and discrete series. This is
indeed doable, but it is also possible to prove this result more directly without
using the classification of Ĝ: see, e.g., (Zimmer, 1984, Chapter 2).

In geometric terms, this implies that the geodesic flow and horocycle
flow on Y are both mixing. This is very strong: the simplicity of the proof
is misleading. To put in perspective the property of mixing, it is worth doing
the following exercise:

EXERCISE 3.2. Show that a rotation of the circle is not mixing.

From the above Theorem one easily deduces Ratner’s theorem in the case
of G = SL(2,R) (but this is again misleading: the general proof of Ratner’s
theorem is vastly more involved).

4. Spectral Theory: Noncompact Case

The theory of Section 2 does not apply to SL2(Z)\ SL2(R), which is noncom-
pact. It turns out that one cannot have such a simple decomposition for the
G-action in this case: one has continuously occurring families of irreducible
G-representations in L2(X). I want to avoid the technicalities of setting up this
theory, so I will indicate roughly what the results are for L2(X) but give more
details at the level of L2(Y) instead. The theory of this section applies to a
general lattice Γ ⊂ SL2(R), but we will discuss only the case of PSL2(Z). In
this case, the space X (resp. Y) is identified with the space of lattices L ⊂ R

2

of covolume 1 (resp. such lattices up to rotations).

4.1. CUSPIDAL FUNCTIONS AND EISENSTEIN SERIES ON X

Let N be the upper triangular unipotent subgroup in G, and let ΓN := N ∩
Γ. We say that f ∈ L2(X) is cuspidal if

∫
n∈ΓN\N

f (ng) = 0 for almost all
g ∈ G. The space of cuspidal functions forms a G-invariant closed subspace
L2

cusp(X) ⊂ L2. Let L2
eis be the orthogonal complement of L2

cusp.
The main results are:

(i) L2
cusp(X) decomposes as a discrete, direct sum of irreducible G-repre-

sentations—i.e., it behaves just like L2(X) in the compact case.

(ii) One can explicitly decompose L2
eis as a G-representation as the direct

sum of the trivial representation, and a “direct integral”
∫
ν∈iR

V(ν)dν of
principal series representations.
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The decomposition of L2
eis is much more explicit, in the sense that one can

explicitly write a basis in a certain sense. Here we just remark on one fact to
give the flavour: For f ∈ C∞(R2), construct a function E f : X → R, thought
of as a function on lattices, via E f (L) =

∑
v∈L f (v). Then E f ∈ L2

eis and such
functions span L2

eis. We note that the map f �→ E f is not an L2-isometry (at
least, not for any normal L2-structure on C∞(R2)) and this is really the main
subtlety.

The general version of this picture is as follows:

4.2. CUSPIDAL FUNCTIONS AND EISENSTEIN SERIES ON Y

Let us explain this more concretely at the level of L2(Y). First, given a func-
tion f ∈ L2(Y), we define the constant term

fN(y) :=
∫

x∈R/Z
f (x + iy) dx

and we let L2
cusp(Y) be the subspace of f ∈ L2(Y) such that fN = 0.

Let s ∈ C have real part larger than 1. If L is any lattice in R
2, the series∑

v∈L〈v, v〉−s is convergent, and it also depends only on L up to rotation. So it
defines a function Es on Y , which can be described also as

Es(z) = 1
2

∑
(c,d)∈Z2,(c,d)=1

ys

|cz + d|2s
.

THEOREM 4.1. The function (y, s) → Es(y) extends to a meromorphic2

function on Y × C and satisfies ∆Es = s(1 − s)Es. The constant term

Es,N(y) = ys + c(s)y1−s,

where c(s) = ξ(2 − 2s)ξ(2s)−1. Here ξ(s) = π−s/2Γ(s)ζ(s). Moreover, Es

satisfies the functional equation c(s)Es = E1−s.
The function Es is holomorphic when 
(s) = 1/2 and the map

g �→
∫ ∞

t=0
g(t)E1/2+it dt

extends to a scalar multiple of a unitary isometry of L2(R≥0) with a subspace
L2

E ⊂ L2(Y).
Finally, L2(Y) = L2

cusp(Y) ⊕ 〈1〉 ⊕ L2
E is an orthogonal decomposition,

and L2
cusp(Y) has a basis consisting of ∆-eigenfunctions whose eigenvalues

approach ∞.
2 It needs to be understood here what “meromorphic” means: here, it is meromorphic in

any reasonable sense. For example, given (y0, s0) ∈ Y ×C there is N ≥ 0 so that (s− s0)N Es(y)
is continuous near (y0, s0) and holomorphic in s for each fixed y near y0.
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See (Iwaniec, 2002, Chapter 7) for this theory in the context of more
general subgroups of PSL2(R).

5. Hecke Operators

We continue with X = PSL(2,Z)\ PSL(2,R),Y = PSL(2,Z)\H. One distinc-
tive feature3 of X is the existence of so-called Hecke operators. In words,
there is a large family of “naturally defined” commuting endomorphisms of
C∞(X) that commute with the G-action. At the level of Y , there is a large fam-
ily of commuting endomorphisms of C∞(Y) that commute with the Laplacian
∆.

Recall that X is identified with the space of lattices in R
2 of covolume

1. For each x ∈ X let Lx be the corresponding lattice. The lattice Lx has
precisely d(n) sublattices of index n, where d(n) is the sum of the divisors
of n; each of them has volume n, so scaling them by n−1/2 gives a collec-
tion {L1, . . . , Ld(n)} ⊂ X. We call this the n-Hecke orbit of L and denote
it by Tn(x) ⊂ X. This induces an endomorphism of L2(X), namely, Tn f =∑

y∈Tn(x) f (y).
Moreover, one has the following three properties of lattices, easily veri-

fied:

1. If L′ ⊂ L has index n, then L′g ⊂ Lg has index n, for any g ∈ GL2(R).

2. If L′ ⊂ L has index n, then nL ⊂ L′ and has index n.

3. Suppose (n,m) = 1. The map from chains L2 ⊂ L1 ⊂ L, where [L : L1] =

n, [L1 : L2] = m, to sublattices L2 ⊂ L of index nm, is a bijection.

These translate to the following properties of the endomorphisms Tn of
L2(X):

1. Tn commutes with G;

2. Tn is self-adjoint;

3. TnTm = TmTn = Tnm for (n,m) = 1.

One can refine the third property to see that Tn and Tm commute for all n and
m.

We can refine the spectral decomposition of L2(X) taking into account the
Tns. I discuss only the cuspidal part. We have already noted (Sec. 4.1) that one
may write L2(X)cusp = ⊕Vi, where each Vi is an irreducible G-representation.
However, one can carry out this decomposition in such a way that each Tn

(for n ∈ N) preserves each Vi; by an appropriate form of “Schur’s lemma,” it

3 Here “distinctive” means: relative to a quotient of PSL(2,R) by a “generic” lattice.



SPECTRAL THEORY OF AUTOMORPHIC FORMS 257

follows that Tn acts on Vi by a scalar λi,n ∈ R. Similarly, one can simultane-
ously decompose the action of G and {Tn} on the orthogonal complement of
L2

cusp—this can be carried out even more explicitly—and together this gives
a complete spectral resolution of the action of G and the Hecke operators.

The Ramanujan conjecture is the assertion that, for all ε > 0, there exists
c = c(ε) such that |λi,n| ≤ cn1/2+ε. The strongest known approximation to
this is the result of Kim and Sarnak: |λi,n| ≤ c(ε)n1/2+7/64+ε. Bounds on the
|λi,n| are related to an equidistribution problem via Weyl’s criterion. Indeed,
any bound of the form |λi,n| � n1−δ, for any fixed positive δ, imply that∑

x∈Tn(y) ϕi(y)/d(n) → 0 as n → ∞. This implies that
∑

x∈Tn(y) f (y)

d(n)
n→∞−→

∫
f , ( f ∈ L2

cusp). (2)

One can extend the validity of (2) from L2
cusp to all of L2 by using an explicit

analysis of the orthogonal complement of L2 (cf. Sec. 4.1). Thus, given the
bound |λi,n| � n1−δ, one gets the equidistribution result:

THEOREM 5.1. For x ∈ X, the collection of points Tn(x) becomes equidis-
tributed (with respect to the PSL2(R)-invariant measure on X) as n → ∞.

Even this modest result is not easy. To get a rough idea of its content
in concrete terms, note that the Tn-orbit of the identity coset in PSL2(Z)\
PSL2(R) is equal to

PSL2(Z)\
{(

a b
c d

)
: a, b, c, d ∈ Z, ad − bc = n

}
.

To understand the behavior of this orbit is closely related to being able to
understand the behavior of integral solutions to q(a, b, c, d) = n, where q is the
quaternary quadratic form q(a, b, c, d) = ad − bc. The analysis of quaternary
quadratic forms over Z was already successfully carried out by Kloosterman,
using his refinement of the Hardy–Littlewood method and a nontrivial bound
for Kloosterman sums (Kloosterman, 1926); and, indeed, Theorem 5.1 is of
exactly the same character, and can be deduced from a nontrivial bound for
Kloosterman sums.

(We remark that Theorem 5.1 is also very closely related to the following
result, that was discussed in Duke’s lectures: the integral solutions to x2 +

y2 + z2 = n2 are equidistributed (when projected to the sphere of radius 1) as
n → ∞. Again, this result follows from any nontrivial bound on Kloosterman
sums.)

We conclude with an amusing application of the Theorem which relates to
some lectures of Rudnick during this meeting. Choose a random pair (a, b) ∈



258 A. VENKATESH

(Z/pZ)2 − {0, 0}. Let N(a, b) be the smallest value of
√

x2 + y2 when (x, y)
range through all nonzero integral solutions to the congruence (x, y) ≡ t(a, b)
mod p, for some t ∈ Z. Then (as p → ∞) the distribution of N(a, b)/

√
p,

when (a, b) is chosen at random, coincides with the distribution of 1/
√

y,
when x + iy is chosen at random, w.r.t. the hyperbolic measure, from the
standard fundamental domain {z : |z| ≥ 1, |
(z)| ≤ 1/2} for SL2(Z)\H.

EXERCISE 5.2. Explain the above using Hecke operators. What happens if
one replaces

√
x2 + y2 by max(|x|, |y|)?

For more in this line see (Strömbergsson and Venkatesh, 2005).

6. Gross Omissions: The Selberg Trace Formula

We have omitted any discussion of the trace formula. From the viewpoint of
group representation theory, to decompose a representation of a group, one
should compute its character. So what is the “character” of the G-representa-
tion L2(Γ\G)? The answer to this is given by the “trace formula”; the only
slight hitch is the trace does not make sense as a function on G, and needs to
be regularized. However, the trace does make sense as a distribution, and this
is what the trace formula computes.

Baby case: think about the action of a translation operator on L2(Z\R),
i.e., consider for α ∈ R the automorphism Rα that sends a periodic function
f to x �→ f (x + α). How would you define its trace? It is “diagonal” w.r.t.
the orthonormal basis {e2πinx}n∈Z for L2(Z\R). Therefore, we are naively led
to define its trace as the infinite sum

∑
n e2πinα. This is divergent for all α; we

need a way to regularize it. To do this, we note that this infinite sum makes
sense as a distribution. That is to say:

∑
n e2πinα makes no sense as a function,

but it defines a perfectly valid distribution, namely, the following functional
on C∞(R):

g(α) �→
∑

n

∫
α∈R

g(α)e2πinα. (3)

We leave it to the reader to verify that the right hand side is convergent and
defines a continuous functional on C∞, w.r.t. the usual topology. But this is
also a very well-known distribution: the Poisson summation formula shows
that it equals

∑
n∈Z g(n). Thus, the distributional trace of L2(Z\R) is the sum

of Dirac measures, one at each integer.
The trace formula, then, computes the “distributional trace” of G acting

on L2(Γ\G). In the case that Γ is cocompact in G, it says precisely what one
would expect by generalizing the character formula for an induced repre-
sentation, familiar from finite groups. (Recall that if H1 ⊂ H2 are finite
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groups, the H2 representation on L2(H1\H2) is, in more usual terminology,
the induction to H2 of the trivial representation on H1). In particular, the
distributional trace of this representation is supported on conjugacy classes
of G that contain an element of Γ.

When one unravels everything in this case of Γ cocompact, the trace for-
mula gives (among other things) an identity of the following type: if h is a
nice test function, and λ1, . . . , λr, . . . the eigenvalues of ∆ on L2

cusp(Γ\H), then
∑

i

h(λi) =
∑
γ∈Γ�

ĥ
(
Trace(γ)

)
(4)

where:

1. ĥ is a transformed version of h;

2. Γ� is the set of conjugacy classes in Γ (which are in correspondence with
closed geodesics on Y = Γ\H.)

From (4) one may deduce many results about the distribution of the λi,
such as (Weyl’s law) the asymptotic for #{λi ≤ X} as X → ∞. It should be
noted that Weyl’s law is far more elementary, however, and (4) gives much
more precise information.

In the case when Γ is not cocompact, matters are much more compli-
cated; you can see the problem with noncompact spaces by trying to replace
L2(Z\R) by L2(R) in the above discussion and see what happens. In the case
when Γ is not cocompact, then, one computes the trace not of the G-action
on L2(Γ\G), but of the G-action on the subspace L2

cusp(Γ\G). However, the
trace formula yields the following fundamental result: the space of even cusp
forms in L2

cusp(PSL2(Z)\H) is nonzero, and indeed infinite dimensional. Here
even means: preserved by the symmetry x + iy �→ −x + iy.

Some references: (Iwaniec, 2002, Chapter 10) (classical viewpoint, no rep-
resentation theory, emphasis on analytic applications) (Gelbart and Jacquet,
1979) (adelic and representation-theoretic viewpoint for GL2, emphasis on
functorial applications), (Gelbart, 1996) (adelic viewpoint, introduction to
trace formulae on bigger groups).
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SOME EXAMPLES HOW TO USE MEASURE CLASSIFICATION IN

NUMBER THEORY

Elon Lindenstrauss
Princeton University

Abstract. We give examples of how classifying invariant probability measures for specific
algebraic actions can be used to prove density and equidistribution results in number theory.

1. Introduction

1.1.

Ergodic theory has proven itself to be a powerful method to tackle difficult
number theoretical problems, particularly problems which involve equidistri-
bution.

A typical application involves three parts: (a) translating the number the-
oretical problem into a problem about specific algebraically defined actions;
(b) classifying invariant measures for the action; (c) deducing the desired
equidistribution statement from this measure classification.

1.2.

All the actions we will consider are of the following form: the space on
which the action takes place is a quotient space X = Γ\G where G is a linear
algebraic group, and Γ < G a lattice1. Any subgroup H of the group of affine
transformations2 on G mapping Γ-cosets to Γ-cosets acts on X. In particular,
any subgroup H < G acts on X by right translations h.x = xh−1.

This is a fairly broad class of actions. Typically, for specific number theo-
retic applications one needs to consider a specific action. For example, in §3
we give a proof due to Furstenberg of the equidistribution of n2α mod 1 by
studying the Z action generated by the affine map (x, y) �→ (x +α, y + 2x +α)
on the space X = R

2/Z2. Margulis proved the long-standing Oppenheim

1 i.e., a discrete subgroup of finite covolume.
2 i.e., the group of maps G → G generated by right translations and automorphisms.
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conjecture by studying the action of SO(2, 1), i.e., the group of linear trans-
formations preserving a fixed indefinite quadratic form (say x2

1 + x2
2 − x2

3)
in three variables, on X = SL(3,Z)\ SL(3,R), the space of covolume one
lattices in R

3. In §6 we present results from (Einsiedler et al., 2004) towards
Littlewood’s conjecture regarding simultaneous Diophantine approximations
by studying the action of the group of 3× 3 diagonal matrices of determinant
one on the same space X = SL(3,Z)\ SL(3,R).

1.3.

Weyl’s (nonergodic) original proof the equidistribution of n2α mod 1 is not
very complicated and, unlike most ergodic theoretic methods, gives quantita-
tive results regarding equidistribution rates (see, e.g., (Granville and Rudnick,
2006) in these proceedings); but the elegance of Furstenberg’s proof is quite
striking. Furthermore, it is a good illustration of the general scheme discussed
in §1.1 and serves as a simple model for the other, more complicated, results
we discuss and quote later.

1.4.

A very general measure classification theorem which lies at the heart of
numerous deep number theoretical applications is Ratner’s measure classi-
fication theorem (§4.6). We discuss this theorem, and particularly how it can
be applied to prove equidistribution in §4. Returning to the general scheme
presented in §1.1, the first step of translating a number theoretic question to
one related to dynamics seems to be more of an art than a science. The second
step is provided by Ratner’s measure classification theorem, which is a deep
and complicated theorem, but which can sometimes be used as a black box.
The reader could certainly profit from learning some of the ideas involved
but this is beyond the scope of this paper; besides, the recent book (Morris,
2005) seems to cover these ideas quite well. Therefore we focus on the third
part of the general scheme, namely how to use this measure classification
effectively; we discuss in particular some results and techniques of (Dani and
Margulis, 1993) that seem to be particularly useful in this respect. Even with
regard to this part, we only attempt to illustrate clearly the issues that need to
be addressed; the reader who really wants to master this important technique
should study in detail one of the papers quoted where such an application is
carried out.

Ratner’s theorem and how to apply it are also considered from a some-
what different perspective in (Markloff, 2006) in this volume.
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1.5.

Ratner’s theorem does not cover all algebraic actions which arise naturally
from number theoretic problems. A good example is the action of the full
diagonal group on SL(n,Z)\ SL(n,R).

A good understanding of entropy theory is absolutely essential to apply-
ing what results we have regarding invariant measures for these actions to
number theory. Therefore we devote considerable space in §5 to present some
of the fundamentals regarding entropy3.

1.6.

Next we present in detail in §6 one application due to Einsiedler, Katok and
the author (Einsiedler et al., 2004) of a partial measure classification result
to estimating the set of possible exceptions to Littlewood’s conjecture. As in
§4 we focus on how a measure classification result (Einsiedler et al., 2004,
Theorem 1.3) is applied and not on the measure classification result itself.
Our treatment is quite close to that of (Einsiedler et al., 2004) though some
of the results are presented in a slightly more explicit form.

1.7.

Finally, in §7 we explain how measure classification is related to the behavior
of Laplacian eigenfunctions on arithmetic quotient spaces—specifically the
arithmetic quantum unique ergodicity question. At first sight the measure
classification problem one is led to does not seem to be a promising one as
there are too many invariant measures, but hidden symmetries and restrictions
save the day.

1.8.

This paper was written with a fairly narrow aim: to aid graduate students
who are interested in understanding the interplay between ergodic theory and
number theory and are willing to spend some effort doing so. Of course, other
people may find this paper helpful or at least entertaining.

This paper is certainly not a survey, in the traditional sense of the word.
Some topics are given detailed even technical treatment, while some are dis-
cussed only superficially. It is certainly not meant to be comprehensive and
the choice of topics is fairly subjective and arbitrary. While I have made some

3 The serious reader would do well to study entropy beyond what we provide here, e.g.
from (Rudolph, 1990).
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effort to give correct attributions, doubtless some inaccuracies remain—the
reader interested in a detailed historical account should look elsewhere.

It is the author’s intention to continue updating this tutorial, and eventu-
ally to publish an expanded and more detailed version elsewhere. As it is,
it already contains quite a bit of material and (supplemented with pertinent
references) can probably be used as a basis for a one semester graduate course
on homogeneous dynamics and applications.

1.9.

A word about notations: the paragraphs in this paper are numbered, and this
numbering is logically identified with the numbering of theorems, defini-
tions, etc.; e.g., “Ratner’s measure classification theorem (§4.6)” and “Theo-
rem 4.6” are synonyms. Hopefully this will survive the typesetting.

2. Dynamical Systems: Some Background

2.1.

DEFINITION. Let X be a locally compact space, equipped with an action
of a noncompact (but locally compact) group4 H. An H-invariant probabil-
ity measure µ on X is said to be ergodic if one of the following equivalent
conditions holds:

(i) Suppose A ⊂ X is an H-invariant set, i.e., h.A = A for every h ∈ H.
Then µ(A) = 0 or µ(A�) = 0.

(ii) Suppose f is a measurable function on X with the property that for every
h ∈ H, for µ-a.e. x, f (h.x) = f (x). Then f is constant a.e.

(iii) µ is an extreme point of the convex set of all H-invariant Borel proba-
bility measures on X.

2.2.

A stronger condition which implies ergodicity is mixing:

DEFINITION. Let X, H and µ be as in Definition 2.1. The action of H is
said to be mixing if for any sequence hi → ∞ in H5 and any measurable
subsets A, B ⊂ X,

µ(A ∩ hi.B) → µ(A)µ(B) as i → ∞.
4 All groups will be assumed to be second countable locally compact, all measures Borel

probability measures unless otherwise specified.
5 i.e. a sequence so that for any compact C ⊂ H only finitely many of the hi are in C.
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2.3.

A basic fact about H-invariant measures is that any H-invariant measure is
an average of ergodic measures, i.e., there is some auxiliary probability space
(Ξ, ν) and a (measurable) map attaching to each ξ ∈ Ξ an H-invariant and
ergodic probability measure µξ on X so that

µ =

∫
Ξ

µξ dν(ξ).

2.4.

DEFINITION. An action of a group H on a locally compact topologi-
cal space X is said to be uniquely ergodic if there is only one H-invariant
probability measure on X.

2.5.

The simplest example of a uniquely ergodic transformation is the map Tα: x �→
x + α on the one dimensional torus T = R/Z where α is irrational. Clearly
Lebesgue measure m on T is Tα-invariant; we need to show it is the only such
probability measure.

To prove this, let µ be an arbitrary Tα-invariant probability measure. Since
µ is Tα-invariant,

µ̂(n) =

∫
T

e(nx) dµ(x) =

∫
T

e
(
n(x + α)

)
dµ(x) = e(nα)µ̂(n),

where as usual e(x) = exp(2πix). Since α is irrational, e(nα) � 1 for all n � 0,
hence µ̂(n) = 0 for all n � 0 and µ = m.

2.6.

DEFINITION. Let X be a locally compact space, and suppose that H =

{ht} � R acts continuously on X. Let µ be a H-invariant measure on X. We
say that x ∈ X is generic for µ if for every f ∈ C0(X) we have6:

6 Where C0(X) denotes the space of continuous functions on X which decay at infinity, i.e.,
so that for any ε > 0 the set {x: | f (x)| ≥ ε} is compact.
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1
T

∫ T

0
f (ht.x) dt →

∫
X

f (y) dµ(y) as T → ∞.

Equidistribution is another closely related notion:

2.7.

DEFINITION. A sequence of probability measures µn on a locally compact
space X is said to be equidistributed with respect to a (usually implicit) mea-
sure m if they converge to m in the weak∗ topology, i.e., if

∫
f dµn →

∫
f dm

for every f ∈ Cc(X).

A sequence of points {xn} in X is said to be equidistributed if the sequence
of probability measures µN = N−1 ∑N

n=1 δxn is equidistributed, i.e., if for every
f ∈ C0(X)

1
N

N∑
n=1

f (xn) →
∫

X
f (y) dm(y) as N → ∞.

Clearly there is a lot of overlap between the two definitions, and in many
situations“ equidistributed” and “generic” can be used interchangeably.

2.8.

For an arbitrary H � R-invariant measure µ on X, the Birkhoff pointwise
ergodic theorem shows that µ-almost every point x ∈ X is generic with respect
to some H-invariant and ergodic probability measure on X. If µ is ergodic,
µ-a.e. x ∈ X is generic for µ.

If X is compact, and if the action of H � R on X is uniquely ergodic
with µ being the unique H-invariant measure, then something much stronger
is true: every x ∈ X is generic for µ!

Indeed, let µT be the probability measures

µT =
1
T

∫ T

0
δht .x dt

then any weak∗ limit of the µT will be H-invariant. But there is only one H-
invariant probability measure on X, namely µ, so µT → µ, i.e., x is generic
for µ.
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3. Equidistribution of n2α mod 1

3.1.

A famous theorem of Weyl states that for any irrational α, the sequence
n2α mod 1 is equidistributed. In this section we give an alternative proof,
due to Furstenberg, which proves this theorem by classifying invariant mea-
sures on a suitable dynamical system. We follow Furstenberg’s treatment in
(Furstenberg, 1981, §3.3).

3.2.

The dynamical system we will study is the following: the space will simply
be the 2-torus T

2 = R
2/Z2, and the action will be the one generated by the

map
T : (x, y) �→ (x + α, y + 2x + α). (1)

One easily proves using induction that

T n(x, y) = (x + nα, y + 2nx + n2α). (2)

We will prove below that (T2,T ) is uniquely ergodic. By §2.8, it follows
that for every (x, y) the orbit {T n(x, y)}∞n=1 is equidistributed. In particular, the
orbit of the point (0, 0) is equidistributed, i.e.

{(nα mod 1, n2α mod 1): n ∈ N}

is equidistributed. We see that unique egodicity of T implies not only equidis-
tribution of n2α mod 1 but the stronger fact that (nα mod 1, n2α mod 1) is
equidistributed in T

2.
The same proof, with minor modifications, can be used to show equidistri-

bution of p(n) mod 1 for any polynomial with an irrational leading coefficient
(see Exercise 3.8 below).

3.3.

The proof that (X,T ) is uniquely ergodic is harder than for irrational rotations
on T (cf. §2.5). The basic scheme, which is not unusual in such proofs, is that
we first prove that Lebesgue measure m on T

2, which is obviously invariant
under T , is also ergodic. A separate argument is then used to bootstrap the
ergodicity of Lebesgue measure to unique ergodicity.

3.4.

PROPOSITION. Lebesgue measure m on T
2 is ergodic under T .
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Proof. Let f ∈ L2(m) be T -invariant. Expand f to a Fourier series

f (x, y) =
∑
n,m

f̂n,me(nx + my).

By T -invariance,
f̂n,m = f̂n+2m,me

(
(n + m)α

)
. (3)

In particular,
∣∣∣ f̂n,m∣∣∣ =

∣∣∣ f̂n+2m,m

∣∣∣. By the Riemann–Lebesgue lemma, f̂n,m → 0
as (n,m) → ∞, hence f̂n,m = 0 if m � 0.

For m = 0, however, (3) becomes f̂n,0 = e(nα) f̂n,0, so f̂n,m = 0 for all
(n,m) � 0.

It follows that f is constant a.e., and m is ergodic.

This argument cannot be applied directly for T -invariant probability mea-
sures, as the Fourier transform of a measure does not satisfy the Riemann–
Lebesgue Lemma.

3.5.

The bootstrapping argument which we use to upgrade ergodicity to unique
ergodicity is a simple positivity argument.

PROPOSITION. Let g be a measurable function T → T, and Tg: T
2 → T

2

be the map
Tg(x, y) =

(
x + α, y + g(x)

)
with α irrational. Then if the Lebesgue measure m is Tg-ergodic, then in fact it
is the only Tg-invariant probability measure, i.e., (T2,Tg) is uniquely ergodic.

Proof. Suppose µ � m is another Tg-invariant probability measure on T
2.

Let Ra denote the map (x, y) �→ (x, y + a). Then since Tg and Ra commute, for
any a ∈ T, (Ra)∗µ is also Tg-invariant. Consider the measure

m′ =

∫
T2

(Ra)∗µ. (4)

Clearly m′ is invariant under Ra for every a, and its projection to the first coor-
dinate has to be a probability measure invariant under the rotation x �→ x +α,
hence Lebesgue. It follows that m′ = m. But by assumption, m is ergodic,
and hence is an extreme point in the convex set of Tg invariant probabil-
ity measures on T

2. Therefore m cannot be presented as a nontrivial linear
combination of other Tg invariant probability measures, in contradiction to
(4).
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3.6.

Proposition 3.4 and Proposition 3.5 together clearly imply

COROLLARY. The map T : (x, y) �→ (x + α, y + 2x + α) on T
2 is uniquely

ergodic for every irrational α.

As discussed in §3.2, equidistribution of {n2α mod 1} is now an easy
consequence of this corollary.

3.7.

The proof we have given for the equidistribution of {n2α mod 1} is very el-
egant, but it has one serious drawback compared to Weyl’s original method:
it does not give rates. The ambitious reader is encouraged to try and figure
out how to modify Furstenberg’s proof to obtain a more quantitative result
regarding the rate of equidistribution. Such a quantification of a qualitative
ergodic theoretic argument is often referred to as effectivization, and often
can be quite entertaining and worthwhile.

3.8.

EXERCISE. Generalize this argument to give an ergodic theoretic proof for
the equidistribution of p(n) mod 1 for any polynomial p(n) with an irrational
leading coefficient.

4. Unipotent Flows and Ratner’s Theorems

4.1.

A very general and important measure classification theorem has been proved
by Ratner, in response to conjectures by Dani and Raghunathan. For sim-
plicity, we restrict our treatments to the case of Lie groups, even though
the extension of Ratner’s theorems to products of real and p-adic groups
(Ratner, 1995; Margulis and Tomanov, 1994) is just as important for number
theoretical applications; for a recent and striking example, see (Ellenberg and
Venkatesh, 2006)).

4.2.

DEFINITION. An element g ∈ GL(n,R) is said to be unipotent if all its
(real or complex) eigenvalues are equal to one. An element g in a Lie group
G is said to be Ad-unipotent if Ad(g) is a unipotent element of GL(g), with g

the Lie algebra of G.
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4.3.

DEFINITION. Let X be a topological space, and H a locally compact group
acting continuously on X. An orbit H.x is said to be periodic if it has a finite
H-invariant measure.7

EXAMPLE. Suppose H = Z, and that the action of H on X is generated by
the map T : X → X. Then x has a periodic H-orbit iff T nx = x for some n ∈ N.

4.4.

We remark that in the locally homogeneous context, i.e., X = Γ\G and H a
subgroup of G acting on X by right translations, every periodic H-orbit is also
a closed subset of X (Raghunathan, 1972, Theorem 1.13).

4.5.

Let G be a Lie group, Γ < G a discrete subgroup, and H < G. One obvious
class of H invariant probability measures on Γ\G are L-invariant probability
measures on single periodic L-orbits for (closed) subgroups L < G contain-
ing H. We shall call such measures homogeneous; equally common in this
context is the adjective algebraic.

4.6.

THEOREM (Ratner’s measure classification theorem (Ratner, 1991a)). Let
G be a Lie group, Γ < G a discrete subgroup, and H < G a closed connected
subgroup generated by Ad-unipotent one parameter groups. Then any H-
invariant and ergodic probability measure on Γ\G is homogeneous (in the
sense of §4.5).

While the statement of Theorem 4.6 the group Γ is not assumed to be a
lattice8, for most applications this assumption is necessary, as otherwise the
assumption that the H-invariant measure under consideration is a probability
measure is not a natural one.

For the remainder of this section, unless otherwise specified, Γ will be a
lattice in G.

7 More formally, there is a nontrivial finite H-invariant measure ν on X so that ν(X−H.x) =

0.
8 i.e., a discrete subgroup of finite covolume
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4.7.

The proof of Theorem 4.6 is beyond the scope of this paper. The ambitious
reader is encouraged to study the proof; helpful references are the recent book
(Morris, 2005) (particularly Chapter 1), Ratner’s treatment of a “baby case”
in (Ratner, 1992), and a simplified self contained proof of the special case
H � SL(2,R) (but general G and Γ) in (Einsiedler, 2006). A more advanced
reference (in addition to Ratner’s original papers) is Margulis and Tomanov’s
proof of this result (Margulis and Tomanov, 1994) which in particular uses
entropy theory as a substitute to some of Ratner’s arguments. A useful survey
paper which covers much of what we discuss in this section is (Kleinbock
et al., 2002), particularly (Kleinbock et al., 2002, §3).

4.8.

Consider for simplicity first the case of H itself a unipotent one parameter
flow (in particular, as an abstract group, H � R). If there are no H-invariant
probability measures on Γ\G other than the G-invariant measure, then as we
have seen in §2.8 it is fairly straightforward to deduce from the measure
classification theorem information regarding how each individual orbit is
distributed, and in particular classify the possible orbit closures (which in
the uniquely ergodic case can be only Γ\G itself, i.e., the H-flow is minimal).

4.9.

EXERCISE.

(i) Let G = SL(2,R) and Γ < G a cocompact lattice. Let H be the group{(
1 t
0 1

)}
. Deduce from Ratner’s theorem that the action H on Γ\G is

uniquely ergodic.

(ii) Let H < G be as in (i), but take Γ = SL(2,Z). What are the H-invariant
measures in this case?

The proof that H acting on Γ\G in (i) above is uniquely ergodic predated
Ratner’s theorem by about 20 years and is due to Furstenberg (Furstenberg,
1973). The classification in (ii) is due to Dani (Dani, 1978). There are much
simpler proofs now, the simplest (and quite quantitative) proof is via the
mixing of the geodesics flow.
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4.10.

In most cases of interest, however, there is more than one invariant measure
in Theorem 4.6, and in this case deducing information about individual orbits
from a measure classification theorem is far less obvious (cf. Exercise 4.15
below). Nonetheless measure classification is the main ingredient in the proof
of the following two important results of Ratner:

4.11.

THEOREM (Ratner’s genericity theorem (Ratner, 1991b)). Let G be a Lie
group, Γ a lattice, and H a unipotent one parameter subgroup of G. Then
every x ∈ Γ\G is generic for a homogeneous measure supported on a periodic
orbit L.y containing x.

4.12.

THEOREM (Ratner’s orbit closure classification theorem (Ratner, 1991b)).
Let G be a Lie group, Γ be a lattice in G, and H < G closed connected
subgroup generated by Ad-unipotent one parameter groups. Then for any
x ∈ Γ\G, the orbit closure H.x is a single periodic orbit for some group
H ≤ L ≤ G.

4.13.

Ratner’s theorems give us very good understanding of the dynamics of groups
generated by unipotents on finite volume quotients Γ\G. Much less is known
about the case when Γ is a discrete subgroup with infinite covolume. For
example, we do not know how to classify Radon measures9 invariant under
unipotent groups in the infinite covolume case, and we do not understand orbit
closures in this case except in very special cases (for example, see (Burger,
1990; Ledrappier and Sarig, 2005; Roblin, 2003)).

The action of groups H which are not generated by unipotents on Γ\G
(even in the finite covolume case) is also not well understood at present. This
topic will be discussed in detail in §6.

9 i.e., locally finite but possibly infinite measures.
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4.14.

Ratner’s proof of Theorem 4.12 via measure classification is not the only
approach to classifying orbit closures. In particular, for the important special
case of H = SO(2, 1)10 Dani and Margulis (Dani and Margulis, 1989) (fol-
lowing earlier work of Margulis) classified all possible orbit closures H.x in
SL(3,Z)\ SL(3,R) before Ratner’s work.

The action of this group H = SO(2, 1) on SL(3,Z)\ SL(3,R) is closely
connected to the Oppenheim conjecture regarding values of indefinite
quadratic forms which was posed in the 1920’s, and was only solved in the
1980’s by Margulis (see, e.g., (Margulis, 1989)) using a partial classification
of orbit closures of this action. An accessible self-contained treatment of this
result is (Dani and Margulis, 1990).

It is not clear (at least to me) exactly what is the limit of these topo-
logical methods, and whether they can be pushed to give a full proof of
Theorem 4.12.

4.15.

EXERCISE. Let X = {0, 1}Z and σ: X → X be the shift map
(
σ(x)

)
i = xi+1.

Let ni ↑ ∞ be an increasing sequence of integers with ni/i → 0. Define Y to
be the set of those sequences x ∈ X with the property that for every i ∈ N, the
sequence “01” does not appear more than i times in any stretch of ni+1-digits,
i.e., if B = {x ∈ X: x0 = 0, x1 = 1},

Y =

x ∈ X:∀i ∈ N,max
j

j+ni−1∑
k= j

1B(σkx) ≤ i

 .

(i) Show that there are precisely two σ-invariant and ergodic probability
measures on Y . What are they?

(ii) Prove that there are y ∈ Y which are not generic for any σ-invariant
probability measure on Y .

(iii) Show that there are uncountably many possible orbit closures for σ (i.e.,
sets of the form {σny: n ∈ Z} with y ∈ Y).

10 i.e., the group of determinant one matrices preserving a fixed quadratic form of signature
2,1—e.g. Q(x1, x2, x3) = x2

1 + x2
2 − x2

3.



274 ELON LINDENSTRAUSS

4.16.

Exercise 4.15 shows that one cannot deduce Ratner’s strong rigidity state-
ments about individual orbits from her measure classification theorem by
purely formal means. This reduction is carried out by Ratner in (Ratner,
1991b). Dani and Margulis (Dani and Margulis, 1993) subsequently gave a
somewhat different treatment which gives more uniform and flexible versions
of Theorem 4.11 that are often highly useful in number theoretic applications.

In many applications, the level of detail we give is unnecessary. For ex-
ample, in (Vatsal, 2002), Theorem 4.12 was precisely what was needed (and
a fairly simple case of this theorem at that). Markloff in his contribution to
this proceeding (Markloff, 2006) deduces interesting results about statistical
properties of some number theoretic sequences from the results of (Shah,
1996) (which are proved using the same principles exposed in this section).
The results of (Mozes and Shah, 1995) also seem to be very relevant, and in
particular almost immediately imply the equidistribution statements proved in
Exercise 4.28. However, it is my belief that the serious user of Ratner’s theo-
rem should have some understanding of what is involved in the reduction of
equidistribution statements to Ratner’s measure classification theorem (more
so than the inner workings of this measure classification theorem, which
are probably more interesting for the ergodic theorist wanting to push this
technology further).

4.17.

The main difficulty in passing from a measure classification theorem to a
theorem about behavior of individual orbits is that orbits may for some stretch
of time behave according to some invariant measure, and then after a rela-
tively short transition period start behaving according to a different invariant
measure.

There is an extra difficulty in the locally homogeneous context in that
more often than not the space we consider is not compact, bringing in another
complication: to pass from measure classification to statements regarding in-
dividual orbits one needs to be able to control how much time an orbit spends
far away (i.e., outside big compact sets). Both of these difficulties (which are
closely related) can be addressed by the following basic estimates.

4.18.

DEFINITION. Let G be a Lie group and Γ < G a discrete subgroup. For
any subgroup H < G define the singular set relative to H, denoted by S(H),
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as the union of all periodic orbits in X = Γ\G of all closed subgroups L < G
containing H.

If H is a one parameter Ad-unipotent group then by Theorem 4.11, S(H)
is precisely the set of all x ∈ X which fail to be generic for the G-invariant
measure on X with respect to the action of H.

It is worthwhile to delve a bit into the structure of this singular set S(H).
Suppose that L1.x is a periodic orbit with L1 > H and x = πΓ(g). Let L = gL1

where we use the notations gL = gLg−1 and Lg = g−1Lg. Then since L1.x has
finite volume, ΓL = L ∩ Γ is a lattice in L. Let

X(L,H) = {h ∈ G: hHh−1 ⊂ L}.

For any h ∈ G, since L1.x is periodic, the orbit of y = πΓ(h) under L2 = h−1
L

is periodic. If h ∈ X(gL,H), we have that the natural probability measure on
this periodic orbit L2.y is H-invariant. In this way we get a “tube” of periodic
orbits πΓL

(
X(L,H)

)
on ΓL\G which descends to a family of periodic orbits

πΓ

(
X(L,H)

)
on X. Of course, for some L and H this family may be empty or

consist of a single periodic orbit.
By (Dani and Margulis, 1993, Proposition 2.3),

S(H) =
⋃
L∈H

πΓ

(
X(L,H)

)

where H is a countable collection of closed connected subgroups of G 11.

EXERCISE. Work this decomposition out explicitly for G = SL(2,R), Γ =

SL(2,Z), and H =

{(
1 t
0 1

)}
.

4.19.

A careful understanding of this singular set (cf. (Dani and Margulis, 1990,
§3)) is important to control the amount of time a unipotent trajectory can
spend near a lower dimensional invariant subspace. For instance, it can be
used to show the following:

THEOREM ((Dani and Margulis, 1993, Theorem 1)). Let H be a closed con-
nected subgroup of G generated by Ad-unipotent elements. Let F ⊂ X−S(H)

11 Namely, the collection of all closed connected subgroups L < G satisfying that (a)
dim L < dim G, (b) L ∩ Γ is a lattice in L, and (c) the image of Γ ∩ L under the adjoint
representation is Zariski dense in the image of L.
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be compact. Then for any ε > 0, there is a neighborhood Ω of S(H) such that
for any Ad-unipotent one parameter subgroup {ut} of G, any x ∈ F, and any
T ≥ 0,

Leb({t ∈ [0,T ]: ut.x ∈ Ω}) ≤ εT.

Note that typically S(H) is dense so the condition on F above is rather
harsh. A more precise result is (Dani and Margulis, 1993, Theorem 7.3) which
essentially shows that the only way the trajectory {ut.πΓ(g): t ∈ [0,T ]} spends
a substantial amount of time near the singular set is if g is so close to some
X(L0,H) so that for all t ∈ [0,T ] the point gu−t is close to X(L0,H).

4.20.

In order to control the related question of how much time an arbitrary orbit of
the one parameter unipotent subgroup spends in a neighborhood of infinity we
have the following, which follows from several papers of Dani and Margulis
starting with (Margulis, 1971).

THEOREM ((Dani and Margulis, 1993, Theorem 6.1)). Let G be a Lie group
and Γ < G a lattice. Then for any compact F ⊂ Γ\G and any ε > 0 there is a
compact C ⊂ X so that for any Ad-unipotent one parameter subgroup {ut} of
G, any x ∈ F and any T > 0

Leb({t ∈ [0,T ]: ut.x � C}) ≤ εT.

There are many extensions and variations on this result, some of them
quite important. A nice place to read about some of these developments (and
indeed also about the basic method) is (Kleinbock and Margulis, 1998).

4.21.

As a basic example of how Theorems 4.19 and 4.20 can be used, we show
how with the aid of these theorems, Ratner’s theorem about generic points
(Theorem 4.11) can be deduced from her measure classification theorem
(Theorem 4.6)12.

Proof. Let x ∈ X, and for any T > 0 set µT to be the probability measure

µT =
1
T

∫ T

0
δut .x dt.

Without loss of generality, we may assume that x � S({ut}) for otherwise we
may replace X (and G and Γ accordingly) with a (lower dimensional) periodic
orbit containing {ut.x}.

12 This is not how Ratner proved Theorem 4.11!
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What we want to prove is that for any f ∈ C0(X)
∫

X
f dµT

?→
∫

X
f dm as T → ∞ (5)

where m is the G invariant probability measure on X, i.e., that µT converge
weak∗ to m.

By Theorem 4.20 applied to F = {x}, for any ε > 0 there is a compact
set C ⊂ X so that for all T we have µT (C) > 1 − ε. It follows that there
is a sequence of Ti ↑ ∞ for which µTi converge in the weak∗ topology to a
probability measure µ∞.

This limiting measure µ∞ is invariant under ut. By Theorem 4.6 and the
ergodic decomposition, µ∞ is a linear combination of m and the natural prob-
ability measures on periodic orbits of groups L containing H. In particular,
µ∞ = αm + (1 − α)µ′ with µ′ a probability measure on S({ut}).

Applying Theorem 4.19 to F = {x}, we get for any ε > 0 an open set
Ω ⊃ S({ut}) with µT (Ω) < ε for all T . It follows that

µ∞(Ω) ≤ lim
i→∞

µTi(Ω) ≤ ε

and so α ≥ 1−ε. Since εwas arbitrary, we see that µ∞ = m and Theorem 4.11
follows.

4.22.

EXERCISE. Use Theorem 4.20 to show that (5) holds for any continuous
bounded f (not necessarily decaying at infinity). This slightly stronger form
of Theorem 4.11 is the one given in (Ratner, 1991b).

4.23.

EXERCISE. Use a similar arguments to prove the following ((Dani and
Margulis, 1990, Theorem 2)):

Let ut, u
(1)
t , u(2)

t , . . . be one parameter Ad-unipotent subgroups of G with
u(i)

t → ut, xi be a sequence of points in X converging to x ∈ X − S({ut}), and
Ti ↑ ∞. Then for any continuous bounded f

1
Ti

∫ Ti

0
f (u(i)

t .xi) dt →
∫

X
f dm.

Hint: show first that without loss of generality we can assume xi � S({ut}).
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4.24.

We end this section with an interesting application, presented in the form of
an exercise, of Ratner’s theorems and the related results of Dani–Margulis
to equidistribution of the points of Hecke correspondences. This application
was first suggested by Burger and Sarnak (Burger and Sarnak, 1991) and a
detailed proof was given by Dani and Margulis in (Dani and Margulis, 1993).
Recently Eskin and Oh (Eskin and Oh, 2006a) gave a further generalization
of this approach.

All these results are quite general, but we consider only the simplest case
of X = Γ\ SL(2,R). This case is also discussed in Venkatesh’ contribution to
these proceedings (Venkatesh, 2006).

4.25.

We begin our discussion by defining the Hecke correspondences for the case
of G = SL(2,R), Γ = SL(2,Z); as usual let X = Γ\G. We say that an integer
matrix γ ∈ M2(Z) is irreducible if there is no nontrivial integer dividing all
its coefficients.

DEFINITION. Let n be an integer ≥ 2. The n-Hecke correspondence is a
map which assigns to a point x = πΓ(g) ∈ X a finite subset Tn(x) of X (with
the number of points in Tn(x) depending only on n) by

Tn(x) = {πΓ(n−1/2γg): γ ∈ M2(Z) irreducible with det γ = n}.

While it is not completely obvious from the formula, Tn(x) is a finite col-
lection of points of X, and its cardinality can be given explicitly and depends
only on n.

Using the Hecke correspondence we can define operators (also denoted
Tn) on L2(X) by

Tn( f )[x] = cn

∑
y∈Tn(x)

f (y);

where we take13 cn = |Tn(x)|−1.

13 This is not the standard normalization; the standard normalization is cn = n−1/2.
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4.26.

For example14, if n = p is prime, and x = πΓ(g) as above, Tp(x) consists of
the p + 1 points

Tp(x) =

{
πΓ

(
p−1/2

(
p 0
0 1

)
g

)
, πΓ

(
p−1/2

(
p 0
1 1

)
g

)
, . . . ,

πΓ

(
p−1/2

(
p 0

p − 1 1

)
g

)
, πΓ

(
p−1/2

(
1 0
0 p

)
g

)}
;

and for any n, the set Tn2(x), which contains roughly n2 points, contains in
particular the φ(n) points

πΓ

((
1 k/n
0 1

)
g

)
, (k, n) = 1.

The operators Tn respects the action of G = SL(2,R) by translations on X,
i.e., Tn(g.x) = g.Tn(x). For future reference, we note that this shows that
the Hecke operators Tn descend to correspondences on Γ\H � Γ\G/K with
K = SO(2,R).

4.27.

The following theorem was discussed in Venkatesh’ contribution to these
proceedings:

THEOREM. For any x ∈ X, the points of the Hecke correspondences Tn(x)
become equidistributed15 as n → ∞.

There a spectral approach to the theorem is discussed, using the known
bounds towards the Ramanujan Conjecture, which gives much sharper results
than what one can presently get using ergodic theory. However, it is quite
instructive to deduce this equidistribution statement from Ratner’s theorems.

4.28.

EXERCISE. Let G2 = G × G, Γ2 = Γ × Γ, X2 = Γ2\G2 and G∆ < G2 the

subgroup G∆ = {(g, g): g ∈ G}. Also let u(t) =

(
1 t
0 1

)
and u∆(t) =

(
u(t), u(t)

)
.

Let mX and denote the G invariant measure on X and similarly for X2.

14 Which the reader should verify!
15 To be more precise, the sequence of probability measures |Tn(x)|−1 ∑

y∈Tn(x) δy become
equidistributed in a sense of Definition 2.7.
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The purpose of this exercise16 is to prove the following, which is essen-
tially equivalent17 to the equidistribution of Tn2(x0) for every x0 ∈ X as
n → ∞ along the lines of (Burger and Sarnak, 1991; Dani and Margulis,
1993)

For any f , g ∈ L2(X), we have that
∫

Tn2( f )g dmX →
∫

f dmX

∫
g dmX as n → ∞. (6)

Let α ∈ (0, 1) − Q be arbitrary, and let k(n) be a sequence of integers
satisfying (a) (k(n), n) = 1 and (b) k(n)/n → α.

(i) Let y2
n = πΓ2

((
1 k(n)/n
0 1

)
, e

)
, with e denoting the identity. Show that

G∆.y
2
n = {(x, y) : x ∈ X, y ∈ Tn2(x)}.

Let y2
∞ = πΓ2

((
1 α
0 1

)
, e

)
.

(ii) Let µn denote the natural measure on the periodic orbit G∆.y2
n. Show,

using the well-known ergodicity of the action of u(t) on Λ\G (for any
lattice Λ), that u∆(t) acts ergodically on µn.

(iii) Deduce from Theorem 4.20, the fact that y2
n → y2

∞, the ergodicity of
u∆(t) acting on µn and the pointwise ergodic theorem that µn converge
weak∗ to a probability measure µ.

(iv) Show that y2
∞ � S(G∆), and deduce similarly from Theorem 4.19 that

µ
(S(G∆)

)
= 0.

(v) Use Ratner’s measure classification theorem (§4.6) to deduce µ = mX2 .

(vi) Consider F(x, y) = f (x)g(y). Show that
∫

F(x, y) dµn =

∫
Tn2( f )g dmX .

Deduce (6).

16 This exercise is somewhat advanced and may use more than we assume in the rest of this
paper.

17 Only in this particular instance, because of the equivariance of Tp under G.
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4.29.

The reader is encouraged to look at other applications of Ratner’s theorem
to equidistribution and counting problems, for example (Eskin et al., 1996;
Eskin et al., 1998; Elkies and McMullen, 2004; Eskin and Oh, 2006b).

5. Entropy of Dynamical Systems: Some More Background

5.1.

A very basic and important invariant in ergodic theory is entropy. It can be
defined for any action of a (not too pathological) unimodular amenable group
H preserving a probability measure (Ornstein and Weiss, 1987), but for our
purposes we will only need (and only consider) the case H � R or H � Z.

Entropy was lurking behind the scenes already in the study of the action
of unipotent groups considered in §418, but plays a much more prominent
role in the study of diagonalizable actions which we will consider in the next
section.

5.2.

Let (X, µ) be a probability space. The entropy Hµ(P) of a finite or countable
partition of X is defined to be

Hµ(P) = −
∑
P∈P

µ(P) log µ(P).

One basic property of entropy is sub-additivity; the entropy of the refinement
P ∨ Q = {P ∩ Q: P ∈ P,Q ∈ Q} satisfies

Hµ(P ∨ Q) ≤ Hµ(P) + Hµ(Q). (7)

However, this is just a starting point for many more natural identities and
properties of entropy, e.g., equality holds in (7) if and only if P and Q are
independent.

5.3.

The ergodic theoretic entropy hµ(T ) associated to a measure preserving map
T : X[2] → X can be defined using the entropy function Hµ as follows:

18 In particular, in (Margulis and Tomanov, 1994) Margulis and Tomanov give a substan-
tially shorter proof of Ratner’s measure classification theorem using entropy theory.
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DEFINITION. Let µ be a probability measure on X and T : X → X a mea-
surable map preserving µ. Let P be either a finite partition of X or a countable
partition with Hµ(P) < ∞. The entropy of the four-tuple (X, µ,T,P) is defined
to be19

hµ(T,P) = lim
N→∞

1
N

Hµ


N−1∨
n=0

T−nP
 . (8)

The ergodic theoretic entropy of (X, µ,T ) is defined to be

hµ(T ) = sup
P:Hµ(P)<∞

hµ(T,P).

The ergodic theoretic entropy was introduced by A. Kolmogorov and
Ya. Sinai and is often called the Kolmogorov–Sinai entropy; it is also some-
what confusingly called the metric entropy (even though it has nothing to do
with any metric that might be defined on X!).

If µ is a T -invariant but not necessarily ergodic measure, it can be shown
that the entropy of µ is the average of the entropy of its ergodic components:
i.e., if µ has the ergodic decomposition µ =

∫
µξ dν(ξ), then

hµ(T ) =

∫
hµξ (T ) dν(ξ). (9)

5.4.

A partition P is said to be a generating partition for T and µ if the σ-algebra∨∞
n=−∞ T−nP (i.e., the σ-algebra generated by the sets {T nP: n ∈ Z, P ∈ P})

separates points; that is, for µ-almost every x, the atom of x with respect
to this σ-algebra is {x}.20 The Kolmogorov–Sinai theorem asserts the non-
obvious fact that hµ(T ) = hµ(T,P) whenever P is a generating partition.

5.5.

We also want to define the ergodic theoretic entropy also for flows (i.e., for
actions of groups H � R). Suppose H = {at} is a one parameter group acting
on X. Then it can be (fairly easily) shown that for s � 0, 1/|s|hµ(x �→ as.x)
is independent of s. We define the entropy of µ with respect to {at}, denoted
hµ(a•), to be this common value of 1/|s|hµ(x �→ as.x).21

19 Note that by the subadditivity of the entropy function Hµ the limit in (8) exists and is
equal to infN(1/N)Hµ(

∨N−1
n=0 T−nP).

20 Recall that the atom of x with respect to a countably generated σ-algebra A is the
intersection of all B ∈ A containing x and is denoted by [x]A.

21 Note that hµ(a•) depends not only on H as a group but on the particular parametrization
at.
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5.6.

Suppose now that (X, d) is a compact metric space, and that T : X → X
is a homeomorphism (the pair (X,T ) is often implicitly identified with the
generated Z-action and is called a dynamical system).

DEFINITION. The Z action on X generated by T is said to be expansive if
there is some δ > 0 so that for every x � y ∈ X there is some n ∈ Z so that
d(T nx,T ny) > δ.

If X is expansive then any measurable partition P of X for which the
diameter of every element of the partition is < δ is generating (with respect
to any measure µ) in the sense of §5.4.

5.7.

For the applications presented in the next section, an important fact is that for
many dynamical systems (X,T ) the map µ �→ hµ(T ) defined on the space of
T -invariant probability measures on X is semicontinuous. This phenomenon
is easiest to see when (X,T ) is expansive.

PROPOSITION. Suppose (X,T ) is expansive, and that µi, µ are T-invariant
probability measures on X with µi → µ in the weak∗ topology. Then

hµ(T ) ≥ lim
i→∞

hµi(T ).

In less technical terms, for expansive dynamical systems, a “complicated”
invariant measure might be approximated by a sequence of “simple” ones, but
not vice versa.

Proof. Let P be a partition of X such that for each P ∈ P
(i) µ(∂P) = 0.

(ii) P has diameter < δ (δ as in the definition of expansiveness).

Since µ(∂P) = 0 and µi → µ weak∗, for every P ∈ P we have that
µi(P) → µ(P). Then

1
N

Hµ


N−1∨
n=0

T−nP
 = lim

i→∞

1
N

Hµi


N−1∨
n=0

T−nP


≥ lim
i→∞

hµi(T,P)
(by (ii))

= lim
i→∞

hµi(T ).
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Taking the limit as N → ∞ we get

hµ(T ) = hµ(T,P) = lim
N→∞

1
N

Hµ


N−1∨
n=0

T−nP
 ≥ lim

i→∞
hµi(T ).

Note that we have used both (ii) and expansiveness only to establish

(ii′) hν(T ) = hν(T,P) for ν = µ, µ1, . . ..

We could have used the following weaker condition: for every ε, there is
a partition P satisfying (i) and

(ii′′) hν(T ) ≤ hν(T,P) + ε for ν = µ, µ1, . . ..

5.8.

We are interested in dynamical systems of the form X = Γ\G (G a connected
Lie group and Γ < G a lattice) and T : x �→ g.x. If G has rank ≥ 2,22 this
system will not be expansive, and furthermore in the most interesting case of
X = SL(n,Z)\ SL(n,R) the space X is not compact.

Even worse, e.g., on X = SL(2,Z)\ SL(2,R) one may have a sequence of
probability measures µi ergodic and invariant under the one parameter group{

at =

(
et/2 0
0 e−t/2

)}
with limi→∞ hµi(a•) > 0 converging weak∗ to a measure

µ which is not a probability measure and furthermore has zero entropy23.
However, one has the following “folklore theorem”24 :

PROPOSITION. Let G be a connected Lie group, Γ < G a lattice, and
H = {at} a one parameter subgroup of G. Suppose that µi, µ are H-invariant
probability measures on X with µi → µ in the weak∗ topology. Then

hµ(a•) ≥ lim
i→∞

hµi(a•).

For X compact (and possibly by some clever compactification also for
general X), this follows from deep (and complicated) work of Yomdin, New-
house and Buzzi (see, e.g., (Buzzi, 1997) for more details); however Propo-
sition 5.8 can be established quite elementarily. In order to prove this proposi-
tion, one shows that any sufficiently fine finite partition of X satisfies
§5.7.(ii′′).

22 For example, G = SL(n,R) for n ≥ 3.
23 Strictly speaking, we define entropy only for probability measures, so one needs to

rescale µ first.
24 Which means in particular that there seems to be no good reference for it. A special

case of this proposition is proved in (Einsiedler et al., 2004, Section 9). The proof of this
proposition is left as an exercise to the energetic reader.
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5.9.

The following example shows that this semicontinuity does not hold for a
general dynamical system:

EXAMPLE. Let S = {1, 1
2 ,

1
3 , . . . , 0}, and X = S Z (equipped with the usual

Tychonoff topology). Let σ: X → X be the shift map25.
Let µn be the probability measure on X obtained by taking the product of

the probability measures on S giving equal probability to 0 and 1/n, and δ0
the probability measure supported on the fixed point 0 = (. . . , 0, 0, . . .) of σ.
Then µn → δ0 weak∗, hµn(σ) = log 2 but hδ0(σ) = 0.

5.10.

Let (X, d) be a compact metric space, T : X → X continuous26. Two points
x, x′ ∈ X are said to be k, ε-separated if for some 0 ≤ � < k we have that
d(T �.x,T �.x′) ≥ ε. Let N(X,T, k, ε) denote the maximal cardinality of a k, ε-
separated subset of X.

DEFINITION. The topological entropy of (X,T ) is defined by

H(X,T, ε) = lim
k→∞

log N(X,T, k, ε)
k

htop(X,T ) = lim
ε→0

H(X,T, ε).

The topological entropy of a flow {at} is defined as in §5.5 and denoted
by htop(X, a•).

5.11.

Topological entropy and the ergodic theoretic entropy are related by the vari-
ational principle (see, e.g., (Glasner, 2003, Theorem 17.6) or (Katok and
Hasselblatt, 1995, Theorem 4.5.3))

PROPOSITION. Let X be a compact metric space and T : X → X a
homeomorphism.27 Then

htop(X,T ) = sup
µ

hµ(T )

25 See Exercise 4.15 for a definition of the shift map.
26 For X which is only locally compact, one can extend T to a map T̃ on its one-point

compactification X̃ = X ∪ {∞} fixing ∞ and define htop(X,T ) = htop(X̃, T̃ )
27 This proposition also easily implies the analogous statement for flows {at}.
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where the sup runs over all T -invariant probability measures supported on
X.

Note that when µ �→ hµ(T ) is upper semicontinuous (see §5.7) the supre-
mum is actually attained by some T -invariant measure on X.

6. Diagonalizable Actions and the Set of Exceptions to Littlewood’s
Conjecture

6.1.

As we have seen in §4, the action of a group H on a locally homogeneous
space X = Γ\G for H generated by unipotent subgroups is quite well under-
stood. The action of one parameter Ad-diagonalizable groups is also reason-
ably well understood; at least sufficiently well understood to see that there
is no useful measure classification theorem in this case, since there are sim-
ply too many invariant measures (but cf. (Lindenstrauss and Schmidt, 2005,
Question 1) and in a different direction §7).

Our understanding of the action of multidimensional groups H which
are not generated by (Ad-)unipotents is much less satisfactory. If H contains
some unipotents one can typically get quite a bit of mileage by investigating
first the action of the subgroup generated by these unipotent elements (see e.g.
(Margulis and Tomanov, 1996)). A typical case which is at present not well
understood is the action of abelian groups H which are Ad-diagonalizable28

over R with dim H ≥ 2, in which case one expects a “Ratner like” measure
classification theorem should be true.

6.2.

Following is an explicit conjecture (essentially this is (Margulis, 2000, Con-
jecture 2); similar conjectures were given by Katok and Spatzier in (Katok
and Spatzier, 1996) and Furstenberg (unpublished)):

CONJECTURE. let G be a connected Lie group, Γ < G a lattice, and
H < G a closed connected group generated by elements which are Ad-
diagonalizable over R. Let µ be a H-invariant and ergodic probability mea-
sure. Then at least one of the following holds:

(i) µ is homogeneous (cf. §4.5)

28 i.e., groups H whose image under the adjoint representation is diagonalizable over R
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(ii) µ is supported on a single periodic orbit L.x which has an algebraic
rank one factor.29

6.3.

The existence of the second, not quite algebraic, alternative in Conjecture 6.2
(§6.2.(ii)) is a complication (one of many. . . ) we have not encountered in
the theory of unipotent flows. Fortunately in some cases, in particular in
the case we will focus on in this section of the full diagonal group acting
on SL(n,Z)\ SL(n,R), this complication can be shown not to occur, e.g. by
explicitly classifying the possible H-invariant periodic orbits (not necessarily
of the group H) and verifying none of them have rank one factors.30

6.4.

The study of such multiparameter diagonalizable actions has a long history
and there are contributions by many authors. Instead of surveying this history
we refer the reader to (Lindenstrauss, 2005; Einsiedler and Lindenstrauss,
2006). Rather we focus here on a specific case: G = SL(n,R), Γ = SL(n,Z),
and H < G the group of all diagonal matrices, mostly for n = 3, and present
results from one paper (Einsiedler et al., 2004). For the remainder of this
section, we set Xn = SL(n,Z)\ SL(n,R).

6.5.

In this case, Conjecture 6.2 specializes to the following:

CONJECTURE. Let H be the group of diagonal matrices in SL(n,R), n ≥ 3.
Then any H-invariant and ergodic probability measure µ on Xn is homoge-
neous.

It is not hard to classify the possible homogeneous measures (see, e.g.,
(Lindenstrauss and Weiss, 2000)). For n prime, the situation is particularly
simple: any H-invariant homogeneous measure on Xn is either the natural
measure on a H-periodic orbit, or the G invariant measure m on Xn.

29 Formally: there exists a continuous epimorphism φ of L onto a Lie group F such that
φ
(

stab L(x)
)

is closed in F and φ(H) is a one parameter subgroup of F containing no nontrivial
Ad-unipotent elements.

30 This complication does occur (Rees, 1982) when classifying invariant probability mea-
sures for certain other lattices Γ in SL(n,R) (and H the full group of diagonal matrices), and
even in SL(n,Z)\ SL(n,R) if one considers also infinite Radon measures.
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6.6.

In (Einsiedler et al., 2004) we give the following partial result towards Con-
jecture 6.5:

THEOREM (Einsiedler, Katok and L.(Einsiedler et al., 2004, Theorem 1.3)).
Let H be the group of diagonal matrices as above and n ≥ 3. Let µ be an H-
invariant and ergodic probability measure on Xn. Then one of the following
holds:

(i) µ is an H-invariant homogeneous measure which is not supported on a
periodic H-orbit.

(ii) for every one-parameter subgroup {at} < H, hµ(a•) = 0.

By the classification of H-invariant homogeneous measures alluded to in
§6.5, if (i) holds µ is not compactly supported.

6.7.

Theorem 6.6 is proved by combining two techniques: a “low entropy” method
developed in (Lindenstrauss, 2006b) and a “high entropy” method developed
in (Einsiedler and Katok, 2003). Techniques introduced by Ratner in her
study of horocycle flows in (Ratner, 1982) and subsequent papers are used
in the former method. Ratner’s measure classification theorem (§4.6) is also
used in the proof.

As in §4, the proof of Theorem 6.6 is beyond the scope of this paper;
some hints on these methods can be found in (Lindenstrauss, 2005), but the
reader who wants study the proof should consult (Einsiedler and Katok, 2003;
Lindenstrauss, 2006b; Einsiedler et al., 2004).

6.8.

In §4 the fact that there were many invariant measures, even though they were
explicitly given and came from countably many nice families had caused con-
siderable difficulties when we tried to actually use this measure classification.
One would think that the partial measure classification given in Theorem 6.6
would be even more difficult to use. Fortunately, this is not the case, and the
key is the semicontinuity of entropy (§5.8). Using the semicontinuity one
can sometimes, such as in the case of arithmetic quantum unique ergodicity
considered in §7, verify positive entropy of a limiting measure by other means
(see also (Einsiedler et al., 2006a)), and sometimes, such as in the case of
Littlewood’s conjecture considered in this section or (Einsiedler et al., 2006b)
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obtain partial but meaningful results which at present cannot be obtained
using alternative techniques.

6.9.

The following is a well-known conjecture of Littlewood:

CONJECTURE (Littlewood (c. 1930)). For every u, v ∈ R,

lim
n→∞

n‖nu‖‖nv‖ = 0, (10)

where ‖w‖ = minn∈Z |w − n| is the distance of w ∈ R to the nearest integer.

It turns out that this conjecture would follow from Conjecture 6.5. The
reduction is nontrivial and is essentially due to Cassels and Swinnerton-Dyer
(Cassels and Swinnerton-Dyer, 1955), though there is no discussion of invari-
ant measures in that paper31.

We need the following criterion for when α, β satisfy (10):

6.10.

PROPOSITION. u = α, v = β satisfy (10) if and only if the orbit of

xα,β = πΓ



1 α β
0 1 0
0 0 1




under the semigroup

H+ = {a(s, t) : s, t ≥ 0} a(s, t) =


es+t 0 0
0 e−s 0
0 0 e−t


is unbounded32. Moreover, for any δ > 0 there is a compact Cδ ⊂ X3, so that
if limn→∞ n ‖nα‖ ‖nβ‖ ≥ δ then H+.xα,β ⊂ Cδ.

31 It is worthwhile to note that this remarkable paper appeared in 1955, many years before
Conjectures 6.2 and 6.5 were made, and even before 1967 when Furstenberg made his related
discoveries about scarcity of invariant sets and measures for the maps x �→ 2x mod 1 and
x �→ 3x mod 1 on R/Z! The same paper also implicitly discusses the connection between
Oppenheim’s conjecture and the action of SO(2, 1) on X3.

32 i.e., H+.xα,β is not compact.
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6.11.

Before we prove Proposition 6.10 we need to understand better what it means
for a set E ⊂ X3 to be bounded. For this one has the following important
criterion (see e.g. (Raghunathan, 1972, Chapter 10)):

PROPOSITION (Mahler’s compactness criterion). Let n ≥ 2. A set E ⊂ Xn

is bounded if and only if there is some ε > 0 so that for any x = πΓ(g) ∈ Xn

there is no vector v in the lattice spanned by the rows of g with ‖v‖∞ < ε.

6.12.

We now prove Proposition 6.10.
Proof. We prove only that H+.xα,β unbounded =⇒ (10); the remaining

assertions of this proposition follow similarly and are left as an exercise to
the reader.

Let ε ∈ (0, 1/2) be arbitrary. By Mahler’s compactness criterion (§6.11),
if H+.xα,β is unbounded, there is a h ∈ H+ such that in the lattice generated
by the rows of xα,βh−1 there is a nonzero vector v with ‖v‖∞ < ε. This vector
v is of the form

v = (ne−s−t, (nα − m)es, (nβ − k)et)

where n,m, k are integers at least one of which is nonzero, and s, t ≥ 0. Since
‖v‖∞ < 1/2, n � 0 and ‖nα‖ = (nα − m), ‖nβ‖ = (nβ − k). Without loss of
generality n > 0 and

n ‖nα‖ ‖nβ‖ ≤ ‖v‖3
∞ < ε3.

6.13.

We now turn to answering the following question: With the partial informa-
tion given in Theorem 6.6, what information, if any, do we get regarding
Littlewood’s conjecture?

THEOREM ((Einsiedler et al., 2004, Theorem 1.5)). For any δ > 0, the set

Ξδ =

{
(α, β) ∈ [0, 1]2 : lim

n→∞
n ‖nα‖ ‖nβ‖ ≥ δ

}

has zero upper box dimension33,34.

33 i.e.,, for every ε > 0, for every 0 < r < 1, one can cover Ξδ by Oδ,ε(r−ε) boxes of size
r × r.

34 Since (10) depends only on α, β mod 1 it is sufficient to consider only (α, β) ∈ [0, 1]2.
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6.14.

We present a variant of the proof of this theorem given in (Einsiedler et al.,
2004). The first step of the proof, which is where Theorem 6.6 is used, is
an explicit sufficient criterion for a single point α, β to satisfy Littlewood’s
conjecture (§6.9).

Let aσ,τ(t) = a(σt, τt), with a(s, t) as in §6.10.

PROPOSITION. Let α, β be such that for some σ, τ ≥ 0, the topological
entropy of aσ,τ acting on

{aσ,τ(t).xα,β : t ∈ R+}

is positive. Then α, β satisfies (10).

6.15.

It will be useful for us to prove a slightly stronger result:

PROPOSITION. Let σ, τ ≥ 0, and suppose that for x0 ∈ X3, the topological
entropy of the action of aσ,τ on {aσ,τ(t).x0 : t ∈ R+} is positive. Then H+.x0 is
unbounded.

Note that by Proposition 6.10 the proposition above does indeed imply
Proposition 6.14.

Proof. Let x0 be as in the proposition. By the variational principle, there is
a aσ,τ-invariant measure µ supported on {aσ,τ(t).x0 : t ∈ R+} with hµ(aσ,τ) >
0.

Assume in contradiction to the proposition that H+.x0 is bounded. Define
for any S > 0

µS =
1

S 2

� S

0
a(s, t).µ ds dt,

with a(s, t).µ denoting the push forward of µ under the map x �→ a(s, t).x.
Since a(s, t) commutes with the one parameter subgroup aσ,τ, for any aσ,τ-
invariant measure µ′ the entropy

hµ′(aσ,τ) = ha(s,t).µ′(aσ,τ).

If µ has the ergodic decomposition
∫
µξ dν(ξ), the measure µS has ergodic

decomposition S −2
� S

0

∫
a(s, t).µξ dν(ξ) ds dt and so by §5.3, for every S

hµS (aσ,τ) = hµ(aσ,τ).
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All µS are supported on the compact set H+.x0, and therefore there is a subse-
quence converging weak∗ to some compactly supported probability measure
µ∞, which will be invariant under the full group H. By semicontinuity of
entropy (§5.8),

hµ∞(aσ,τ) ≥ hµ(aσ,τ) > 0,

hence by Theorem 6.6 the measure µ∞ is not compactly supported35—a con-
tradiction.

6.16.

Proposition 6.14 naturally leads us to the question of the size of the set of
(α, β) ∈ [0, 1]2 for which htop(Xα,β, aσ,τ) = 0. This can be answered using the
following general observation:

PROPOSITION. Let X′ be a metric space equipped with a continuous R-
action (t, x) �→ at.x. Let X′

0 be a compact a•-invariant36 subset of X′ such
that for any x ∈ X′

0,

htop(Yx, a•) = 0 Yx = {at.x : t ∈ R+}.

Then htop(X′
0, a•) = 0.

Proof. Assume in contradiction that htop(X′
0, a•) > 0. By the variational

principle (§5.11), there is some a•-invariant measure µ on X′
0 with hµ(a•) > 0.

By the pointwise ergodic theorem, for µ-almost every x ∈ X′
0 the measure

µ is supported on Yx. Applying the variational principle again (this time in
the opposite direction) we get that

0 = htop(Yx, a•) ≥ hµ(a•) > 0

a contradiction.

6.17.

COROLLARY. Consider, for any compact C ⊂ X3 the set

XC =
{
x ∈ X3 : H+.x ⊂ C

}
.

Then for any σ, τ ≥ 0, it holds that htop(XC , aσ,τ) = 0.

35 Notice that a priori there is no reason to believe µ∞ will be H-ergodic, while Theorem 6.6
deals with H-ergodic measures. So an implicit exercise to the reader is to understand why we
can still deduce from hµ∞ (aσ,τ) > 0 that µ∞ is not compactly supported.

36 Technical point: we only use that at.X′ ⊂ X′ for t ≥ 0. The variational principle (§5.11)
is still applicable in this case.
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Proof. By Proposition 6.15, for any x ∈ XC the topological entropy of
aσ,τ acting on

{
aσ,τ(t).x : t ∈ R+

}
is zero. The corollary now follows from

Proposition 6.16.

6.18.

We are now in position to prove Theorem 6.13, or more precisely to deduce
the theorem from Theorem 6.6:

Proof. To show that Ξδ has upper box dimension zero, we need to show,
for any ε > 0, that for any r ∈ (0, 1) the set Ξδ can be covered by Oε(r−ε)
boxes of side r, or equivalently that any r-seperated set (i.e., any set S such
that for any x, y ∈ S we have ‖x − y‖∞ > r) is of size Oδ,ε(r−ε).

Let Cδ be as in Proposition 6.10. Let d denote a left invariant Riemannian
metric on G = SL(3,R). Then d induces a metric, also denote by d on X3. For
a, b ∈ R let

ga,b =


1 a b
0 1 0
0 0 1

 .
Since Cδ is compact, and d induced from a left invariant Riemannian metric,
there will be r0, c0 such that for any x ∈ Cδ and |a| , |b| < r0

d(x, ga,b.x) ≥ c0 max(|a| , |b|).

For any α, α′, β, β′ ∈ R we have that

xα,β = gα′−α,β′−β.xα′,β′

and more generally for any t

a1,1(t).xα,β = ge3t(α′−α),e3t(β′−β).a1,1.xα′,β′ .

It follows that if S ⊂ Ξδ is r separated for r = e−3tr0 ∈ (0, r0) then

S ′ = {xα,β : (α, β) ∈ S }

is (t, c0r0)-separated for a1,1 in the sense of (§5.10). By definition of Cδ and
Ξδ, we have that (in the notations of §6.17) the set S ′ ⊂ XCδ , a set which
has zero topological entropy with respect to the group a1,1. It follows that the
cardinality of a maximal (t, c0r0)-separated set in S ′ is at most Oδ,ε

(
exp(εt)

)
;

hence for r < r0 the cardinality of a maximal r-separated subset of Ξδ is
Oδ,ε(r−ε).
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6.19.

The alert and optimistic reader37 may hope that there is some choice of
(σ, τ), e.g ( 1

3 ,
2
3 ), for which the condition of Proposition 6.14 holds for all

(α, β) ∈ [0, 1]2. To avoid trivial counterexamples of, e.g., α, β ∈ Q, we
can require that for every (α, β) ∈ [0, 1]2 either the condition of Proposi-
tion 6.14 (and hence Littlewood’s conjecture) holds or

{
aσ,γ(t).xα,β : t ∈ R

+
}

is unbounded (in which case Littlewood’s conjecture follows readily from
Proposition 6.10). Though I could not immediately come up with a coun-
terexample for ( 1

3 ,
2
3 ), this is extremely unlikely to be true.

We recall the following well-known conjecture of Furstenberg (which
dates back to the time of (Furstenberg, 1967) but is not stated there; one place
where it is explicitly stated is (Margulis, 2000, Conjecture 5)):

CONJECTURE (Furstenberg). for any irrational x ∈ R/Z

htop

(
{2nx : n ∈ N},×2

)
htop(R/Z,×2)

+
htop

(
{3nx : n ∈ N},×3

)
htop(R/Z,×3)

≥ 1; (11)

In particular, the conjecture implies that for any irrational x one of the
entropies in the numerators in (11) is positive. Even this is not known.

6.20.

In analogy with this conjecture, we give the following, which in view of
Proposition 6.14 would imply Littlewood’s conjecture (§6.9):

CONJECTURE. Suppose α, β ∈ [0, 1]2 is such that {aσ,τ(t).xα,β : t ∈ R
+} is

bounded for both (σ, τ) = ( 1
3 ,

2
3 ) and (σ, τ) = ( 2

3 ,
1
3 ).

Then α, β satisfy the conditions of Proposition 6.1438 either for (σ, τ) =

( 1
3 ,

2
3 ) or for (σ, τ) = ( 2

3 ,
1
3 ) (or both).

One may wonder whether there are any α, β satisfying the boundedness
assumptions of the conjecture. It is strongly expected that there should be
many such pairs (α, β), but currently this is an open problem; indeed even the
existence of one such pair is open:

6.21.

CONJECTURE ((Schmidt, 1983, p. 274)). There is some α, β for which {aσ,τ(t).xα,β :
t ∈ R

+} is bounded for both (σ, τ) = ( 1
3 ,

2
3 ) and (σ, τ) = ( 2

3 ,
1
3 ).

37 May he prove many theorems.
38 i.e., the topological entropy of aσ,τ acting on {aσ,γ(t).xα,β : t ∈ R+} is positive.
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The relation between this conjecture and Littlewood’s conjecture is that
if it is false, Littlewood’s conjecture is true39. . .

7. Applications to Quantum Unique Ergodicity

7.1.

In this section we present an application of measure classification to equidis-
tribution; but it is slightly unusual as we deal not with equidistribution of
points or orbits but of eigenfunctions.

This equidistribution problem, a.k.a. the quantum unique ergodicity prob-
lem, is part of a much larger topic, namely the study of quantum mechanical
behavior of classically chaotic systems. A basic overview of the subject was
given by de Bièvre in this volume (De Bièvre, 2006), and a discussion of
quantized versions of toral automorphisms by Rudnick (Rudnick, 2006).

Our discussion will be quite brief, in part because of these two contribu-
tions, and in part because the topic seems to be well covered by other sources,
e.g., (Lindenstrauss, 2006a).

7.2.

Let M be a compact surfac e of constant negative curvature. Such a surface
can be presented as M = Γ\H with Γ < SL(2,R) a torsion free lattice acting
on H by Mobius transformations. The hyperbolic plane H possesses a differ-
ential operator, the hyperbolic Laplacian ∆ = y2(∂2

x + ∂2
y), which is invariant

under all Mobius transformations. Because of this invariance property ∆ can
also be viewed as a differential operator also on M.

Since M is compact, L2(M) is spanned by the Laplacian eigenfunctions,
i.e., by functions φi satisfying ∆φi = −λiφi with 0 = λ0 < λ1 ≤ λ2 ≤ · · ·; we
also normalize the φi so that ‖φi‖2 = 1.

It is natural to consider the measures µ̃i defined by dµ̃i = |φi|2 dm, m
being the Riemannian area. For example, in quantum mechanics the eigen-
functions φi correspond to the steady states of a simple40 particle restricted to
the surface M, and given a nice measurable A ⊂ M, µ̃i(A) is the probability of
finding our particle in A (assuming we have some physical contraption which
is able to measure whether or not our particle is in A).

39 Of course the converse implication does not hold.
40 Nonrelativistic, spinless, etc.
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7.3.

Exploiting the connections between quantum and classical mechanics, Šnirel′-
man, Colin de Verdière and Zelditch (Šnirel′man, 1974; Colin de Verdière,
1985; Zelditch, 1987) have shown that there is a J ⊂ N of zero density so
that the sequence of measures (µ̃i : i � J) converges weak∗ to m(M)−1m. This
phenomenon is called quantum ergodicity. Rudnick and Sarnak conjectured
that there is no need to allow a zero density exceptional subset J ⊂ N, i.e.:

CONJECTURE (Quantum Unique Ergodicity (Rudnick and Sarnak, 1994)).
For M = Γ\H we have that µ̃i converges weak∗ to m(M)−1m.

Both the quantum ergodicity theorem and the quantum unique ergodic-
ity conjecture extend to more general M: the quantum ergodicity theorem
extends to a general compact manifold M for which the geodesic flow is
ergodic41, the conjecture to compact manifolds with negative sectional curva-
ture (not necessarily constant) in any dimension. The quantum unique ergod-
icity conjecture is not expected to hold in the full generality of the quantum
ergodicity theorem (cf. (Donnelly, 2003)).

7.4.

So far no dynamics seem to enter; however, a key point in the proof of the
quantum ergodicity theorem is that the measures µ̃i “lift” to probability mea-
sures on the unit cotangent bundle which become increasingly invariant under
the geodesic flow. Specializing to the case M = Γ\H we consider, S ∗M is
essentially equal to42 X = Γ\ SL(2,R), with the geodesic flow corresponding

to the action of the diagonalizable one parameter group at =

(
et/2 0
0 e−t/2

)
.

More formally, the lifting procedure allows us to define measures µi on X so
that

(i) for any f ∈ C∞(M) (viewed as a subspace of C∞(X))
∣∣∣∣∣
∫

f dµ̃i −
∫

f dµi

∣∣∣∣∣ → 0 as i → ∞

(ii) for any h ∈ C∞(X),
∫

dh(at.x)
dt

∣∣∣∣∣
t=0

dµi(x) → 0 as i → ∞.

41 For the Liouville measure on the unit cotangent bundle of M.
42 More precisely, X is a double cover of the unit contangent bundle.
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We call any weak∗ limit of the lifted measures µi a quantum limit. It
follows from (i) and (ii) above that any quantum limit is at-invariant and that
any weak∗ limit of the measures µ̃i is the image of a quantum limit under the
projection π;K : X → M = X/K where K is the compact group SO(2,R).

7.5.

Without inputting any additional information on the measures µ̃i and µi we
cannot go further because there is no useful measure classification theorem
for the action of the one parameter group at. Very recently, Nalini Ananthara-
man (Anantharaman, 2004) has been able to use the WKB approximation to
obtain additional such information, proving in particular that any quantum
limit has positive entropy43 However, even with this entropy bound there is
no useful measure classification.

7.6.

We vary the setting by taking Γ to be a congruence subgroup of SL(2,Z) or of
certain lattices that arise from quaternionic division algebras over Q that are
unramified over R. The latter lattices are slightly harder to define44 but have
the advantage that X is compact.

7.7.

In both cases, for all but finitely many primes p, we have a map—the Hecke
correspondence—Tp from X to (p + 1)-tuples of points of X, and a cor-
responding operator, also denoted by Tp, on L2(X) preserving L2(M)—the
Hecke operator. For Γ = SL(2,Z) these are defined in §4.25. These Hecke
operators play a very important role in the spectral theory of M. In particular,
the subspace of L2(M) spanned by L2-eigenfunctions of ∆ is spanned by joint
eigenfunctions of ∆ and all Hecke operators.45 Let φi be such a sequence
of L2-normalized eigenfunctions of all these operators, and define using the
φi measures µ̃i and µi as above. Any weak∗ limit of the µi will be called an
arithmetic quantum limit.

43 Since quantum limits a priori need not be ergodic, this does not show that quantum limits
give zero measure to at-periodic orbits. It does, however, show that e.g. no quantum limit gives
full measure to a countable union of at-periodic orbits.

44 We do not do this here; the interested reader is referred to (Lindenstrauss, 2006b) for
further details.

45 If M is not compact it is no longer true that L2-eigenfunctions of ∆ span L2(M).



298 ELON LINDENSTRAUSS

7.8.

In addition to being invariant under the flow at, arithmetic quantum limits
have the following subtle additional property (see (Lindenstrauss, 2006b, §8):
Tp-recurrence.

DEFINITION. A measure µ on X is said to be Tp-recurrent for a fixed prime
p if for any set E ⊂ X with µ(E) > 0, for µ-almost every x ∈ E and any n,
there exists an m so that

(Tp)m(x) ∩
E −

m⋃
k=1

(Tp)k(x)

 � ∅.

An arithmetic quantum limit is Tp-recurrent for every prime p for which
Tp is defined.

7.9.

This extra recurrence assumption seems to be almost as good as having in-
variants under an additional one parameter group. Indeed, we conjecture the
following:

CONJECTURE. Let Γ be a congruence lattice as in §7.6. Let µ be an at-
invariant probability measure on X = Γ\G46 which is also Tp-recurrent for
a (single) prime p. Then µ is a linear combination of at-invariant algebraic
measures.

As in §6, this is currently known under an entropy assumption:

THEOREM ((Lindenstrauss, 2006b, Theorem 1.1)). Let X be as in the con-
jecture. Let µ be an at-invariant probability measure on X = Γ\ SL(2,R)
which is also

(i) Tp-recurrent for a (single) prime p

(ii) hµξ (a•) > 0 for every at-invariant ergodic component µξ of µ.

then µ is the G-invariant probability measure on X.

This theorem is proved using the “low entropy” method mentioned in
§6.7.

46 Where as above G = SL(2,R).
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7.10.

Condition (ii) in Theorem 7.9 was verified for quantum limits by Bourgain
and the author in (Bourgain and Lindenstrauss, 2003) using combinatorial
properties of Hecke points, and using all Hecke operators. No microlocal
analysis was involved. Thus combining the results of (Bourgain and Linden-
strauss, 2003) and (Lindenstrauss, 2006b) one gets

THEOREM ((Lindenstrauss, 2006b, Theorem 1.4)). Let Γ be a congruence
lattice as in §7.6. Then any arithmetic quantum limit is of the form cm, m
being the G-invariant measure on X.

One would have liked to prove that c has to be 1/m(X), but this is currently
unknown in the noncompact case (though of course this is true in the compact
case).

7.11.

Theorem 7.10 is equivalent to the statement that for any f ∈ C0(X) with∫
f dm = 0 ∫

X
f (x) dµi(x) → 0 as i → ∞. (12)

In particular, if φi is a sequence of joint (say real) eigenfunctions as above∫
M
φ j(x)φi(x)2 dx → 0 as i → ∞.

An identity of Watson (Watson, 2001) expresses this triple product in terms
of L-functions; specifically for M = SL(2,Z)\H

∣∣∣∣∣
∫

M
φ j(x)φi(x)2 dx

∣∣∣∣∣
2

=
π6Λ(1/2, φi × φi × φ j)

66Λ(1,Sym2 φi)2Λ(1,Sym2 φ j)

with Λ denoting the completed L-function. All the terms in the denominator
are well understood, the numerator is much more mysterious. Currently our
understanding of the numerator is not sufficient to deduce (12); but if one
knew, e.g., the Riemann hypothesis for Λ(s, φi × φi × φ j) one would get (12)
with an optimal47 rate of convergence. Conversely, a more quantative form of
(12) would yield improved (“subconvex”) estimates on Λ(1/2, φi × φi × φ j).

47 See (Luo and Sarnak, 2004, pp. 773–774).
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7.12.

Anantharaman’s recent results discussed in §7.5 give only information on the
entropy of µ, i.e., on the average of the entropy of the ergodic components of
µ but use no Hecke operators. This can be used to give weaker variants of the
above theorem even if one assumes that the φi are eigenfunctions of ∆ and
one additional Hecke operator.

7.13.

Using the same general strategy, Silberman and Venkatesh have been able to
prove a version of arithmetic quantum unique ergodicity for other Γ\G/K,
specifically for locally symmetric spaces arising from division algebras of
prime degree. While the strategy remains the same, several new ideas are
needed for this extension, in particular a new micro-local lift for higher rank
groups (Silberman and Venkatesh, 2004; Silberman, 2005).
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AN INTRODUCTION TO QUANTUM EQUIDISTRIBUTION

S. De Bièvre
Université des Sciences et Technologies de Lille

Abstract. These notes contain crash courses on classical and quantum mechanics and on
semi-classical analysis as well as a short introduction to one issue in quantum chaos: the
semi-classical eigenfunction behaviour for quantum systems having an ergodic classical limit.
The emphasis is on explaining the conceptual and structural similarities between the ways in
which this question arises in the study of arithmetic surfaces and ergodic toral automorphisms.
The text is aimed at an audience of graduate students and post-docs in number theory.

1. Introduction

These notes are loosely based on four lectures I gave during the first week of
the Nato Summer School on Equidistribution in Number Theory, held at the
Université de Montréal in July 2005. My task was to provide the necessary
mathematics and physics background for the students to understand in which
sense the topics of the second week lectures by Z. Rudnick (Rudnick, 2006)
on “The arithmetic theory of quantum maps” as well as those by A. Venkatesh
(Venkatesh, 2006) on the spectral analysis of the Laplace–Beltrami operator
and by E. Lindenstrauss (Lindenstrauss, 2006) on quantum unique ergodicity
for arithmetic surfaces can be seen as examples of a more general set of prob-
lems, referred to as “quantum chaos.” In other words, I had to explain that
both deal with the links between a spectral problem (the quantum side) and
a Hamiltonian dynamical system (the classical side) naturally related to each
other through an appropriate asymptotic analysis. For that purpose, I provided
a crash course in classical mechanics and one in quantum mechanics, then
gave a short introduction to semi-classical analysis, to end with an introduc-
tion to quantum maps and a proof in that context of the main equidistribution
theorem in the field of quantum chaos, namely the Schnirelman theorem for
quantized ergodic toral automorphisms.

Since an extensive introduction to these topics, at the beginning graduate
level, can already be found in (De Bièvre, 2001), I will only briefly recall
the material developed there. I will concentrate instead on developing some
illustrative material (concerning symmetries in particular) that I did not have
the time to develop in the actual lectures and that help to bring out the link
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between the two subjects alluded to above. Omitted proofs can be obtained
either by a combination of matrix analysis, multivariable calculus and a little
imagination, or are to be found in (De Bièvre, 2001) (or both). A recent
update on what is known on equidistribution for quantum map eigenstates
is available in (De Bièvre, 2005) and in the contribution of Z. Rudnick in this
volume (Rudnick, 2006). Similarly, for the asymptotic behaviour of the eigen-
functions of the Laplace–Beltrami operator, the interested reader can turn to
(Zelditch, 2005) and to the contribution of E. Lindenstrauss (Lindenstrauss,
2006) in this volume.

2. A Crash Course in Classical Mechanics

2.1. NEWTONIAN MECHANICS

According to Newton’s second law, that you may remember from high school,
“mass times acceleration equals force.” In other words:

mq̈(t) = F
(
q(t)

)
, q(0) = q, q̇(0) = v. (1)

Here, the force F: R
n → R

n is given, as well as the mass m and the initial data
q, v ∈ R

n. The unknown in this equation is the motion of the system, namely
the curve t ∈ R �→ q(t) ∈ R

n. In short, classical mechanics is about solving
coupled non-linear second order ordinary differential equations. In most cases
of interest, they are of a special type: the force is often conservative, meaning
that F(q) = −∇V(q) for a function V: R

n → R, called the potential. The use
of the term “conservative” is justified by the following simple result:

PROPOSITION 2.1 (Energy conservation). Let

E: (q, v) ∈ R
n × R

n → 1
2

mv2 + V(q) ∈ R.

Let t ∈ R �→ q(t) ∈ R
n be a solution to (1), then, for all t ∈ R,

E
(
q(t), q̇(t)

)
= E

(
q(0), q̇(0)

)
.

The function E is called the energy of the system (it is the sum of the
kinetic and the potential energy) and the proposition states that the energy
does not vary in time for a solution of (1).

It is good to keep a few examples in mind. The first one is of great historic
importance and continues to attract considerable attention: it is the Kepler
problem. Here d = 3, V(q) = −GmM/‖q‖, where M is the mass of the sun,
and m the one of the earth, and G is the gravitational constant. Solving (1)
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explicitly can be done (while not trivial, it is standard. . . ) and leads to ellip-
tic, parabolic or hyperbolic trajectories, depending on whether the energy is
strictly negative, identically zero, or strictly positive. This is a special case of
a central potential: V(q) = W(‖q‖). A second class of examples is provided
by harmonic systems, where V(q) = 1

2 mqT Ω2q, with Ω2 a positive definite n
by n matrix. Now Newton’s equation reads q̈ = −Ω2q. It is linear, and hence
this time it is trivial to solve immediately:

q(t) = cos Ωt q +
sin Ωt

Ω
v.

In general, it is of course impossible to obtain explicit solutions, and one
is interested in characterizing the behaviour of the solutions, and in particular
in their asymptotic properties at large times t. This will obviously depend
on the type of potential one considers. For example, if V(q) → +∞ when
|q| → +∞, the motion is bounded, meaning that

sup
t∈R

|q(t)| ≤ C < +∞.

This is an easy application of energy conservation: indeed, for all t

V
(
q(t)

) ≤ 1
2m

q̇(t)2 + V
(
q(t)

)
= E

(
q(0), q̇(0)

)
. (2)

Now, since V tends to infinity with ‖q‖, this clearly implies (2). Such poten-
tials are said to be confining.

2.2. HAMILTONIAN MECHANICS AND BEYOND

There exists an important reformulation of Newton’s mechanics, referred to
as Hamiltonian mechanics. Introduce the Hamiltonian

H: x = (q, p) ∈ R
n × R

n �→ p2

2m
+ V(q) ∈ R, (3)

and observe that Newton’s equation (1) is equivalent to the first-order system
of differential equations called Hamilton’s equations

q̇(t) =
p(t)
m

=
∂H
∂p

(
x(t)

)
, ṗ = −∇V

(
q(t)

)
= −∂H

∂q
(
x(t)

)
, (4)

with initial conditions x(0) = (q,mv). The variable p is referred to as the
momentum in the physics literature and the space of positions and momenta
is called phase space. Note that the Hamiltonian is nothing but the energy
expressed in terms of the position and the momentum, rather than the position
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and the velocity. One defines the corresponding flow ΦH
t : R

2n �→ R
2n by

ΦH
t (x) =

(
q(t), p(t)

)
, where q(0) = q, p(0) = p. An obvious question that

comes to mind here is: “What is the big deal?” After all, it is hard to imagine
that this way of rewriting Newton’s equation will shed any light on how to
actually solve it. There exist at least three answers to this question. The first
one is: “It’s pretty! Look!” Let me compute the time rate of change of an
arbitrary smooth function f : R

2n → R (or to C) along a solution curve. This
yields

d
dt

f
(
q(t), p(t)

)
= ∂q f

(
x(t)

)
q̇(t) + ∂p f

(
x(t)

)
ṗ(t)

= ∂q f
(
x(t)

)
∂pH

(
x(t)

) − ∂p f
(
x(t)

)
∂qH

(
x(t)

)
=: { f ,H}(x(t)

)
,

where I introduced the Poisson bracket

{·, ·}: ( f , g) ∈ C∞(R2n) × C∞(R2n) �→ { f , g} ∈ C∞(R2n),

with
{ f , g}(x) = ∂q f (x)∂pg(x) − ∂p f (x)∂qg(x).

The reason I claim this is pretty is the following: thanks to (5)–(6) below,
C∞(R2n) now has the structure of a Lie-algebra:

{ f , g} = −{g, f } (Anti-symmetry) (5)

{{ f , g}, h} + {{g, h}, f } + {{h, f }, g} = 0 (Jacobi identity) (6)

{ f , gh} = { f , g}h + g{ f , h} (Derivation) (7)

If nothing else, this is certainly intriguing, and, if you are a trained mathemati-
cian of any kind, you are likely to find this pretty. But if you are nevertheless
somewhat practically minded, you will be happy to know that this rewriting
is also useful. To give at least one indication why (there are many others),
let’s have a look at constants of the motion. A constant of the motion is a
function f ∈ C∞(R2n) which is constant along the solutions of (4), meaning
that f ◦ ΦH

t = f for all t ∈ R. Clearly f is a constant of the motion iff
{ f ,H} = 0. Consequently H itself is always a constant of the motion, as we
already saw. Constants of the motion are a Good Thing: the more, the merrier!
Indeed, if f1, f2, . . . , fk are constants of the motion, and c ∈ R

k, then the flow
ΦH

t leaves their common level surface

Σ(c) = {x ∈ R
2n | f j(x) = c j, j = 1, . . . , k}

invariant. So, if they are functionally independent (meaning the Jacobian ma-
trix ∂i f j has rank k), the flow takes place on a (2n − k)-dimensional surface
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in R
2n. This constitutes an a priori simplification of the dynamical problem,

which can in this situation be thought of as a system of first order equations
in 2n − k variables, rather than in the original 2n variables. Now observe that
it follows immediately from the Jacobi identity that, if f and g are constants
of the motion, then so is { f , g}. So, the constants of the motion make up a
Lie-subalgebra of C∞

0 (R2n) and the Poisson bracket can even be thought of as
a machine for producing constants of the motion. As an example, let’s look
at central potentials: V(q) = W(‖q‖), q ∈ R

3. Then the three components
�i(x) = (q∧ p)i, i = 1, . . . , 3 of the angular momentum vector are constants of
the motion as is readily checked through a direct computation. Note further-
more that they satisfy {�1, �2} = �3, plus cyclic permutation. This means that
the three components of the angular momentum vector form a representation
of the Lie algebra so(3) of the rotation group SO(3). This is directly related
to the fact that the Hamiltonian itself is invariant under the rotation group
because the potential is central, as I will further discuss below.

The third answer to the question above is that the Hamiltonian formu-
lation of classical mechanics has a number of very nice generalizations in
various directions. First, any function f ∈ C∞(R2n) (not just the Hamil-
tonian) generates a flow Φ

f
t : R

2n → R
2n as follows: Φ

f
t (x) = x(t) where

t ∈ R �→ x(t) ∈ R
2n solves

q̇(t) =
∂ f
∂p

(
x(t)

)
, ṗ = −∂ f

∂q
(
x(t)

)
, x(0) = x = (q, p). (8)

I will refer to the function f as the generator of the flow Φ
f
t . It is clear that

Φ
f
t+t′ = Φ

f
t ◦ Φ

f
t′ so that the Φ

f
t define an R-action on R

2n (meaning a group
homomorphism from the additive group of reals to the diffeomorphisms of
R

2n), or a Hamiltonian dynamical system. Note that, for any g ∈ C∞(R2n),
one has

d
dt

g ◦ Φ
f
t (x) = {g, f }(Φ f

t (x)). (9)

For further reference, let me also mention that the maps Φ
f
t are symplectic:

DEFINITION 2.2. A diffeomorphism Φ of R
2n is symplectic if, for all f , g ∈

C∞(R2n),
{ f ◦ Φ, g ◦ Φ} = { f , g} ◦ Φ.

The group of symplectic diffeomorphisms of R
2n is denoted by Diffsympl(R2n).

For example, on R
6, let f (x) = q1 p2 − q2 p1 = �3(x). Then

q̇1(t) = −q2(t), q̇2(t) = q1(t), ṗ1(t) = −p2(t), ṗ2(t) = p1(t), q̇3 = 0 = ṗ3.
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Integrating this yields Φ
f
t (x) = (Rtq, Rt p), where Rt =


cos t − sin t 0
sin t cos t 0

0 0 1

 In
other words, the third component of angular momentum generates rotations
about the third axis (and analogously for the two other components). Using
g = H and f = �i in (9), it is now clear why the rotational invariance of H in
the case the potential is central implies that each �i is a conserved quantity.

This is a general phenomenon of which we will see another example when
discussing the Poincaré  half plane below.  A symmetry of a Hamiltonian
H is a symplectic diffeomorphism Φ so that H ◦ Φ = H. If H admits a one-
parameter group of symmetries of the type Φ

f
t , for some f , then, as a result

of (9), f is a constant of the motion for H. In other words, if a Hamiltonian
has many symmetries, it also admits many constants of the motion.

As another very simple example of a Hamiltonian flow, that will be useful
in what follows, consider on R

2 the function f (q, p) = q2/2. Then q̇ = 0,
ṗ = −q, so q(t) = q, p(t) = p − tq and

Φ
q2/2
t (q, p) = (q, p − tq) =

(
1 0
−t 1

) (
q
p

)
.

More generally, any function f that is a homogeneous quadratic polynomial
in the variables qi, pi yields a linear flow.

A further and more sweeping generalization that finds its origin in Hamil-
tonian mechanics is symplectic geometry. Roughly, a symplectic manifold
is a manifold N so that the vector space C∞(N) is equipped with a com-
position law {·, ·}, called a Poisson bracket, satisfying (5)–(7), as well as a
non-degeneracy condition: { f , g} = 0,∀g ∈ C∞(N) implies that f is a con-
stant. It is a non-trivial fact that, locally, there always exist coordinates (called
Darboux coordinates) on N so that the Poisson bracket takes on the form it has
on R

2n (implying that symplectic manifolds are always even dimensional). A
simple example is the torus T

2 = R
2/Z2. Write x = (q, p) ∈ [0, 1[2 and define

the Poisson bracket as on R
2. For example,

{cos q sin p, sin q cos p} = sin2 q sin2 p − cos2 q cos2 p.

For n = 1, the group SL(2,Z) (two by two matrices with determinant 1 and
integer entries) acts on T

2 by symplectic automorphisms. These maps can
have rich behaviour, despite their apparent simplicity as I will discuss in more
detail below. In fact, we will be picking a fixed A ∈ SL(2,Z) and iterate
it, to obtain a Z-action on T

2 by symplectic transformations, or a discrete
Hamiltonian dynamical system. This observation is the starting point for the
interest in quantum maps, that I will introduce in Section 5 and that are also
the subject of the contribution of Z. Rudnick in this volume (Rudnick, 2006).
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A second class of important examples, in particular in connection with the
lectures of E. Lindenstrauss and A. Venkatesh is provided by the cotangent
bundles of arbitrary manifolds. Those carry a natural symplectic structure.
Moreover, the geodesic flow on a Riemannian manifold can be viewed as
a Hamiltonian flow on the cotangent bundle of this manifold. Rather than
developing the general theory needed to understand the words appearing in
the preceding sentences, an endeavour for which I have neither the space nor
the inclination, I will work out the special case of the Poincaré half plane
below, which is the one of relevance in the present volume.

For extensive introductions to classical mechanics, including Hamiltonian
dynamics and symplectic geometry, I refer to (Arnold, 1973; Abraham and
Marsden, 1978).

2.3. CLASSICAL MECHANICS ON THE POINCARÉ HALF PLANE

The Poincaré half plane is a Riemannian manifold, which is a manifold M
such that at each q ∈ M, the tangent space at q is equipped with a Euclidean
structure g(q). The function q → g(q) is called the Riemannian structure of
M. This allows one to define notions such as the length of a curve, and of
a geodesic, which is a path of shortest distance between two points of the
manifold. But there is no need to know Riemannian geometry to understand
the basic facts about the Poincaré half plane. A few elementary and intuitive
ideas from the theory of two-dimensional surfaces in R

3 suffice largely. In
fact, the Poincaré half plane can (locally) be identified with a surface of
revolution, as I will explain below.

First, to understand how geodesic motion shows up in mechanics prob-
lems, let’s have a look at a particle of mass m constrained to move on a sphere
of radius a. One can think of the particle as being attached with a rigid rod
of length a to a fixed point, taken to be the origin O. I will assume no other
forces act on the particle than the pull of the rod, which is there to keep it
from flying off the sphere and which acts radially. I will in particular ignore
the gravitational pull on the particle, which is a reasonable thing to do when
the particle moves fast (or if the rod’s other end is attached to a spaceship
drifting through intergalactic space). The total force acting on the particle
being radial, Newton’s second law implies angular momentum � = mq ∧ v
(Here the ∧ stands for the vector product, not the GCD. . . ) is conserved,
as is readily seen, and consequently, the particle motion takes place in a
plane through the origin: indeed, q(t) is now for all times t perpendicular
to the fixed vector �. But the intersection of a plane through O with a sphere
is, by definition, a great circle. Since moreover the force has no tangential
components along the sphere, the particle’s speed is constant. The particle
therefore moves with constant angular speed along a great circle. Now, what
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is special about great circles? Well, they are precisely the geodesics or paths
of shortest distance on the sphere: given two points P and B on a sphere,
the path of shortest distance from P to B is the segment of the great circle
obtained by intersecting the plane containing OB and OC with the sphere.
This is why a flight from Paris (latitude 48.50N, longitude 2.20E) to Beijing
(latitude 39.55N, longitude 116.20E) takes you over Novosibirsk (55.04N,
82.54E).

This situation generalizes to arbitrary surfaces in R
3: if a particle is con-

strained to move on a surface, and the only forces that act on it are perpen-
dicular to the surface, then one can show that Newton’s second law implies
it moves with constant speed along a geodesic of the surface (This takes
some work to show). An interesting special case is the one of a surface of
revolution r = f (x3), where (r, θ) are the polar coordinates in the x1x2-plane
and f : ]α,+∞[ ⊂ R

+ → R
+ is a nice smooth function (0 ≤ α ≤ 1). Using

(θ, x3) ∈ [0, 2π[ × ]α,+∞[ as coordinates on the surface, and designating by
vθ, v3 the corresponding components of a general tangent vector (check your
multivariable calculus), the kinetic energy of a particle can now be written

E(x3, θ, v3, vθ) =
1
2

m
(

f (x3)2v2
θ + (1 + f ′(x3)2)v2

3

)
.

Let me introduce the new variable

s(x3) =

∫ x3

1

√
1 + f ′(ζ)2dζ

which is the distance along the surface from the point (x3 = 1, θ) to the point
(x3, θ) provided x3 ≥ 1 and minus that distance otherwise. It is convenient to
use s as a coordinate instead of x3. Note that s is a strictly growing function
of x3. In terms of the new coordinates (s, θ), the energy becomes

E(θ, s, vθ, vs) =
1
2

m
(
g̃(s)2v2

θ + v2
s

)
,

where I introduced the function g̃ through the relation g̃
(
s(x3)

)
= f (x3).

In general, given a smooth surface in R
3, one can always introduce local

coordinates q = (q1, q2) on it that run through an open set of R
2. Corre-

spondingly, any tangent vector v to the surface at the point q has two compo-
nents v1, v2 ∈ R. In terms of these components, the Euclidean inner product
between two tangent vectors v,w at q can be expressed in the form

vT g(q)w

where g(q) is a positive definite symmetric matrix and the T stands for trans-
pose. For the surfaces of revolution above, with q1 = θ, q2 = s, this matrix
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is

g(q) =

(
g̃(q2) 0

0 1

)
.

With this notation, the energy function can be rewritten E(q, v) = 1
2 mvT g(q)v.

A special case of particular relevance for us is the situation where g̃(s) =

e−s. The corresponding f (x3) is easily seen to be defined only for x3 ≥ 1,
corresponding to s ≥ 0 (So α ≥ 1). Now, changing coordinates one last time
to x = θ, y = es, one has, with z = (x, y), v = (vx, vy)

E(z, v) =
1
2

m

v2
x + v2

y

y2

 =
1
2

mvT g(z)v, g(z) =

(
y−2 0
0 y−2

)
.

Now there is nothing to prevent me from extending the matrix valued function
g and hence E to a function on H × R

2, where H = R × R
+, equipped with

the Riemannian structure g(z) above is now, by definition, the Poincaré half
plane. The surface of revolution with f (x3) = e−s(x3), x3 ≥ 1 is obtained by
quotienting the region y ≥ 1 of the half plane by the action of n ∈ Z given by
(x, y) → (x + 2πn, y).

Armed with these preliminaries, let me now show that the geodesic flow
on H, described in A. Venkatesh’s lectures, can be viewed as a Hamiltonian
flow. For that purpose, consider the following Hamiltonian function H on
phase space H × R

2:

H: (z, p) ∈ H × R
2 �→ 1

2
y2(p2

x + p2
y) =

1
2

pT g(z)−1 p. (10)

The corresponding Hamilton equations of motion read

ẋ = y2 px, ẏ = y2 py, ṗx = 0, ṗy = −y(p2
x + p2

y).

For further reference, remark that, taking second derivatives leads to

ẍ = 2ẏy−1 ẋ = ẏy−1 ẋ + ẋy−1ẏ, ÿ = −y−1 ẋ2 + ẏy−1ẏ. (11)

In view of the first two Hamilton equations above, the Hamiltonian is again
nothing but the energy expressed in terms of the momentum p rather than
the velocity (I put m = 1): p = g(z)ż. Remark also that the relation between
the momentum p and the velocity is now position dependent, unlike what
happened in (4). I claim that, given any solution (z(t), p(t)) of these equations,
the curve t → z(t) is a geodesic on the Poincaré half plane. Since the latter are
(Euclidean) half circles centered on the x axis, proving this is equivalent to
showing there exists c ∈ R and a > 0 so that, for all t, (x(t) − c)2 + y(t)2 = a2
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or, equivalently, that (x(t)−c)ẋ(t)+y(t)ẏ(t) = 0. Solving for c, and expressing
the result in terms of px(t), py(t) yields:

c = x(t) + y(t)
py(t)

px(t)
.

So the curve t �→ z(t) is a geodesic if and only if the function

C: (z, p) ∈ H × R
2 �→ x + y

py

px
∈ R

is a constant of the motion. But this is clearly the case since, as is readily
checked, {C,H} = 0, so that the result follows.

Note that we found two constants of the motion, C and px. Since their
Poisson bracket {C, px} = 1 is a constant, we don’t find a third function-
ally independent constant of the motion this way. On the other hand, since
we know for example from A. Venkatesh’s lecture that the Poincaré half
plane admits the three dimensional PSL(2,R) as group of isometries, and
since isometries map geodesics into geodesics, we strongly suspect that the
Hamiltonian ought to admit three one-parameter groups of symmetries and
therefore have three functionally independent constants of the motion. To
complete the Hamiltonian description of the geodesic flow, this is what I will
now prove.

I first need some preliminaries. Any diffeomorphism ϕ of H maps a curve
γ: I ⊂ R → H to a curve ϕ ◦ γ and hence the tangent vector γ̇(t) at γ(t) to the
tangent vector Dϕ(γ(t)) · γ̇(t). Consequently, it induces a map

ϕ∗: (z, v) ∈ H × R
2 �→ (ϕ(z),Dϕ(z) · v) ∈ H × R

2.

The diffeomorphism ϕ is said to be an isometry of the Poincaré half plane if
it preserves angles between vectors and lengths of vectors, meaning that the
map Dϕ(z), which maps the tangent space at z to the one at ϕ(z), maps the
Euclidean structure g(z) at z to g

(
ϕ(z)

)
at ϕ(z):

Dϕ(z)T g
(
ϕ(z)

)
Dϕ(z) = g(z). (12)

Consequently, if ϕ is an isometry, then E ◦ ϕ∗ = E. Now, since Hamilton’s
equations identify a tangent vector v with a momentum vector p via p = g(z)v,
ϕ also induces a map on phase space given by

ϕ∗: (z, p) ∈ H × R
2 �→ (

ϕ(z), g
(
ϕ(z)

)
Dϕ(z)g(z)−1 p

) ∈ H × R
2. (13)

If ϕ is an isometry, it follows from (12) that

ϕ∗: (z, p) ∈ H × R
2 �→ (

ϕ(z),
(
Dϕ(z)

)−T p
) ∈ H × R

2. (14)
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In that case clearly H◦ϕ∗ = H, proving what I promised: an isometry induces
a symmetry for H. Also, as you can prove through a direct computation, ϕ∗ is
symplectic. Let me now show that to every one-parameter group of isometries
ϕt corresponds a constant of the motion. Explicitly, if X(z) := (dϕt/dt)|t=0(z),
then ϕ∗t = Φ

f
t with f (z, p) := pT X(z) so that f is a constant of the motion

since H ◦ Φ
f
t = H. To see this, simply compute, using (14) and multivariable

calculus

d
dt
ϕ∗t (z, p)|t=0 = (X(z),

d
dt
(
Dϕ−t

(
ϕt(z)

))T p)|t=0

= (X(z),−∂zX(z)T p)

=
(
∂p f (z, p),−∂z f (z, p)

)
.

We are now ready to apply this to the three one-parameter groups that gener-
ate PSL(2,R):

g1(t) =

(
1 t
0 1

)
= etξ1 , g2(t) =

(
1 0
t 1

)
= etξ2 , g3(t) =

(
et 0
0 e−t

)
= etξ3

with

ξ1 =

(
0 1
0 0

)
, ξ2 =

(
0 0
1 0

)
, ξ3 =

(
1 0
0 −1

)

so that
[ξ1, ξ2] = ξ3, [ξ2, ξ3] = 2ξ2, [ξ3, ξ1] = 2ξ1. (15)

Now, any g =

(
a b
c d

)
acts on z = x + iy via ϕgz = (az + b)/(cz + d). Defining

Xi(z) = (d/dt)ϕit|t=0(z), it is then easily checked that these vector fields are

X1(z) = (1, 0), X2 = (−(x2 − y2),−2xy), X3(z) = (2x, 2y).

Consequently, by what precedes, ϕ∗it = Φ
fi
t , where

f1(z, p) = px, f2(z, p) = −(x2 − y2)px − 2xypy, f3(z, p) = 2xpx + 2ypy

(16)
are now three functionally independent constants of the motion for H, a
fact that can also be checked by a simple direct computation revealing that
{ fi,H} = 0. Note that C = f3/(2 f1). Further simple computations reveal that

{ f1, f2} = f3, { f2, f3} = 2 f2, { f3, f1} = 2 f1.

so that the linear vector space spanned by the fi is a Lie-subalgebra of C∞(H×
R

2) which is isomorphic to sl(2,R), the Lie-algebra of PSL(2,R), as is clear
from (15).
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None of what precedes is an accident, of course, and if you suspect there
must be some general theory underlying all this, you are quite right. Very
briefly, the general setting is the following. Let (N, {·, ·}) be a symplectic
manifold and G a group. A symplectic action of G on N is a group homo-
morphism φ: g ∈ G �→ φg ∈ Diffsympl(N) (i.e., φg1 ◦ φg2 = φg1g2 ). Such
actions are particularly interesting when they provide symmetries of a given
Hamiltonian dynamical system ΦH

t : H ◦ φg = H, for all g ∈ G. An example
is given by the action of G = PSL(2,R) on N = H × R

2 described above,
with H as in (10). The action φ is said to be transitive if there are no non-
trivial G-invariant subsets of N. In the previous example the action is NOT
transitive since each surface H(z, p) = E is PSL(2,R)-invariant; the action
is transitive on each such surface, though. Another example is the action of
SO(3) on R

6 that we encountered previously. In that case the action is not
transitive on the 5-dimensional energy surfaces H(x) = E, for a given central
potential V , since the orbits of the action are given by the three dimensional
surfaces q2 = R2, p2 = B2, qp = C, for some R, B,C ∈ R. The presence of
symmetries in a system is always a source of simplifications: in particular, the
added group theoretical structures that it provides yield tools for understand-
ing the dynamics. This is abundantly clear from the lectures of A. Venkatesh,
in particular.

2.4. TWO EXTREMES: COMPLETE INTEGRABILITY AND ERGODICITY

As I pointed out from the start, we are generally interested in understanding
the behaviour of the solutions of Hamilton’s equations: their global properties
and possibly their asymptotic behaviour in time. Two important classes of
systems are the completely integrable and the ergodic ones. Let ΦH

t be a
Hamiltonian flow on R

2n. It is said to be completely integrable if there exist
n functionally independent constants of the motion f1 . . . fn, with { fi, f j} = 0.
Supposing they are compact, it can be proven that the level surfaces Σ(c) =

{x ∈ R
2n | f j(x) = c j} are then n-dimensional tori on which the Hamiltonian

flow acts as a translation flow (Liouville–Arnold) (Arnold, 1973; Abraham
and Marsden, 1978). The motion in such systems is very stable, in the sense
that trajectories with nearby initial conditions only drift apart very slowly
(linearly in time). An example are the Hamiltonians with a confining central
potential: H(x) = p2/(2m) + W(‖q‖), q, p ∈ R

3. One can then take f1 = H,
f2 = �2, f3 = �3, for example.

A Hamiltonian flow is said to be ergodic if a typical trajectory explores
the entire 2n − 1-dimensional energy surface ΣE . More precisely, given a typ-
ical trajectory on the energy surface ΣE , the time it spends in any subset B of
ΣE is asymptotically equal to the relative size of that set in the full energy
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surface:

lim
T→∞

|{0 ≤ t ≤ T | x(t) ∈ B}|
T

=
|B|
|ΣE |

.

The motion in this case can be (but need not be) very unstable: nearby trajec-
tories may drift apart exponentially fast. This is the case for the geodesic flow
on the hyperbolic surfaces as explained by A. Venkatesh. I will give another
example below.

These two situations are of course very different: the present notes will be
exclusively concerned with the second case.

The geodesic flow on the Poincaré half plane, viewed as a Hamiltonian
flow on the corresponding phase space, is completely integrable, as I showed
above. Note however that the surfaces H = E, C = c are not tori since they
are not compact: they are made up of all semi-circular orbits centered at the
same point c on the x-axis, and with the same energy. In fact, the dynamics
is in that case highly unstable. Now, suppose Γ is some lattice in PSL(2,R):
you can then quotient H × R

2 by the ϕ∗g, g ∈ Γ. Since H ◦ ϕ∗g = H, the
Hamiltonian passes to the quotient, and since functions on the quotient can
be seen as Γ-periodic functions on H × R

2, so does the Poisson bracket. As a
result, the geodesic flow on Γ\H is still a Hamiltonian flow, but it is no longer
completely integrable! Indeed, the functions fi are not Γ invariant and do not
pass to the quotient. In fact, the flow now becomes mixing, and hence ergodic
as proven in one of A. Venkatesh’s lectures. This proof requires a fair amount
of advanced material and preparation (in particular the representation theory
of PSL(2,R)), and can not be called trivial. In contrast, the simplest unstable,
mixing and hence ergodic Hamiltonian dynamical systems are discrete ones,
to which I now turn.

2.5. CLASSICAL MECHANICS ON THE TORUS

Consider A ∈ SL(2,Z), |Tr A| > 2. Then A has two real eigenvalues and
eigenvectors: Av± = e±γ0v±. As I already pointed out, A acts as a symplectic
map on T

2 = R
2/Z2, meaning

{ f ◦ A, g ◦ A} = { f , g} ◦ A.

It therefore defines a discrete Hamiltonian dynamical system by iteration.
This system is hyperbolic, meaning that for a.e. x, x′ ∈ T

2, t ∈ N (not too
large),

d(x, x′) ∼ ε =⇒ d(At x, At x′) ∼ εeγ0t.

So nearby initial conditions are exponentially quickly separated from each
other by the dynamics. Note that this is also a feature of the geodesic flow on
the Poincaré half plane (and on its quotients by discrete subgroups Γ). This
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is sometimes referred to as the “butterfly effect” and is considered a crucial
feature of any chaotic system. As a result of this, the maps are exponentially
mixing: ∀ f , g ∈ C∞(T2),

∣∣∣∣∣
∫

T2
( f ◦ At)(x)g(x) dx −

∫
T2

f (x) dx
∫

T2
g(x) dx

∣∣∣∣∣ ≤ CA, f ‖∇g‖1 e−γ0t.

Contrary to what happens with the geodesic flow on the modular surface,
this is straightforward to show with a little Fourier analysis (see (De Bièvre,
2001), for example). As a result, the map is also ergodic: for all f ∈ C∞(T2),
for almost all x0 ∈ T

2

lim
T→∞

1
T

T∑
t=1

f (At x0) =

∫
T2

f (x)dx.

Here are some typical examples: the first is the so-called Arnold Cat Map,

A =

(
2 1
1 1

)

which belongs to the following family. For a, b ∈ N∗

Aa,b =

(
1 a
0 1

) (
1 0
b 1

)
= Φ

p2/2
a ◦ Φ

q2/2
−b =

(
1 + ab a

b 1

)
. (17)

Another family of examples is given by g ∈ N∗,

Ag =

(
2g 1

4g2 − 1 2g

)
.

Note that all these A act linearly on R
2 and pass through the quotient by Z

2

since they have integer entries. As dynamical systems on R
2 they are already

unstable, but not ergodic. The analogy with the geodesic flow on the modular
surface is therefore quite clear. In both cases one starts from an unstable
Hamiltonian dynamical system on a non-compact (infinite volume) space,
and then considers a compact (or at least finite volume) quotient of this space
on which the dynamics still acts symplectically, but is now exponentially
mixing.

2.6. SUMMING UP

From a rather abstract point of view, doing classical mechanics means study-
ing certain (discrete or continuous) symplectic dynamical system on a sym-
plectic manifold N, equipped with a Poisson bracket {·, ·}. Such a system is
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said to be chaotic if it is exponentially unstable in a suitable sense. The geo-
desic flow on the modular surface and the iteration of a hyperbolic SL(2,Z)
matrix on the torus are two examples of such systems. Models arising in
real physical problems tend to have a rather more involved behaviour, with
parts of their phase space where the motion is stable, and other parts where
it is unstable (to varying degrees). So, to conclude, let me say this. As a
first ingredient towards understanding the interest in and the link between
equidistribution for quantum maps on the torus and for the eigenfunctions of
the Laplace–Beltrami operator on congruence surfaces, it is helpful to keep
the following line of thinking in mind. Suitably adapted, it applies in many
other scientific endeavours as well, and can be most helpful when writing
introductions to scientific papers or grant applications. It goes as follows.
The dynamics of many physical systems is given by a Hamiltonian flow ΦH

t
on R

2n. Since physics is obviously important, it is therefore of great value to
study Hamiltonian flows Φ

f
t on arbitrary symplectic manifolds. Since in such

generality, only rather soft general statements can be made, it is of interest to
understand relevant and tractable examples, such as geodesic flows on Rie-
mannian manifolds, which already display a rich variety of behaviour, even
if their physical pertinence is perhaps not totally clear. But since even this is
often still very hard, one can hope to get insight in various issues by studying
particular such manifolds, or, simpler yet, discrete Hamiltonian dynamical
systems, meaning iterations of a fixed map Φ, for example an element of
SL(2,Z) on T

2.

3. A Crash Course in Quantum Mechanics

3.1. SCHRÖDINGER’S QUANTUM MECHANICS

Quantum mechanics is a physical theory that was developed in the first three
decades of the twentieth century to deal with a number of issues in atomic
physics that could not be dealt with using classical mechanics. I will present
the theory here in a nutshell, glossing over both mathematical and physical
subtleties. For some more detail, you may consult (De Bièvre, 2001) where
you will find further references if you want to get serious.

According to quantum mechanics, if one wants to study the motion of a
particle in a potential V: R

3 → R, one should not solve Newton’s equation
nor Hamilton’s equation, but the Schrödinger equation:

i�
∂ψt

∂t
(y) = − �

2

2m
∆ψt(y) + V(y)ψt(y), ψ0 = φ, ‖φ‖ = 1.

Here � is a physical constant called Planck’s constant (10−34 kgm2/s) and
the unknown is the function t ∈ R �→ ψt ∈ L2(R3,C; dy). One calls ψt the
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wavefunction of the particle at time t and refers to L2(R3) as the quantum
state space or the Hilbert space of states. It contains all information about
the particle’s state. It therefore “replaces”

(
q(t), p(t)

)
, which played this role

in classical mechanics. Now this seems like a crazy idea: how can a complex
valued function be used to describe the motion of a particle? According to
quantum mechanics, to extract information about the particle from the wave-
function, one needs to proceed as follows. First, the probability to find the
particle at time t inside a set B ⊂ R

3 is
∫

B
|ψt|2(y) dy and the probability that

its momentum falls inside some set C ⊂ R
3 is

∫
C
|ψ̃t|2(p, dp, where ψ̃t is the

Fourier Transform of ψt:

ψ̃t(p) =
1

(2π�)3/2

∫
R3

e−i px
� ψt(y) dy.

In particular, the mean position and momentum of the particle are∫
R3

y j|ψt|2(y) dy,
∫

R3
p j|ψ̃t|2(p)dp.

Note that this makes sense since it is readily checked that the Schrödinger
equation preserves the L2-norm, so that |ψt(y)|2 does indeed define a proba-
bility density. By the Plancherel identity, the same is then true for |ψ̂t(p)|2.
Since you may still find this strange, and be sceptical as to why this would
have anything to do with the motion of a particle in a potential, let’s try to de-
mystify this. Introduce the following operators on (a suitable dense subspaces
of) L2(R3, dy):

P jψt(y) =
�

i
∂ψt

∂y j
(y), Q jψt(y) = y jψt(y).

Then

〈Q j〉t := 〈Q jψt, ψt〉 = 〈ψt,Q jψt〉 =

∫
R3

y j|ψt|2(y) dy

and

〈P j〉t := 〈P jψt, ψt〉 = 〈ψt, P jψt〉 =

∫
R3

p j|ψ̃t|2(p) dp

are the mean position and momentum. So the mean position and momentum
can be written as matrix elements of certain self-adjoint operators. Here

〈φ, ψ〉 :=
∫

R3
φ(y)ψ(y) dy.

Moreover, the “Canonical Commutation Relations” hold, namely

[Q j, Pk] = i�δ jk.
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Now, if one defines Ĥ = P2/(2m) + V(Q) one can rewrite the Schrödinger
equation as

i�∂tψt = Ĥψt, ψ0 = φ.

Since, for all φ, ψ ∈ L2(R3, dy), 〈ψ, Ĥφ〉 = 〈Ĥψ, φ〉, you can solve it through
ψt = e−i/�tĤφ. Consequently

d
dt
〈ψt,Q jψt〉 = 〈∂tψt,Q jψt〉 + 〈ψt,Q j∂tψt〉

=
1
i�
〈ψt, [Q j, Ĥ]ψt〉 =

1
m
〈ψt, P jψt〉,

and
d
dt
〈ψt, P jψt〉 =

1
i�
〈ψt, [P j, Ĥ]ψt〉 = −〈ψt,∇ jV(Q)ψt〉.

Those equations are called the Ehrenfest equations. They should remind you
of Hamilton’s formulation of Newton’s equation q̇ = p/m, ṗ = −∇V(q).
They can be paraphrased as saying that the mean momentum equals the time
change of the mean position and that the time change of the mean momentum
equals the mean force. Beware however: whereas Hamilton’s equations are a
system of ordinary differential equations for the unknown t �→ (

q(t), p(t)
)
, the

Ehrenfest equations

d
dt
〈ψt,Q jψt〉 =

1
m
〈ψt, P jψt〉,

d
dt
〈ψt, P jψt〉 = −〈ψt,∇ jV(Q)ψt〉.

are not in general a system for t �→ (〈Q〉t, 〈P〉t)! Indeed, in general

〈ψt,∇ jV(Q)ψt〉 =

∫
R3

∇ jV(y)|ψt(y)|2 dy � ∇ jV(〈ψt,Q jψt〉).

The mean force is not equal to the value of the force at the mean position, a
fact we are used to from probability theory. A notable exception is the case
of a harmonic potential V(q) = 1

2 qT Ω2q. Then

d
dt
〈ψt,Q jψt〉 =

1
m
〈ψt, P jψt〉,

d
dt
〈ψt, P jψt〉 = −Ω2

jk〈ψt,Qkψt〉.

The mean position and momentum then follow the classical trajectories of the
system in phase space. In particular

〈Q〉t = cos Ωt〈Q〉0 +
sin Ωt

Ω
〈P〉0.

The moral of this story is that quadratic Hamiltonians, which give rise to a lin-
ear classical dynamics, are particularly simple, even in quantum mechanics!
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In general however, to study the time evolution of the quantum system means
solving the Schrödinger equation directly. Since it is a partial differential
equation, this is not an easy task.

How does one go about that task? Since Ĥ = Ĥ(�) is self adjoint, an
obvious guess is to look for an orthonormal basis of eigenfunctions of Ĥ(�):

Ĥ(�)ψ�

n = En(�)ψ�

n, then ψt =
∑

n

e−(i/�)En(�)t〈ψ�

n , φ〉ψ�

n.

Such a basis exists if V(q) → +∞ as q → ∞. If you have enough information
about the ψ�

n and the En(�), you can then hope to obtain information about

ψt =

∞∑
n=0

e−(i/�)En(�)t〈ψ�

n , φ〉ψ�

n.

Of course, unless V is quadratic and in a few other special cases, it is impos-
sible to compute the eigenfunctions and eigenvalues explicitly. Studying the
behaviour of the spectrum En(�) and of the eigenfunctions ψ�

n then leads to a
wealth of interesting and hard problems.

One interesting question is the asymptotic behaviour along sequences
En(�) that converge to a fixed value Ec as � goes to zero: this is part of a
field called semi-classical analysis, for which specific techniques have been
developed and to which I turn in the next section. It turns out that the behav-
iour of the eigenfunctions and of the eigenvalues is in that limit determined
by the properties of the Hamiltonian flow of H(q, p) = P2/(2m) + V(q) on the
energy surface H(q, p) = E.

To sum up, let me say this. In quantum mechanics the time evolution of a
system is no longer given by a Hamiltonian flow ΦH

t on a symplectic manifold

(the classical phase space), but by a unitary flow Ut = e−(i/�)Ĥt on a complex
Hilbert space H (the quantum state space). Whereas the symplectic flow is
generated by a function H, the unitary flow is generated by a self-adjoint
operator Ĥ. This is one example of a more general analogy between quantum
and classical mechanics. Here is another one. Recall that the rotations Rt

about the third axis are generated by �3 = q1 p2 − q2 p1. Consider now the
self-adjoint operator L3 = Q1P2 − Q2P1. It is child’s play to check that it
generates a unitary group as follows:

e−itL3ψ(y) = ψ(R−ty).

Similarly
e−ia·Pψ(y) = ψ(y − a), ∀a ∈ R

3.

So rotations and translations act by unitary operators on H and their gen-
erators are functions of the position and momentum operators in complete
analogy with the situation in classical mechanics.
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In the previous example, H = L2(R3), but other situations arise. A typical
example, beyond the ones given, is

H = L2(M, dvolg), Ĥ = −�
2∆g.

Here (M, g) is a (compact) Riemannian manifold and ∆g the Laplace-Beltrami
operator on it. In this case also, the asymptotic behaviour of the eigenvalues
and of the eigenfunctions is sensitive to certain statistical properties of the
Hamiltonian flow generated by H(q, p) = 1

2 pT g(q)−1 p, i.e., of the geodesic
flow. This is certainly not obvious a priori, but is the subject of the lectures of
E. Lindenstrauss and A. Venkatesh. In the next subsection, I will show briefly,
by developing the example of the half plane somewhat, why one may expect
such a link between the geodesic flow and the properties of the eigenfunctions
of the Laplace–Beltrami operator.

But one can also consider simpler examples, where the quantum Hilbert
space is finite-dimensional and the quantum dynamics is no longer a unitary
flow, but is replaced by the iteration of a fixed unitary map (so you obtain a
Z-action, rather than an R-action). This will be the subject of Section 5 and
the contribution of Z. Rudnick in this volume. In that case, as we shall see, the
semi-classical limit is one in which the dimension of the finite dimensional
Hilbert spaces tends to infinity. As a side remark, let me point out that in
quantum computing, quantum cryptography and quantum information theory,
one almost exclusively deals with finite dimensional Hilbert spaces (the N-
fold tensor product of C

2 with itself): a computation is then a certain product
of unitaries.

3.2. QUANTUM MECHANICS ON THE POINCARÉ HALF PLANE

Suppose now that, armed with the insights of the previous sections, you had
to (re)invent the quantum mechanics of a particle moving on the Poincaré half
plane. How would you proceed? First, you would need an appropriate Hilbert
space. A reasonable choice is to take L2(H, y−2dxdy), since the Riemannian
volume element on H is

√
det g(z) dx dy = y−2 dx dy. But how to define the

appropriate quantum mechanical Hamiltonian? Pushing the analogy with the
previous section, one is tempted to introduce operators X and Y , of multipli-
cation by x and y respectively, and Px = (�/i)∂x, Py = (�/i)∂y, and then to
define, inspired by (10):

Ĥ =
1
2

Y2(P2
x + P2

y) = −1
2

y2(∂2
x + ∂2

y).

With this choice, Ĥ = − 1
2�

2∆H, where ∆H is the Laplace–Beltrami operator
on H. Note that, with this choice, Py is not a self-adjoint operator, but Ĥ
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is, as is readily checked. The corresponding Schrödinger equation becomes
i�∂tψt = Ĥψt.

Of course, as before, we want to interpret |ψt|2(z) as a probability density
so that

〈X〉t :=
∫

H

x|ψt|2(z)y−2 dx dy, 〈Y〉t :=
∫

H

y|ψt|2(z)y−2 dx dy,

are the mean values of the coordinates of the particle. A simple computation,
as in the derivation of the Ehrenfest equations, shows that if ψt solves the
above Schrödinger equation, then, first of all,

〈Vx〉t :=
d
dt
〈X〉t = 〈Y2Px〉t, 〈Vy〉t :=

d
dt
〈Y〉t = 〈Y2Py〉t.

Note that both “velocity operators” Vx = Y2Px and Vy = Y2Py are self-
adjoint. Furthermore

d2

dt2
〈X〉t = 〈VxY−1Vy + VyY−1Vx〉t = 〈2VyY−1Vx + i�Vx〉t,

and
d2

dt2
〈Y〉t =

〈
− 1

Y
V2

x + VyY−1Vy

〉
t
.

Again, comparing these last equations to (11) it is clear that the mean acceler-
ation of the quantum particle obeys equations that bear a striking resemblance
to the geodesic equations of motion on the Poincaré half plane. This begins to
explain why the properties of the unitary group e−(i/�)Ĥt and therefore of the
eigenfunctions of Ĥ are influenced by properties of the geodesic flow. This
influence is most striking asymptotically for small values of �, as will become
clearer in the following sections.

Let me end this section by a short discussion of the symmetries of the
Hamiltonian on the quantum level. Let me first point out that, with the above
choice of Hilbert space, the operators

U(g)ψ(z) = ψ
(
ϕ−1

g (z)
)
, g ∈ PSL(2,R)

are unitary, as is readily checked. This means the isometries of the Poincaré
half plane, which are symmetries of the classical dynamical system, are real-
ized by unitaries in the quantum Hilbert space. This is completely analogous
to the representation of the Euclidean group on L2(R3, dy), briefly mentioned
in the previous subsection. In addition, one readily checks that

U(etξ j) = e−itF j , F1 = Px, F2 = −(X2−Y2)Px−2XYPy, F3 = 2(XPx+YPy),
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which is to be compared to (16). Moreover, the F j are constants of the motion
since [Ĥ, F j] = 0 as a consequence of U(g)∗ĤU(g) = Ĥ, for all g ∈ SL(2,R).

4. Two Words on Semi-Classical Analysis

It was Dirac who pointed out the amazing analogy between {q j, pk} = δ jk

and 1/(i�)[Q j, Pk] = δ jk. This suggests that in quantum mechanics the Lie-
algebra of operators on the Hilbert space L2(Rn) (under the usual commutator
of operators) replaces the Lie-algebra of smooth functions on phase space R

2n

that appears in Hamiltonian mechanics. In classical mechanics the observ-
ables are represented by functions on phase space, in quantum mechanics by
operators on a Hilbert space, as we saw on some examples. So a natural ques-
tion is whether there exists a Lie-algebra homomorphism between a suitable
space of functions Fn(R2n) on R

2n, including, say all polynomials, and the
operators on L2(Rn). More precisely, does there exists a linear map

Op: f ∈ Fn(R2n) ⊂ C∞(R2n) → Op( f ):D ⊂ L2(Rn) → D ⊂ L2(Rn),

such that
1
i�

[Op( f ),Op(g)] = Op({ f , g}),

and such that Op(q j) = Q j, Op(p j) = P j, and Op f̄ = (Op f )∗? It turns out
that such a map does not exist, if Fn(R2n) contains the space of all poly-
nomials (Groenewold–Van Hove) (Abraham and Marsden, 1978; De Bièvre,
2001). But a map having almost those properties does exist. It was proposed
by Weyl and is called the Weyl quantization or Weyl symbol calculus. It is
defined as follows. For any f ∈ C∞(R2n) (of at most polynomial growth),
define its Fourier transform f̃ by

f (q, p) =

∫
R2n

f̃ (a)e−(i/�)(a1 p−a2q) da
(2π�)n .

Then define the Weyl quantization of f by

OpW( f ) =

∫
R2n

f̃ (a)e−(i/�)(a1P−a2Q) da
(2π�)n .

Note that this is an operator since

U(a) := e−(i/�)(a1P−a2Q)

is. Of course, to give a precise mathematical meaning to the expression for
OpW, one needs to say in which sense the integral converges, but I will only
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need this formula when f is Z
2-periodic, in which case that is a trivial matter

to which I will come back in the next section. Then

1
i�

[OpW( f ),OpW(g)] = OpW({ f , g}) + O(�),

and there is no error term as long as f and g are polynomials of degree at most
two in the q j and the p j. Quite explicitly, one has for example for f (q, p) =

h(q), respectively g(q, p) = k(p)

OpW( f ) = h(Q) OpW(g) = k(P).

and

OpW q j p j =
1
2

(Q jP j + P jQ j).

A crucial, all important property of the Weyl quantization is the so-called
Egorov theorem, of which I will give the following approximate statement.
For all f , g ∈ C∞(R2n) (of at most polynomial growth), one has, for all t ∈ R

e(i/�) OpW(g)t OpW( f )e−(i/�) OpW(g)t = OpW( f ◦ Φ
g
t ) + Ot(�)

Moreover, if g is a quadratic function, the error term vanishes.
To see why this is useful, note that OpW H = Ĥ if H(q, p) = p2/(2m) +

V(q). So, since the solution ψt of the Schrödinger equation i�∂tψt = Ĥψt with
initial condition ψ0 = φ is ψt = e−(i/�)Ĥtφ, we find that

〈ψt,OpW( f )ψt〉 = 〈φ,OpW( f ◦ ΦH
t )φ〉 + Ot(�).

This strongly suggests that, if we know enough about the classical evolution
ΦH

t appearing in the right hand side, we can infer from it information about
the quantum evolution in the left hand side, in the limit of small �. This is
indeed correct and at the core of all semi-classical analysis about which much
more can be learned from (Robert, 1987; Martinez, 2002). I will illustrate one
aspect of this general philosophy in the remaining section.

5. Quantum Mechanics on the Torus

Let us now turn to the situation where the classical dynamics is a Z action
on T

2, obtained by iterating a fixed element A ∈ SL(2,Z) and address the
following questions: What is the quantum Hilbert space of states? And the
quantization of observables? And the dynamics?

Since the system has a two-dimensional phase space, it is reasonable
to expect to describe the quantum states with wavefunctions ψ(y) of one
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variable. But since the phase space is a torus, one expects that the wavefunc-
tions must be periodic ψ(y − 1) = ψ(y), as well as their Fourier transforms:
ψ̃(p − 1) = ψ̃(p). This intuition leads to the following definition. With

U(a)ψ(y) = e−(i/�)(a1P−a2Q)ψ(y) = e−i/(2�)a1a2e(i/�)a2yψ(y − a1),

define
H� = {ψ ∈ S′(R) | U(1, 0)ψ = ψ = U(0, 1)ψ}.

Now, these spaces are trivial (I mean, zero-dimensional), unless there exists
a positive integer such that 2π�N = 1. So this will be assumed to be the case
from now on. The semi-classical limit � → 0 therefore becomes N → +∞.
The elements of H� are easily described:

ψ ∈ H� =⇒ ψ(y) =
1
√

N

∑
�∈Z

c�δ(y −
�

N
); c�+N = c�.

Introducing the vectors ( j ∈ Z)

e j =

√
1
N

∑
n∈Z

δ j/N+n,

this can be written

ψ =

N∑
j=1

c je j

which allows one to identify H� with C
N . This will be exploited in the

lectures of Z. Rudnick.
As for the quantization of observables, one simply uses the Weyl quanti-

zation introduced in the previous section. For f ∈ C∞(T2), x = (q, p) ∈ T
2,

write
f (x) =

∑
n∈Z2

fne−i2π(n1 p−n2q).

The Weyl quantization of f can now be written

OpW f =
∑
n∈Z2

fne−i2π(n1P−n2Q) =
∑
n∈Z2

fnU
( n

N

)
:H� → H�.

The action of the phase space translation operators U(n/N) on H� is very
simple on the above basis e j. Again, to make the link with Z. Rudnick’s
lectures, let me write it out in some detail. First of all, one checks that, for
n = (n1, n2) ∈ Z

2,

U
( n

N

)
= (−1)n1n2/NT n1

1 T n2
2 ,
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where T1 = U(1/N, 0), T2 = U(0, 1/N). Furthermore

T1e j = e j+1, T2e j = ei2π j/Ne j.

Up to a global normalization, the Hilbert space structure on H� is uniquely
determined by the requirement that T1,T2 act unitarily, which implies that the
e j are mutually orthogonal and all have the same norm. The normalization is
fixed by choosing them to be normalized. Note that any operator commuting
with both T1 and T2, or, equivalently, with all U( n

N ), is easily seen to be a
multiple of the identity.

You will find the same results in Z. Rudnick’s lectures, with (of course!) a
slightly different notation: what he calls Q̂, I have called T2 and what he calls
P̂, I called T ∗

1 .
It remains to define the quantum dynamics, which ought to be a unitary

map on H�, the so-called quantum map. Let’s treat the examples in (17).
Defining (following Schrödinger!)

M(A) = e−i/(2�)aP2
ei/(2�)bQ2

,

it is easy to check that, provided a and b are even, for all t ∈ Z,

M(A)H� = H� and M(A)−t OpW f M(A)t − OpW( f ◦ At) = 0.

This is a simple case of the Egorov theorem, and there is no error term in � be-
cause the dynamics is linear. A similar construction works for all hyperbolic
elements of SL(2,Z) as explained in (De Bièvre, 2001; Rudnick, 2006).

To sum up, M(A) is the quantum map we wish to study. It is naturally
related to the discrete Hamiltonian dynamics on T

2 obtained by iterating A
through the above version of the Egorov theorem. It acts on the N dimensional
spaces H� and we are interested in the behaviour of its eigenfunctions and
eigenvalues in the N → ∞ limit:

M(A)ψ(N)
j = eiθ(N)

j ψ(N)
j , j = 1, . . . ,N.

I now finally have all the ingredients needed to state the basic result
on the eigenfunction behaviour of classically ergodic systems, the so-called
Schnirelman theorem, and thereby to link these lectures to the title of the
school: equidistribution.

THEOREM 5.1 ((Bouzouina and De Bièvre, 1996)). For “almost all” seque-
nces ψN ∈ H�, so that M(A)ψN = eiθNψN,

〈ψN ,OpW fψN〉
N→+∞−−−−−→

∫
T2

f (x) dx, ∀ f ∈ C∞(T2). (18)
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For a simple proof of this result, and a precise explanation of what is
meant by the “allmost all” in its statement, I refer to (De Bièvre, 2001) or
(Rudnick, 2006). Here I just want to explain in which sense this can be seen
as an equidistribution result. For that purpose, note that, given ψN ∈ H�, one
can consider the map

µN : f ∈ C∞(T2) → 〈ψ,OpW fψ〉 ∈ C

as a distribution on the torus. They are referred to as the Wigner distributions
of the ψN . Formally, one often writes

µN( f ) =

∫
T2

dx WN(x) f (x),

but the Wigner distributions are never functions, they are in fact sums of Dirac
delta measures concentrated at the points (m1/2N,m2/2N), 0 ≤ m1,m2 < 2N
on the torus.

The Schnirelman theorem can therefore be paraphrased as saying that
(almost all) those Wigner distributions µN converge to the Lebesgue mea-
sure: in other words, they equidistribute. This is the precise meaning of the
much used phrase: “the eigenfunctions equidistribute in phase space.” Very
formally, WN(x) → 1, but of course this is not a pointwise limit. Note that
this equidistribution is a reflection of the ergodicity of the underlying classical
dynamical system as will be abundantly clear from the proof of the theorem,
should you read it.

An analogous theorem for arithmetic surfaces can be found in the con-
tribution of E. Lindenstrauss in this volume. The similarities with the above
theorem (which is more recent) should be obvious. If they aren’t, I will have
done a bad job.

The Schnirelman theorem invites an obvious interrogation. Is the “almost
all” in its statement an artifact of the proof or do there exist sequences of
eigenfunctions for which the Wigner functions do not converge to Lebesgue
measure? It was shown in (Faure et al., 2003) that there do exist such se-
quences. For an overview of the situation as it is understood today, I refer
to (De Bièvre, 2005) as well as to the contribution of Z. Rudnick in this
volume. The analogous question for arithmetic surfaces will be addressed by
E. Lindenstrauss.

Number theory has played no role in my discussion. Nevertheless, it is
present in the problem at hand, and it provides tools that can in particular be
used to analyze the question raised in the previous paragraph as will be made
clear in the lectures of Z. Rudnick .
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THE ARITHMETIC THEORY OF QUANTUM MAPS

Zeév Rudnick
Tel-Aviv University

In these lectures I describe in detail the quantization of linear symplectic maps
of the torus, as a continuation of De Bievre’s lectures (De Bièvre, 2006).
I will then survey the problem of quantum equidistribution for this model.
This model was introduced by Hannay and Berry (Hannay and Berry, 1980).
It turns out that it has a rich arithmetic structure, and its study uses several
ingredients in modern number theory.

1. Quantum Mechanics on the Torus

We review the basics of quantum mechanics on the torus T, viewed as a
phase space, compare De Bièvre’s lectures in this volume (De Bièvre, 2006).
In what follows we use the abbreviations e(z) := e2πiz, eN(z) := e2πiz/N .

1.1. QUANTUM STATES

We start with a description of the Hilbert space of states of such a system.
In brief, Planck’s constant is restricted to be an inverse integer: h = 1/N,
and the Hilbert space of states HN is N-dimensional. The “state vectors”
are distributions on the line which are periodic in both momentum and po-
sition representations: ψ(q + 1) = ψ(q), [Fhψ](p + 1) = [Fhψ](p), where
[Fhψ](p) = h−1/2

∫
ψ(q) e(−pq/h) dq. The space of such distributions is finite

dimensional, of dimension precisely N = 1/h, and consists of periodic point-
masses at the coordinates q = Q/N, Q ∈ Z. We may then identify HN with the
N-dimensional vector space L2(Z/NZ), with the inner product 〈·, ·〉 defined
by

〈φ, ψ〉 =
1
N

∑
Q mod N

φ(Q)ψ(Q).
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1.2. OBSERVABLES

Classical observables, that is real-valued functions f ∈ C∞(T), give rise to
quantum observables, that is self-adjoint operators OpN( f ) on HN . To define
these, one starts with the translation operators

[Q̂ψ](Q) = eN(Q)ψ(Q), position

and
[P̂ψ](Q) = ψ(Q + 1), momentum

which may be viewed as the analogues of differentiation and multiplication
(respectively) operators. In fact in terms of the usual position and momentum
operators on the line q̂ψ(q) = qψ(q) and p̂ψ(q) = h/(2πi)(d/dq)ψ(q), they
are given by Q̂ = e(q̂), P̂ = e( p̂). In this context, Heisenberg’s commutation
relations read

P̂aQ̂b = Q̂bP̂aeN(ab) ∀a, b ∈ Z. (1)

More generally, mixed translation operators are defined for n = (n1, n2) ∈
Z

2 by

TN(n) = eN

(n1n2

2

)
Q̂n2 P̂n1 .

These are unitary operators on HN , whose action on a wave-function ψ ∈ HN

is given by:

TN(n)ψ(Q) = e(iπn1n2)/Ne
(n2Q

N

)
ψ(Q + n1).

As follows from the commutation relation (1), we have

TN(m) TN(n) = eN

(
ω(m, n)

2

)
TN(m + n) (2)

where ω is the symplectic form ω(m, n) = m1n2 − m2n1.
For any smooth function f ∈ C

∞(T), define a quantum observable
OpN( f ), called the Weyl quantization of f , by

OpN( f ) =
∑
n∈Z2

f̂ (n)TN(n)

where f̂ (n) are the Fourier coefficients of f .
We list some basic properties of the quantized observables OpN( f ):

1. The adjoint is given by

OpN( f )∗ = OpN( f̄ ). (3)
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2. The composition of operators satisfies:

OpN( f ) OpN(g) = OpN( f g) + O f ,g

( 1
N

)
(4)

for f , g ∈ C∞(T).

3. For any orthonormal basis of HN we have

1
N

N∑
j=1

〈OpN( f )ψ j, ψ j〉 =

∫
T

f + O f

( 1
N

)
. (5)

That is, the mean of the expectation values is asymptotic to the classical
average of the observable f .

Note: There is a straightforward extension of this model to quantum me-
chanics on tori T

2g of even dimension.

1.3. DYNAMICS

To introduce dynamics, we consider a smooth, area-preserving (symplectic)
map Φ of the torus. Iterating Φ we get a discrete dynamical system. Our
primary example is that of a linear automorphism Φ ∈ SL2(Z). Then the
system is ergodic and in fact mixing if Φ is hyperbolic, that is | tr Φ| > 2.
Such a map is called a “cat map” in the physics literature.

DEFINITION 1.1. A quantization of Φ is a sequence of unitary maps UN :
HN → HN such that

U∗
N OpN( f )UN − OpN( f ◦ Φ) → 0, N → ∞. (6)

The operator UN is called the quantum propagator, whose iterates give
the evolution of the quantum system, and we require the quantum evolution

“Egorov’s theorem”). In this case we say that the map Φ is “quantizable.”
In the example of the linear map Φ, one can construct a unitary operator

UN(Φ) which satisfies an exact version of Egorov’s theorem:

UN(Φ)∗ OpN( f )UN(Φ) = OpN( f ◦ Φ). (7)

This will be done in §2 below.

1.4. THE STONE–VON NEUMANN THEOREM

We recall the Canonical Commutation Relations (CCRN): For ζN = e2πi/N ,

P̂Q̂ = ζN Q̂P̂ (8)

P̂N = I = Q̂N . (9)

to be asymptotic to the classical evolution as N → ∞ (this is an analogue of
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LEMMA 1.2. P̂, Q̂ act irreducibly on HN

Proof. First note that the action of P̂, Q̂ on δ j is given by

Q̂δ j = ζ
j
Nδ j, P̂δ j = δ j−1 (10)

Now take a subspace 0 � V ⊆ HN preserved by P̂, Q̂. Then Q̂ has an eigen-
vector in V . Since the only eigenvectors of Q̂ are δ j (since they have distinct
eigenvalues!), there is some j so that δ j ∈ V . But then P̂iδ j = δ j−i is still in
V , so as i runs through Z/NZ we get all the vectors δk in V , hence V = HN .

THEOREM 1.3. If Q′, P′ are unitary operators on HN satisfying the canon-
ical commutation relations (8) then there is a unitary operator U for which

Q′ = U∗Q̂U, P′ = U∗P̂U (11)

and U is unique up to a scalar multiple.
Proof. Since Q′N = I, all eigenvalues of Q′ are Nth roots of unity. Let

V j = {v ∈ HN : Q′v = ζ
j
Nv}

be the eigenspace corresponding to eigenvalue ζ j
N (possibly V j = 0). If V j �

0, then we claim that P′V j ⊂ V j−1: Indeed, if v ∈ V j then

Q′(P′v) = ζ−1
N P′Q′v = ζ−1

N P′ζ j
Nv = ζ

j−1
N (P′v)

which means P′v ∈ V j−1. Since P′ is unitary, it is in particular one-to-one so
P′ : V j → V j−1 is one-to-one. If 0 � v j ∈ V j is a unit vector then we find
v j−k := (P′)kv j � 0 is a unit vector and lies in V j−k, hence for all i ∈ Z/NZ

we found a unit eigenvector vi ∈ Vi for Q′: Q′vi = ζ i
Nvi. Now define a unitary

map U:HN → HN by taking

Uvi :=
√

Nδi, i mod N

(U is unitary since it takes one orthonormal basis to another). We have UQ′ =

Q̂U and UP′ = P̂U since they have the same effect on the basis vectors vi.
Thus we have constructed the required unitary map. Uniqueness follows from
Lemma 1.2 by Schur’s lemma.

2. Quantizing Cat Maps

Let Φ ∈ SL2(Z) and suppose Φ satisfies the parity condition

Φ =

(
a b
c d

)
, ab ≡ cd ≡ 0 mod 2. (12)
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THEOREM 2.1. For every such Φ, there is a unitary operator U = UN(Φ)
on HN, unique up to a phase, so that

U∗ OpN( f )U = OpN( f ◦ Φ),
Proof. We will use the Stone–von Neumann Theorem 1.3 to construct

UN(Φ). Recall that P̂ = OpN(e(1,0)), Q̂ = OpN(e(0,1)). Define

P′ := OpN(e(1,0) ◦ Φ) = OpN(e(1,0)Φ) = TN((1, 0)Φ), (13)

Q′ := OpN(e(0,1) ◦ Φ) = OpN(e(0,1)Φ) = TN((0, 1)Φ) (14)

We will show that these satisfy the canonical commutation relations (8).
Firstly, we have

(P′)N = TN((1, 0)Φ)N = TN(N(1, 0)Φ) = TN((Na,Nb))

Now

TN((Na,Nb))ψ(Q) = e(iπ/N)N2abeN(NbQ)ψ(Q + Na) = eiπNabψ(Q)

which equals ψ(Q) since ab is even. Thus (P′)N = I. Likewise we have
(Q′)N = I since cd ≡ 0 mod 2.

Secondly, we have by (2)

P′Q′ = TN
(
(1, 0)Φ

)
TN

(
(0, 1)Φ

)
= e(iπ/N)ω((1,0)Φ,(0,1)Φ)TN

(
(1, 1)Φ

)
Now since Φ ∈ SL2(R), we have ω(vΦ,wΦ) = ω(v,w) and so we find

ω
(
(1, 0)Φ, (0, 1)Φ

)
= ω

(
(1, 0), (0, 1)

)
= 1

and so
P′Q′ = eiπ/NTN

(
(1, 1)Φ

)
.

Likewise we find that

Q′P′ = e−iπ/NTN
(
(1, 1)Φ

)
and so we get Q′P′ = ζ−1

N P′Q′. Thus we have the commutation relations (8).
We may now use Theorem 1.3 to deduce the existence of U, unique up to

a scalar, so that
P′ = U∗P̂U, Q′ = U∗Q̂U

that is that
TN(nΦ) = U∗TN(n)U (15)
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holds for the basis vectors n = (1, 0) and (0, 1). Using the relation for the
product of TN(n)TN(m) it then follows that (15) holds for all n ∈ Z

2: Indeed,
TN((n1, n2)) = e(iπ/N)n1n2 Q̂n2 P̂n1 and so

U∗TN(n)U = U∗e(iπ/N)n1n2TN(0, 1)n2TN(1, 0)n1U

= e(iπ/N)n1n2TN((0, 1)Φ)n2TN((1, 0)Φ)n1

= e(iπ/N)n1n2TN(n2(0, 1)Φ)TN(n1(1, 0)Φ)

= e(iπ/N)n1n2e(iπ/N)ω(n2(0,1)Φ,n1(1,0)Φ)TN(nΦ).

Now since Φ is symplectic we have

e(iπ/N)ω(n2(0,1)Φ,n1(1,0)Φ) = e(iπ/N)n1n2ω((0,1),(1,0)) = e−(iπ/N)n1n2

and so U∗TN(n)U = TN(nΦ).
Hence by linearity we have

OpN( f ◦ Φ) = U∗ OpN( f )U

for all f ∈ C∞(T2).

Note: There is a similar quantization in higher dimensions, for linear
symplectic maps Φ ∈ Sp2g(Z).

EXAMPLES.

1. For Φ =

(
0 1
−1 0

)
we may take the inverse Fourier transform

UN

((
0 1
−1 0

))
ψ(Q) =

1
√

N

∑
P mod N

ψ(P)eN(QP).

2. Consider the map Φ =

(
1 2
0 1

)
, that is the map of the torus given by

p �→ p + 2q mod 1

q �→ q

The quantization is the multiplication operator Uψ(Q) = eN(Q2)ψ(Q).

It is easy to find eigenfunctions: Indeed Uδ j = eN( j2)δ j so the position
eigenstates are also eigenstates of U. To compute the matrix elements for this
basis of eigenstates, note that

TN(n)δ j = eN

(n1n2

2
+ n2 j

)
δ j−n1
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and so for the normalized eigenstates δ̂ j :=
√

Nδ j we have

〈TN(n)̂δ j, δ̂ j〉 =

{
0, n1 � 0 mod N
eN( n1n2

2 + n2 j), otherwise

Therefore as N → ∞,

〈OpN( f )δ̂ j, δ̂ j〉 =
∑

n1≡0 mod N

f̂ (n1, n2)e
(n1n2

2N
+

n2 j
N

)

∼
∑
n2

f̂ (0, n2)e
(n2 j

N

)

=

∫ 1

0
f (p,

j
N

) dp =

∫
T2

f dp ⊗ δ j/N(q)dq.

Thus if j/N → q0 we get dp ⊗ δ(q − q0)dq as the corresponding quantum
limit. These are delta-functions on invariant curves q = q0 of the classical
map.

3. Quantum Ergodicity

One of the fundamental questions in the subject of “quantum chaos” is the
limiting behaviour of eigenfunctions. In particular, given an observable
f ∈ C∞(T2), we would like to study the possible limits of matrix elements
〈OpN( f ), ψ, ψ〉 where ψ ∈ HN are eigenfunctions of UN(Φ). It turns out that
these limits (as functionals of the observable f ) have to be probability mea-
sures on the torus, invariant under the map Φ. A very general result says that
at least for almost all choices of eigenfunctions, the limit must be Lebesgue
measure. This is known as the quantum ergodicity theorem. In the context
of ergodic geodesic flows this was formulated by Schnirelman (Schnirelman,
1974) and proved in (Zelditch, 1987; Colin de Verdière, 1985). For quantum
maps, the form that quantum ergodicity assumes is the following:

THEOREM 3.1 ((Bouzouina and De Bièvre 1996; Zelditch, 1996, 1997)).
Let Φ ∈ SL2(Z) be ergodic. Then for any orthonormal basis ψ j of HN

consisting of eigenfunctions of UN(Φ), there is a subset J(N) ⊂ {1, 2, . . . ,N},
with #J(N)/N → 1, so that for j ∈ J(N) we have:

〈OpN( f )ψ j, ψ j〉 →
∫

T

f , as N → ∞

for all observables f ∈ C∞(T).
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Theorem 3.1 is a consequence, using positivity and a standard diagonal-
ization argument, of the following estimate for the variance due to Zelditch
(Zelditch, 1996).

THEOREM 3.2. Let Φ ∈ SL2(Z) be ergodic. For any orthonormal basis ψ j,
j = 1, . . . ,N of of HN consisting of eigenfunctions of UN(Φ), we have

1
N

N∑
j=1

∣∣∣∣∣〈OpN( f )ψ j, ψ j〉 −
∫

T

f
∣∣∣∣∣
2

→ 0

for all observables f ∈ C∞(T).
Proof. Without loss of generality, we may assume that

∫
T

f = 0.
We fix T ≥ 1. By Egorov’s theorem (7), we have

1
T

T∑
j=1

(UN(Φ)t)∗ OpN( f )UN(Φ)t =
1
T

T∑
t=1

OpN( f ◦ Φt) = OpN

(
f T
)

where f T := (1/T )
∑T

t=1 f ◦ Φt is the ergodic average of f . Moreover, if ψ j is
an eigenfunction: UN(Φ)ψ j = eiλ jψ j, then

〈OpN( f )ψ j, ψ j〉 = 〈OpN( f )UN(Φ)ψ j,UN(Φ)ψ j〉
= 〈UN(Φ)∗ OpN( f )UN(Φ)ψ j, ψ j〉
= 〈OpN( f ◦ Φ)ψ j, ψ j〉.

Consequently, if ψ j is an eigenfunction then for all T ≥ 0,

〈OpN( f )ψ j, ψ j〉 =
〈
OpN

(
f T
)
ψ j, ψ j

〉
. (16)

Now we look at the sum (recall that
∫
T

f = 0)

S 2( f ,N) :=
1
N

N∑
j=1

∣∣∣〈OpN( f )ψ j, ψ j〉
∣∣∣2 .

We will show that limN→∞ S 2( f ,N) = 0.
By (16), we have S 2( f ,N) = S 2( f T ,N) for all T ≥ 1. By Cauchy–

Schwartz, we have
∣∣∣∣〈OpN

(
f T
)
ψ j, ψ j

〉∣∣∣∣2 ≤
∥∥∥∥OpN

(
f T
)
ψ j

∥∥∥∥2
‖ψ j‖2 =

〈
OpN

(
f T
)∗

OpN

(
f T
)
ψ j, ψ j

〉
.

Moreover, by (3), (4),

OpN

(
f T
)∗

OpN

(
f T
)

= OpN

(∣∣∣ f T
∣∣∣2) + O f ,T

( 1
N

)
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and so

S 2( f ,N) � 1
N

N∑
j=1

〈
OpN

(∣∣∣ f T
∣∣∣2)ψ j, ψ j

〉
+ O f ,T

( 1
N

)
.

By (5) we thus find that for fixed T ≥ 1,

lim sup S 2( f ,N) ≤
∫

T

∣∣∣ f T
∣∣∣2 .

So far we have used nothing about the cat map except Egorov’s theorem.
Now we use the fact that it is ergodic, in particular the mean ergodic theorem
holds: For F ∈ L2(T), the ergodic averages FT converge to

∫
T

F in L2. Thus
we have

∫
T
| f T |2 → 0 as T → ∞. Therefore given ε > 0, we can find T =

T ( f , ε) for which
∫
T
| f T |2 < ε and consequently

lim sup S 2( f ,N) < ε

which shows that S 2( f ,N) → 0 as required.

Note that the argument used nothing more than Egorov’s theorem and the
ergodicity of the map. In fact it gives the result for any symplectic ergodic
(quantizable) map of the torus.

4. Quantum Unique Ergodicity

A key problem is:

PROBLEM 4.1. Is it true that all eigenfunctions become equidistributed as
N → ∞?

In the analogous situation of the quantization of the geodesic flow on a
surface of negative curvature, it is conjectured (Rudnick and Sarnak, 1994)
that all eigenfunctions are equidistributed. This is the Quantum Unique Er-
godicity conjecture (QUE), see Lindenstrauss’ lectures (Lindenstrauss, 2006).
It was thus a surprise when De Bièvre, Faure and Nonnenmacher (Faure et al.,
2003) discovered that this is false for cat maps. For instance, there is a (sparse)
sequence of inverse Planck constants Nk and eigenfunctions ψk ∈ HNk for
which the matrix coefficients converge to 1

2 (δ0 + dx).
The existence of these “scars” is related to the fact that eigenspaces of

UN(Φ) may have large dimension. In fact, the mean degeneracy is
N/ ord(Φ,N) where ord(Φ,N) the order (or period) of Φ modulo N, that is
the least integer k ≥ 1 for which Φk = I mod N. It can be shown that the mean
degeneracy can be as large as N/ log N for arbitrarily large N. It is precisely
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for these N’s that the authors of (Faure et al., 2003) constructed “scars,” that
is eigenfunctions which are not uniformly distributed.

These “scars” are rare; for instance, Kurlberg–Rudnick show (Kurlberg
and Rudnick, 2001) that for almost all values of N (that is the exceptional set
has density zero), all eigenfunctions are uniformly distributed. On GRH, this
holds for almost all prime values of N (Kurlberg, 2003). This has recently
been improved by Bourgain (Bourgain, 2006) who showed unconditionally
that the result holds for almost all primes and that the exceptional set is sparse.
Bourgain’s main new ingredient are his estimates on incomplete exponential
sums, encountered already in Friedlander’s lectures (Friedlander, 2006).

5. Arithmetic QUE

5.1. SYMMETRIES AND HECKE OPERATORS

It transpires that there is a commutative group of unitary operators on the
state-space HN which commute with the quantized map and therefore act on
its eigenspaces. These operators were discovered by Kurlberg and the author
(Kurlberg and Rudnick, 2000), where we called them “Hecke operators,” in
analogy with the setting of the modular surface.

To understand their origin, one needs to note that the definition of UN(Φ)
given in §2 is such that it only depends on the remainder of Φ mod 2N. From
the fact that the Egorov property (7) holds one thus gets a projective rep-
resentation Φ �→ UN(Φ) of the subgroup of “quantizable” elements in the
finite modular group SL(2,Z/2NZ). It turns out that it can be made into
an ordinary representation if we further restrict to the subgroup Γ(4, 2N)
given by g = I mod 4 for N even, g = I mod 2 for N odd. Thus for Φ,Φ′ ∈
Γ(4, 2N) we have UN(ΦΦ′) = UN(Φ)UN(Φ′) (see (Mezzadri, 2002; Gurevich
and Hadani, 2003) for improvements on the congruence condition). Conse-
quently, if ΦΦ′ = Φ′Φ mod 2N then their propagators commute. This is the
basic principle that we use to form the Hecke operators.

REMARK. The congruence ΦΦ′ = Φ′Φ mod 2N is much less restrictive
than the equation ΦΦ′ = Φ′Φ. The latter has as its solutions in SL(2,Z)
essentially only ± powers of Φ (at least for Φ “primitive”).

5.2. EQUIDISTRIBUTION OF HECKE EIGENFUNCTIONS

Since the Hecke operators commute with UN(Φ), they act on its eigenspaces,
and since they commute with each other there is a basis of HN consisting of
joint eigenfunctions of UN(Φ) and the Hecke operators, whose elements we
call Hecke eigenfunctions.



THE ARITHMETIC THEORY OF QUANTUM MAPS 341

THEOREM 5.1 ((Kurlberg and Rudnick, 2000)). Let Φ ∈ SL(2,Z) be hy-
perbolic, Φ = I mod 4, and f ∈ C∞(T) a smooth observable. Then for all
normalized Hecke eigenfunctions ψ ∈ HN of UN(Φ), the expectation val-
ues 〈OpN( f )ψ, ψ〉 converge to the phase-space average of f as N → ∞.
Moreover, for all ε > 0 we have

〈OpN( f )ψ, ψ〉 =

∫
T

f (x) dx + O f ,ε(N
−1/4+ε), as N → ∞.

The exponent of 1
4 in this theorem is not optimal. What is in fact shown

is that if ψi, i = 1, . . . ,N is an orthonormal basis of HN consisting of Hecke
eigenfunctions then

N∑
i=1

∣∣∣∣∣〈OpN( f )ψi, ψi〉 −
∫

T

f (x) dx
∣∣∣∣∣
4

� N−1+ε (17)

(compare Theorem 3.2). We deduce Theorem 5.1 from (17) by taking an
orthonormal basis with ψ1 = ψ and omitting all but one term on the LHS.
If all terms on the LHS of (17) are of roughly the same size then we would
expect this to give the exponent 1

2 .
For prime values of N, this is in fact known; for primes where Φ is di-

agonalizable modulo N (this is 50% of the primes), this is shown in (Degli
Esposti et al., 1995), while for the remaining 50% of primes this was shown
by Gurevich and Hadani (Gurevich and Hadani, 2006). A key ingredient here
is the Weil bound on complete exponential sums.

5.3. HIGHER DIMENSIONS

There is an extension of the above theory for linear symplectic maps of
higher dimensional tori, including the existence of Hecke operators. Kelmer
(Kelmer, 2005) discovered that the analogue of arithmetic quantum unique
ergodicity fails in certain cases, and has shown that this happens if and only
if there are isotropic rational subspaces, invariant under the linear map. In the
case that there are invariant isotropic rational subspaces, Kelmer constructed
“super-scars”: For each prime value of N, there are Hecke eigenfunctions
ψN ∈ HN that localize on a co-isotropic invariant subtorus.
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